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Chapter 1

Sturm-Liouville Operators

In the following we assume that H is a separable Hilbert space with inner
product (·, ·).

1.1 Definitions from operator theory

Definition 1 We say that A is a linear operator on H if there is a sub-
space DA ⊆ H such that for every u ∈ DA there is a unique vector Au ∈ H.
Furthermore,

A(αu+ βv) = αAu+ βAv

for all scalars α, β and all u, v ∈ DA. We say that DA is the domain of A.
The set

RA = {Au : u ∈ DA}
is called the range of A. The set

NA = {u ∈ DA : Au = θ}

is called the null space of A.

Lemma 1 RA and NA are subspaces of H.

Note that the domain of A may be a strict subspace of H so that Av
won’t make sense for all v ∈ H, just for v ∈ DA.

Definition 2 Let A and B be linear operators on H.
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• We say A equals B (A = B) provided DA = DB and Au = Bu for all
u ∈ DA.

• We say A is an extension of B (A ⊇ B) if DA ⊇ DB and Au = Bu
for all u ∈ DB.

We can construct sums, scalar multiples, and products of linear operators,
but we have to be careful about their precise domains of definition:

Definition 3 Let A and B be linear operators on on H. The following are
also linear operators.

• A+B:
(A+B)u = Au+Bu, DA+B = DA ∩ DB

• αA:
(αA)u = α(Au), DαA = DA

• AB:
(AB)u = A(Bu), DAB = {u ∈ DB : Bu ∈ DA}

• O:
Ou = θ, for all u ∈ H, the zero operator

• I:
Iu = u, for all u ∈ H, the identity operator.

If AB = BA, the operators are said to commute.
We say that A is one-to-one (1-1) provided whenever Au = Av with

u, v ∈ DA we have u = v, i.e., provided NA = {θ}. If A is 1-1 it is invertible,
that is there exists an operator A−1 on H such that DA−1 = RA, RA−1 = DA

and defined as follows:

A−1u = v ←→ Av = u.

If A is 1-1 then

AA−1u = u, for all u ∈ RA = DA−1,

A−1Av = v, for all v ∈ DA = RA−1 .

Thus
AA−1 = IRA

, A−1A = IDA
.
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Definition 4 We say that A is a symmetric operator on H if

1. DA = H, i.e., every u ∈ H is the limit of some Cauchy sequence of
vectors in DA, so DA is dense in H.

2. (au, v) = (u,Av) for all u, v ∈ DA.

Definition 5 The complex number λ is an eigenvalue of the linear operator
A if there is a nonzero u ∈ DA such that Au = λu. Here u is called an
eigenvector. The set

Sp = {λ : λ is an eigenvalue of A}

is the point spectrum of A.

Lemma 2 A linear operator A has an inverse if and only if 0 is not an
eigenvalue of A.

PROOF: A−1 exists ←→ A is 1-1 ←→ NA = {θ} ←→ 0 is not an eigenvalue
of A. Q.E.D.

Definition 6 An operator B on H is bounded if there exists a finite num-
ber M > 0 such that ||Bu|| < M ||u|| for all u ∈ DB. (Recall that ||u||2 =
(u, u).) We say the B is bounded below if there exists a real number α
such that (Au.u) ≥ α||u||2 for all u ∈ DB.

1.2 Regular Sturm-Liouville operators on an

interval

The ingredients of the regular Sturm-Liouville eigenvalue problem on a
finite interval [ℓ,m], ℓ < m of the real line are the following. The equation
to be solved is of the form

(p(x)u′)
′
+ (λk(x)− q(x))u = 0, x ∈ [ℓ,m] (1.1)

subject to the conditions

1. p, p′, q, k real valued and continuous in [ℓ,m]. (In some cases we drop
the continuity requirement.)
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2. p > 0, k > 0 in [ℓ,m]. (If only p ≥ 0, k ≥ 0 we have the singular S-L
problem).

3. λ a complex number.

4. The matrix of real numbers
(

α11, α12, α13, α14

α21, α22, α23, α24

)

is of rank 2.

5. The boundary conditions are

α11u(ℓ) + α12u
′(ℓ) + α13u(m) + α14u

′(m) ≡ B1u = 0, (1.2)

α21u(ℓ) + α22u
′(ℓ) + α23u(m) + α24u

′(m) ≡ B2u = 0.

The S-L problem is to find all values of λ such that equation (1.1) has a
nonzero solution u satisfying the boundary conditions (1.2).

NOTE: The motivation for this problem is the equations that arise from
applying the method of separation of variables to the partial differential
equations of mathematical physics.

Now we will formulate the S-L problem in terms of operator theory. let
H = L2

c([ℓ,m], k), the space of complex-valued Lebesgue square-integrable
functions on the bounded interval [ℓ,m], with weight function k. Here the
complex inner product is

(u, v) =
∫ m

ℓ
u(x)v(x)k(x) dx, u, v ∈ L2

c([ℓ,m], k).

The generalized Sturm-Liouville operator A is defined by

Au =
1

k(x)
[−(p(x)u′)′ + q(x)u] , u ∈ DA (1.3)

where
DA = {u ∈ C2[ℓ,m] : B1u = B2u = 0} (1.4)

and C2[ℓ,m] is the space of complex functions with 2 continuous derivatives
on the closed interval [ℓ,m].

NOTE:
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• DA is dense in H.

• If the boundary conditions take the separated form

B1u = α11u(ℓ) + α12u
′(ℓ), B2u = α21u(m) + α22u

′(m), (1.5)

then A is an ordinary Sturm-Liouville operator.

Definition 7 An operator B in L2
c is real if u ∈ DB −→ u ∈ DB and

Bu = Bu.

We see that the S-L operator A is real.
Now we write equation (1.1) in the form

u′′ +
p′

p
u′ +

λk − q
p

u ≡ Du = 0, ℓ ≤ x ≤ m. (1.6)

By the standard theory of second order ordinary differential equations we
know the following:

• Given 2 complex numbers a, b and any x0 ∈ [ℓ,m] there is a unique
solution u(x, λ) of (1.6) with u(x0, λ) = a, u′(x0, λ) = b.

• The solutions u of Du = 0 form a 2-dimensional complex vector space.
There exist 2 linearly independent solutions u1(x, λ), u2(x, λ) that form
a basis for the solution space, and u1, u2 are entire functions of the
complex variable λ.

• The determinant ∣
∣
∣
∣
∣

u1(x) u2(x)
u′1(x) u′2(x)

∣
∣
∣
∣
∣
= W (x)

is called the Wronskian of the 2 solutions u1, u2. It has the prop-
erty that p(x)W (x) is constant on [ℓ,m]. Here the solutions u1, u2 are
linearly independent if and only if this constant is nonzero.

Theorem 1 Let A be an S-L operator and {u1, u−2} a basis for the solution
space of Du = 0. Then
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1. λ is an eigenvalue of A in H if and only if ∆(λ) = 0, where

∆(λ) =

∣
∣
∣
∣
∣

B1u1 B2u2

B2u1 B2u2

∣
∣
∣
∣
∣

PROOF: λ is and eigenvalue of A with eigenfunction u if and only
if there exist complex constants c1, c2, not both zero, such that u =
c1u1 + c2u2 and

B1u = c1B1u1 + c2B1u2 = 0,

B2u = c1B2u1 + c2B2u2 = 0,

and these equations can hold if and only if ∆(λ) = 0. Q.E.D.

2. The eigenvalues of A are either a) all complex numbers, or b) a count-
able number of eigenvalues with no finite accumulation point.

PROOF: This follows from a standard result in complex variable theory.
Indeed, ∆(λ) is an entire function of λ. If it had an uncountable number
of zeros or a finite accumulation point, then this analytic function would
be identically zero. Q.E.D.

Theorem 2 Let A be an S-L operator, µ a complex number, and set Ã =
A− µI. Then

1. Ã−1 exists if and only if µ is not an eigenvalue of A.

2. If Ã−1 = (A− µI)−1 exists then

DÃ−1 = RÃ = {f(x) : f ∈ C0([ℓ,m])}

(where C0([ℓ,m]) is the space of continuous functions on the interval)
and there exists a function g(x, y, µ), the Green’s function, such that

(A− µI)−1f(x) =
∫ m

ℓ
g(x, y, µ)f(y)k(y) dy

PROOF: We start by trying to solve the equation (A − µI)u(x) = f(x)
for some continuous function f , subject to the boundary conditions R1u =
R2u = 0. Thus the differential equation to be solved is

u′′ +
p′

p
u′ +

µk − q
p

u = −k
p
f. (1.7)
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Now let u1(x, µ), u2(x, µ) be a basis for the solution space of the homogeneous
equation (A−µI)u = 0, (without the boundary conditions). Then using the
standard method of variation of parameters we can derive the solution h(x)
of (1.7) given by

h(x) =
∫ m

ℓ

u1(x, µ)u2(y, µ)− u2(x, µ)u1(y, µ)

W (y, µ)

(

k(y)f(y)

p(y)

)

dy

=
∫ m

ℓ
h(x, y, µ)k(y)f(y) dy,

where

h(x, y, µ) =

{

0 if y > x
u1(x,µ)u2(y,µ)−u2(x,µ)u1(y,µ)

W (y,µ)p(y)
if x ≥ y.

Note that h(ℓ) = h′(ℓ) = 0.

REMARKS:

1. h(x, y, µ) satisfies the homogeneous equation (1.6) in the variable x, if
x 6= y.

2. Let
∂h

∂x
(y+, y, µ) = lim

t→0,t>0

∂h

∂x
(y + t, y, µ),

∂h

∂x
(y−, y, µ) = lim

t→0,t>0

∂h

∂x
(y − t, y, µ).

Then

∂h

∂x
(y+, y, µ)− ∂h

∂x
(y−, y, µ) = − 1

p(y)
, ℓ < y < m,

i.e., there is a discontinuity in ∂h
∂x

(x, y, µ) at x = y.

3. h(x, y, µ) is continuous in x and y.

Now set u(x) = c1u1(x, µ)+c2u2(x, µ)+h(x, µ) for constants c1, c2. Then
we have our desired solution u if and only if c1, c2 can be chosen so that

B1u = c1B1u1 + c2B1u2 +B1h = 0,

B2u = c1B2u1 + c2B2u2 +B2h = 0,
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and this is possible if and only if ∆(µ) 6= 0. Thus, either µ is not an eigenvalue
and there is a unique solution u to (A − µI)u = f , u ∈ DA, or µ is an
eigenvalue and the inverse operator doesn’t exist.

Now, for µ not an eigenvalue we set

g(x, y, µ) = h(x, y, µ) + b1(y)u1(x, µ) + b2(y)u2(x, µ)

and determine b1, b2 such that, in the variable x, B1g = B2g = 0. This leads
to the equations

−B1h = b1B1u1 + b2B1u2, −B2h = b1B2u1 + b2B2u2

that, since ∆(µ) 6= 0 have the unique solution

∆(µ)b1 =

∣
∣
∣
∣
∣

−B1h B1u2

−B2h B2u2

∣
∣
∣
∣
∣
, ∆(µ)b2 =

∣
∣
∣
∣
∣

B1u1 −B1h
B2u1 −B2h

∣
∣
∣
∣
∣
.

Therefore

g(x, y, µ) =
1

∆(µ)

∣
∣
∣
∣
∣
∣
∣

u1(x, µ) u2(x, µ) h(x, y, µ)
B1u1 B1u2 B1h
B2u1 B2u2 B2h

∣
∣
∣
∣
∣
∣
∣

.

Note that

1. g satisfies the homogeneous equation (1.6) in variable x, if x 6= y.

2. ∂h
∂x

(y+, y, µ)− ∂h
∂x

(y−, y, µ) = − 1
p(y)

, ℓ < y < m.

3. g is continuous in x and y.

4. g is the unique function with these properties.

Thus

u(x) =
∫ m

ℓ
g(x, y, µ)f(y)k(y) dy (1.8)

=
∫ m

ℓ
h(x, y, µ)kf dy + u1(x, µ)

∫ m

ℓ
b1(y)kf dy + u2(x, µ)

∫ m

ℓ
b2(y)kf dy

if and only if (A− µI)u = f for u ∈ DA. Q.E.D.
These results simplify considerably for the ordinary Sturm-Liouville prob-

lem. In that case the boundary conditions separate, so that

B1u = α1u(ℓ) + α2u
′(ℓ), B2u = β1u(m) + β2u

′(m).
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To take advantage of this fact we choose our basis functions u1, u2 such that
u1(x, µ) satisfies Du1 = 0 and the left-hand boundary condition B1u1 = 0,
and u2(x, µ) satisfiesDu2 = 0 and the right-hand boundary condition B2u2 =
0. (Exercise: Show that this works if µ is not an eigenvalue.) Then

h(x, y, µ) =

{

0 if y > x
u1(x,µ)u2(y,µ)−u2(x,µ)u1(y,µ)

W (y,µ)p(y)
if x ≥ y,

and

B1h = 0, B2h =
(B2u1)u2(y, µ)

W (y, µ)p(y)
.

Now ∆(µ) = −(B1u2)(B2u1) and the Green’s function takes the simple form

g(x, y, µ) =
1

∆(µ)

∣
∣
∣
∣
∣
∣
∣
∣

u1(x, µ) u2(x, µ) h(x, y, µ)
0 B1u2 0

B2u1 0 (B2u1)u2(y,µ)
W (y,µ)p(y)

∣
∣
∣
∣
∣
∣
∣
∣

=







−u1(x,µ)u2(y,µ)
W (y,µ)p(y)

y > x

−u2(x,µ)u1(y,µ)
W (y,µ)p(y)

x ≥ y.
(1.9)

1.3 Symmetric and self-adjoint operators on

Hilbert space

Let A be a linear operator on the separable Hilbert space H, with domain
DA.

Definition 8 A is a symmetric operator if DA = H and

(Au, v) = (u,Av) for all u, v ∈ DA.

Recall that real symmetric matrices and complex hermitian matrices have
very nice spectral properties and, if H is finite dimensional, the matrix of
A with respect to an ON basis would be either real symmetric or complex
hermitian. Each such matrix has an associated ON eigenbasis. However, if
H is infinite dimensional then things become much more complicated. The
best analogy to these diagonalizable matrices is the self-adjoint operator,
an extension of a symmetric operator. For appropriate choices of boundary
conditions and domains, S-L operators provide examples of these abstract
objects. We begin this exploration, by presenting a few nice properties of
symmetric operators.
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Theorem 3 let A be a symmetric operator on H. Then the following hold:

1. (Au, u) = (Au, u) for all u ∈ DA, i.e., (Au, u) is real.

2. If λ is an eigenvalue of A, then λ is real.

3. If µ, λ are distinct eigenvalues of A with corresponding eigenvectors
u, v, respectively, then (u, v) = 0.

PROOF: 1) (Au, u) = (u,Au) = (Au, u). 2) If λ is an eigenvalue of A with
eigenvector u, then Au = λu and

λ(u, u) = (Au, u) = (u,Au) = λ(u, u)

so λ = λ. 3) If u, v are eigenvectors corresponding to distinct eigenvalues
λ, µ then

λ(u, v) = (Au, v) = (u,Av) = µ(u, v)

so (λ− µ)(u, v) = 0 which implies (u, v) = 0. Q.E.D.

Theorem 4 Suppose H is a complex Hilbert space and A is a linear operator
with DA = H. Then A is symmetric if and only if (Au, u) is real for all
u ∈ DA. (Note that this result holds only for complex Hilbert spaces.)

PROOF: =⇒: Follows from the preceding theorem.
⇐=: It is straightforward to verify the following identities for all u, v ∈ DA:

4(Au, v) =

(A(u+v), u+v)−(A(u−v), u−v)+ i(A(u+ iv), u+ iv)− i(A(u− iv), u− iv),
4(u,Av) =

(u+v, A(u+v))−(u−v, A(u−v))+ i(u+ iv, A(u+ iv))− i(u− iv, A(u− iv)).
Since (Aw,w) is real for all w ∈ DA we have (Aw,w) = (Aw,w) = (w,Aw),
so, by the identities, (Au, v) = (u,Av). Q.E.D.

We have already defined the adjoint of a bounded operator. The definition
of the adjoint of a general linear operator is more delicate. Suppose A is an
operator with DA = H.
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Definition 9 Denote by DA∗ the set of all v ∈ H such that the linear func-
tional fv(u) = (Au, v) is bounded on DA. For v ∈ DA∗ let f̃v be the unique
bounded extension of fv to H. By the Riesz representation theorem there
exists a unique vector v∗ ∈ H such that f̃v(u) = (u, v∗), for all u ∈ H. This
mapping v → v∗ of DA∗ to H defines A∗. We write A∗v = v∗. Then

(Au, v) = (u,A∗v), for all u ∈ DA, v ∈ DA∗ .

Lemma 3 DA∗ is a subspace of H and A∗ is a linear operator on DA∗.

PROOF: Let u, v ∈ DA∗ and α, β complex scalars. Then for every w ∈ DA

we have
(Aw, αu+ βv) = α(Aw, u) + β(Aw, v)

= α(w,A∗u) + β(w,A∗v) = (w, αA∗u+ βA∗v),

so by the Cauchy-Schwarz inequality

|(Aw, αu+ βv)| ≤ ||w|| · ||αu+ βv||, for all w ∈ DA.

Thus αu+ βv ∈ DA∗ and A∗(αu+ βv) = αA∗u+ βA∗v. Q.E.D.
In general the domain of A∗ need not be dense in H. However, if A is

symmetric then DA∗ is dense. Indeed it is easy to show the following.

Theorem 5 Let A be a linear operator with DA = H. Then A is symmetric
if and only if A ⊆ A∗.

Definition 10 Let A be a linear operator with DA = H. A is said to be
self-adjoint if A = A∗.

Clearly, every self-adjoint operator is symmetric. However, we will see
that not every symmetric operator is self-adjoint. In general all we can say
is that a symmetric operator A is contained in its adjoint, i.e., that A∗ is an
extension of A. The following, however, is easy to prove.

Lemma 4 If A is a bounded symmetric operator with DA = H then A is
self-adjoint.

To understand in more detail the relation between A and A∗ we need the
concept of closure of an operator. As usual, we assume that A has dense
domain.
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Definition 11 The operator A is closed if whenever {un} is a Cauchy se-
quence in DA converging to u, (un → u) such that {Aun} is also a Cauchy
sequence with Aun → v, then u ∈ DA and Au = v.

Definition 12 An operator A in H is called the closure of A if

DA =
{

v ∈ H : there is {un} ∈ DA such that un → v, Aun → w and Av = w
}

Definition 13 An operator A is closable if it has a closure A.

NOTE: A is closable if and only if whenever {un} and {vn} are sequences in
DA with Aun → w and Avn → z then w = z. Setting un − vn = yn, we see
finally that A is closable if and only if whenever there is a sequence {yn} in
DA with yn → θ and Ayn → x we always have x = θ.

Lemma 5 A bounded operator is closable.

PROOF: Let A be a bounded operator with bound M . Suppose {un} is a
sequence in DA with un → θ and Aun → v. But, ||Aun|| ≤ M ||un|| → 0 so
||v|| = 0 and v = θ. Thus A is closable. Q.E.D.

The following is straightforward to verify.

Lemma 6 If A is bounded and DA = H, then A is bounded and DA = H.

The next result is deeper and uses the axiom of choice; its proof can be
found in .

Theorem 6 A closed operator A with closed domain DA is bounded on its
domain.

Theorem 7 Let A be an operator with DA = H. Then A∗ is closed.

PROOF: Let {un} be a sequence in DA∗ such that un → u and A ∗ un → v.
Then for all w ∈ DA we have

(w,A∗un) = (Aw, un)

so in the limit as n→∞ we have (w, v) = (Aw, u). This shows that u ∈ DA∗

and A∗u = v. Q.E.D.
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Corollary 1 If A is symmetric then it is closable.

PROOF: If A is symmetric then A ⊆ A∗. Since A∗ is closed, A must be
closable. Q.E.D.

Lemma 7 If A ⊂ B then B∗ ⊂ A∗.

PROOF: Let w ∈ DB∗ . Then for all u ∈ DA we have

(Au,w) = (Bu,w) = (u,B∗w).

The right-hand side is a bounded linear functional of u, so w ∈ DA∗ and
A∗w = B∗w. Q.E.D.

1.3.1 The graph of an operator

We digress to discuss the concept of the graph of an operator, a very useful
tool in the study of extensions of symmetric operators.

Suppose H1,H2 are Hilbert spaces with inner products (·, ·)1, (·, ·)2, re-
spectively.

Definition 14 The direct sum H1 ⊕H2 of two Hilbert spaces is the set of
all ordered pairs [v1, v2], vj ∈ Hj, with inner product

([u1, u2], [v1, v2]) = (u1, v1)1 + (u2, v2)2,

and norm
||[v1, v2]||2 = ||v1||21 + ||v2||22.

It is straightforward to verify that H1 ⊕H2 is itself a Hilbert space.

Definition 15 Let T be a linear operator on the Hilbert space H, with dense
domain. The graph Γ(T ) of T is the set of all ordered pairs [u, Tu] ∈ H⊕H
with u ∈ DT

Note the following important properties of the graph:

1. Γ(T ) is a subspace of H⊕H.
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2. T is a closed operator in H if and only if Γ(T ) is a closed subspace of
H⊕H.

PROOF: This follows immediately from the identity

||[ui, Tui]− [uj, Tuj]||2 = ||ui − uj||2 + ||Tui − Tuj||2.

The primary utility of the graph of T is in property 2. The awkward
definition of a closed operator is replaced by the simple concept of a closed
subspace.

Lemma 8 The inverse of a closed operator is closed.

PROOF: Let T be an invertible operator on H and define the bounded in-
vertible operator S on H ⊕ H by S[u.v] = [v, u]. Then Γ(T−1) = SΓ(T ),
since

Γ(T ) = {[u, v] : u ∈ DT and v = Tu}
Γ(T−1) = {[v, u] : v ∈ DT−1 and u = T 1v}.

Thus the subspace Γ(T−1) is closed if and only if the subspace Γ(T ) is closed.
Q.E.D.

The concept of a closable operator is also transparent when viewed from
the graph perspective. We can always close the graph of the operator T to
get the closed space Γ(T ). The question is now if this closure is itself the
graph of some operator T , i.e., if Γ(T ) = Γ(T ). The reader can verify that
the closure is a graph if and only if T is closable and T is the closure of T .

Theorem 8 T ∗ is a closed operator.

ALTERNATE PROOF: Let B: H⊕H → H⊕H such that B[u, v] = [v,−u].
Note that B preserves inner product. Then Γ(T ∗) = [BΓ(T )]⊥, because
[x, x] ∈ Γ(T ∗) if and only if z = T ∗x and (Tu, x)− (u, z) = 0 for all u ∈ DT .
This last expression can be written as

([Tu,−u], [x, z]) = (B[u, Tu], [x, z]) = 0.

Since [BΓ(T )]⊥ is a closed space, T ∗ must be a closed operator. Q.E.D.

Theorem 9 The operator T is closable if and only if DT ∗ = H.
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PROOF: ⇐= Suppose DT ∗ is dense in H, and suppose there is a sequence
{un} in DT such that un → θ and Tun → v. Then for any w ∈ DT ∗ we have
(Tun, w) = (un, T

∗w) and, in the limit as n→∞, (v, w) = 0. Thus v ⊥ DT ∗ ,
so v = θ and T is closable.

=⇒ Suppose there is a nonzero w ∈ D⊥
T ∗ . Then [w, θ] ⊥ Γ(T ∗). Since

Γ(T ∗) = [BΓ(T )]⊥ we have Γ(T ∗)⊥ = BΓ(T ), so [θ, w] ∈ Γ(T ). Thus T is
not closable. Q.E.D.

Theorem 10 Let A be a symmetric operator on H. Then A = A∗∗.

PROOF: Note that A∗∗ = (A∗)∗ is a closed operator and A is closable. We
have Γ(A∗) = [BΓ(A)]⊥ and Γ(A∗∗) = [BΓ(A∗)]⊥ = BΓ(A∗)⊥ (since B
preserves inner product), so Γ(A) = BΓ(A∗)⊥ = Γ(A∗∗). Q.E.D.

The following deep result (whose proof uses the axiom of choice) is not
necessary for the development in these notes, but is important. A proof can
be found in

Theorem 11 (Closed Graph) A closed operator T with DT = H is bounded.

Thus non-bounded operators can only have a proper subspace of H as a
domain.

1.3.2 Symmetric Sturm-Liouville operators

Now we investigate the necesary and sufficient conditions that the general
S-L operator A be symmetric. Recall that H = L2

c([ℓ,m], k), with complex
inner product

(u, v) =
∫ m

ℓ
u(x)v(x)k(x) dx, u, v ∈ L2

c([ℓ,m], k),

and

Au =
1

k(x)
[−(p(x)u′)′ + q(x)u] , u ∈ DA (1.10)

where
DA = {u ∈ C2[ℓ,m] : B1u = B2u = 0}, (1.11)

and

α11u(ℓ) + α12u
′(ℓ) + α13u(m) + α14u

′(m) ≡ B1u = 0, (1.12)

α21u(ℓ) + α22u
′(ℓ) + α23u(m) + α24u

′(m) ≡ B2u = 0.
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The matrix of real numbers
(

α11, α12, α13, α14

α21, α22, α23, α24

)

is of rank 2.
If u, v ∈ DA we can integrate by parts twice to obtain

(Au, v) = −
∫ m

ℓ
(pu′)′v dx+

∫ m

ℓ
quv dx (1.13)

=
∫ m

ℓ
u(−(pv′)′ + qv) dx+ p(x)

[

u(x)v′(x)− u′(x)v(x)
]m

ℓ

= (u,Av) +B(u, v)

where the boundary term is defined by

B(u, v) = p(x)
[

u(x)v′(x)− u′(x)v(x)
]m

ℓ
. (1.14)

Thus A is symmetric if and only if B(u, v) = 0 for all u, v ∈ DA.

Theorem 12 The S-L operator A is symmetric in H if and only if

p(l)(α13α24 − α14α23) = p(m)(α11α22 − α12α21). (1.15)

Before proving the theorem we consider one of its consequences and some
examples.

Corollary 2 If A is an ordinary S-L operator, then it is symmetric.

PROOF: If A is ordinary S-L then α13 = α14 = α21 = α22 = 0. It follows
from the theorem that A is symmetric. Q.E.D.

Example 1 Let

A = −u′′, H = L2
c([o, π], 1), B1u = u(0) = 0, B2u = u(π) = 0.

Then A is symmetric and the eigenvalue equation is −u′′ = λu, u(0) =
u(π) = 0. The eigenvalues are λn = n2, n = 1, 2, 3, · · · and the correspond-

ing normalized eigenfunctions are un(x0 =
√

2
π

sinnx, n = 1, 2, 3, · · · . We

already know from the theory of Fourier sine series that the {un} form an
ON basis for H
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Example 2 The same formal operator and Hilbert space as in the previous
example, but boundary conditions u(0) = u′(0) = u(π) = u′(π) = 0. (Note
that these are not of the form B1u = B2u = 0.) Here

DA =
{

f ∈ C2[0, π] : f(0) = f ′(0) = f(π) = f ′(π) = 0
}

.

In this case A is symmetric but has no eigenvalues or eigenvectors.

PROOF OF THE THEOREM: The proof is more transparent if we express
the conditions for A to be symmetric in terms of 2×2 determinants. Thus the
requirement that B(u, v) = 0 for all u, v in the domain of A can be written
as

p(x)

∣
∣
∣
∣
∣

u v
u′ v′

∣
∣
∣
∣
∣

]m

ℓ

= 0. (1.16)

Further, a consequence of the requirements B1u = B2u = B1v = B2v = 0,
always true for u, v in the domain of A, is the determanental identity
∣
∣
∣
∣
∣

α11u(ℓ) + α12u
′(ℓ) α11v(ℓ) + α12v′(ℓ)

α21u(ℓ) + α22u
′(ℓ) α21v(ℓ) + α22v′(ℓ)

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

α13u(m) + α14u
′(m) α13v(m+ α14v′(m)

α23u(m) + α24u
′(m) α23v(m) + α24v′(m)

∣
∣
∣
∣
∣
.

(Note that each matrix element on the right is the negative of the corre-
sponding matrix element on the left.) We recast this identity in the form

∣
∣
∣
∣
∣

α11 α12

α21 α22

∣
∣
∣
∣
∣
·
∣
∣
∣
∣
∣

u(ℓ) v(ℓ)

u′(ℓ) v′(ℓ)

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

α13 α14

α23 α24

∣
∣
∣
∣
∣
·
∣
∣
∣
∣
∣

u(m) v(m)

u′(m) v′(m)

∣
∣
∣
∣
∣
. (1.17)

Now the requirement (1.16) can be written as

p(ℓ)

∣
∣
∣
∣
∣

u(ℓ) v(ℓ)

u′(ℓ) v′(ℓ)

∣
∣
∣
∣
∣
= p(m)

∣
∣
∣
∣
∣

u(m) v(m)

u′(m) v′(m)

∣
∣
∣
∣
∣
. (1.18)

for p(ℓ)p(m) 6= 0. The only way that both these equations can hold is if

p(ℓ)

∣
∣
∣
∣
∣

α13 α14

α23 α24

∣
∣
∣
∣
∣
= p(m)

∣
∣
∣
∣
∣

α11 α12

α21 α22

∣
∣
∣
∣
∣
. (1.19)

Thus, condition (1.18) implies condition (1.19).
Now assume that condition (1.19) holds. Then

∣
∣
∣
∣
∣

α13 α14

α23 α24

∣
∣
∣
∣
∣
6= 0 =⇒

∣
∣
∣
∣
∣

α11 α12

α21 α22

∣
∣
∣
∣
∣
6= 0
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so we can solve (1.19) for the first determinant and substitute into (1.17) to
obtain condition (1.18). On the other hand the case

∣
∣
∣
∣
∣

α13 α14

α23 α24

∣
∣
∣
∣
∣
= 0 =⇒

∣
∣
∣
∣
∣

α11 α12

α21 α22

∣
∣
∣
∣
∣
= 0.

Since the matrix of real numbers
(

α11, α12, α13, α14

α21, α22, α23, α24

)

is of rank 2, we can then take linear combinations of boundary conditions
B1, B2 to obtain a new basis of separated boundary conditions

B̃1u = α1u(ℓ) + β1u
′(ℓ), B̃2u = α2u(m) + β2u

′(m).

This implies that for u, v ∈ DA we must have
∣
∣
∣
∣
∣

u(ℓ) v(ℓ)

u′(ℓ) v′(ℓ)

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

u(m) v(m)

u′(m) v′(m)

∣
∣
∣
∣
∣
= 0.

Thus condition (1.18) holds. Q.E.D.
We now extend the definition of Sturm-Liouville operators to partial dif-

ferential operators on n variables that act on function spaces on normal
domains in real n-dimensional Euclidean space Rn. We denote points in Rn

by x = (x1, · · · , xn). A normal domain D ⊂ Rn is an open, simply con-
nected, bounded set with boundary ∂D (so that D = D ∪ ∂D), and a real
vector field

ν(x) = (ν1(x), · · · , νn(x)), ||ν|| = 1,

the bf outer normal vector such that for every function u(x) = u(x −
1, · · · , xn) ∈ C1(D) we have

∫

D
uxi

(x) dx =
∫

∂D
u(x)νi(x) dS, i = 1, · · · , n.

Here dx = dx1 · · ·dxn and dS is the surface element on ∂D, i.e.,

dx1 · · · d̂xi · · · dxn = ±νi(x) dS,

where the plus or minus sign is chosen depending on whether the outer nor-
mal is pointed in the positive xi-direction or the negative xi-direction. In
particular, if u = vw then we have the integration by parts formula

∫

D
v(x)wxi

(x) dx+
∫

D
vxi

(x)w(x) dx =
∫

∂D
v(x)w(x)νi(x) dS. (1.20)
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Our Hilbert space is

H =
{

u(x), real valued :
∫

D
|u(x)|2k(x) dx <∞

}

,

(u, v) =
∫

D
u(x)v(x)k(x) dx, u, v ∈ H.

Formally, the Sturm-Liouville operator is

Au =
1

k(x)



−
n∑

i,j=1

(pij(x)uxj
)xi

+ q(x)u



 (1.21)

This formal operator enables us to define three operators, A1, A2, A3 with
domains

DA1 =
{

u ∈ C2(D) : u = 0 for x ∈ ∂D
}

, (1.22)

DA2 =






u ∈ C2(D) : Ru ≡

n∑

i,j=1

pij(x)uxj
(x)νxj

(x) = 0, x ∈ ∂D





,(1.23)

DA3 =
{

u ∈ C2(D) : Ru+ σ(x)u = 0, x ∈ ∂D σ(x) ∈ C0(∂D)
}

, (1.24)

respectively. We require

1. pij(x), k(x), q(x) real and pij = pji

2. pij(x) ∈ C1(D), k, q ∈ C0(D)

3. k > 0 for x ∈ D

4.
∑n

i,j=1 pij(x)ξiξj ≥ c0
∑n

i=1 ξ
2
i for all x ∈ D and arbitrary real ξi. Here

c0 is a strictly positive constant.

Theorem 13 S-L operators A1, A2, A3 are symmetric.

PROOF: Clearly, DA1 = DA2 = DA3 = H. Using the integration by parts
formula (1.20) we find

(Au, v)− (u,Av) =
∫

D

n∑

i,j=1

[−(pijuxj
)xi
v + (pijvxj

)xi
u]dx
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=
∫

∂D

n∑

i,j=1

pij(−uxj
v + vxi

u)νidS =
∫

∂D
(uRv − vRu)dS = 0,

for each of the three boundary conditions. Q.E.D.
Recall that A is bounded below if there is a real constant a such that

(Au, u) ≥ a||u||2 for all u in the domain of A.

Theorem 14 The operators A1, A2 and A3 (for σ(x) ≥ 0) are bounded be-
low.

PROOF: Integrating by parts once we find

(Au, u) =
∫

D



−
n∑

i,j=1

(pijuxj
)xi

+ q(x)u



u dx

=
∫

D




∑

i,j

pijuxj
uxi

+ qu2



 dx−
∫

∂D

∑

i,j

pijuxj
νiu dS

≥ c0

∫

D

n∑

i=1

(uxi
)2dx+

∫

D
qu2dx−

∫

∂D
uRu dS.

For A1 and A2 the boundary term vanishes and it is clear that (Au, u) ≥
infx∈D

q(x)
k(x)
||u||2. In the case of A3 we have Ru+ σ(x)u = 0 on the boundary,

so
(Au, u) ≥ c0

∫

D

∑

(uxi
)2dx+

∫

D
qu2dx+

∫

∂D
σu2dS.

Set σ0 = infx∈∂D σ(x), γ0 = inf{σ0, c0}. Then

(Au, u) ≥ γ0

[
∫

D

n∑

i=1

(uxi
)2dx+

∫

∂D
u2dS

]

+
∫

D
qu2dx

≥ inf
x∈D

q(x)

k(x)
||u||2.

Q.E.D.
Note that the ordinary S-L operator A on an interval in R1 (with sepa-

rated boundary values) is a special case of A2.

Corollary 3 The ordinary S-L operator on an interval is symmetric and
bounded below.
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1.3.3 The Schrödinger model

Many of the ordinary and partial differential operators studied in these notes
appear in the Schrödinger model for quantum mechanical systems. In this
section we describe, briefly, how these equations arise. In classical mechanics
the state of a system with n degrees of freedom is described by a 2n-tuple
of Hamiltonian variables: q1, · · · , qn, p1, · · · , pn. The qj are position vari-
ables and the pj are momentum variables. The states are vectors in the
real 2n-dimensional state space R2n. The evolution of a state in time is
determined by the Hamiltonian H(q1, · · · , qn, p1, · · · , pn). Indeed the time
evolution q(y), p(t) of a system in state q0, p0 at time t = t0 is obtained by
solving Hamilton’s equations

q̇k(t) =
∂H

∂pk

, ṗk = −∂H
∂qk

, k = 1, · · · , n (1.25)

with initial conditions qk(t0) = q0
k, pk(t0) = p0

k. Observable quantities for the
system are functions a(q, p, t).

In quantum mechanics the state space is a separable complex Hilbert
space H, subject to the following axioms:

1. To every observable quantity a there corresponds a unique self-adjoint
operator A in H.

2. The state of a physical system at time t is represented by a normalized
vector u in H.

3. If a is associated withA, then the bf expectation Eua of the observable a
in the state u is given by (Au, u), (a real number, since A is symmetric.)

4. If Ok, Pk are the operators associated with the classical observables
qk, pk (in Cartesian coordinates) then these operators satisfy the com-

mutation relations

[Qk, Pℓ] ≡ QkPℓ−PℓQk = ih̄δk,ℓ, [Qk, Qℓ] = [Pk, Pℓ] = 0 1 ≤ k, ℓ ≤ n
(1.26)

on some dense subspace of H, where h̄ = h/2π and h > 0 is Planck’s

constant, and i =
√
−1.

5. The time evolution u(t) of a quantum system in state u0 at time t = t0
is obtained by solving thetime dependent Schrödinger equation

ih̄
∂

∂t
u(t) = Hu(t), u(t0) = u0.
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(This formal expression can be made rigorous.) Here H is the Hamil-

tonian operator, or energy operator, the quantum operator corre-
sponding to the classical Hamiltonian energy observable.

There are other statistical axioms that we shall not discuss here.
In the case where H is independent of time, we can partially solve the

time dependent Schrödinger equation. Indeed, suppose u(t) is an eigenvector
of H with eigenvalue λ. Then ih̄u̇(t) = λu(t). This equation has the solution
u(t) = exp (−iλt/h̄)u0 where u0 is a unit vector in H that is independent of
t and is a solution of the time independent Schrödinger equation

Hu0 = λu0. (1.27)

The most commonly used prescription for passing from the classical de-
scription to the quantum description of a physical system is the Schrödinger

model. Corresponding to a classical system with n degrees of freedom we
have the Hilbert space H = L2

c(Rn) of complex Lebesgue square integrable
functions in n-dimensional Euclidean space, with weight function k(x) = 1.
The state of the system is given by function u(q1, · · · , qn) ∈ L2

c(Rn) where
the qj are Cartesian coordinates in Rn. The operators Qk, Pk are defined
formally by Qk = qk, Pk = −ih̄∂qk

, i.e.,

Qku(q1, · · · , qn) = qku(q1, · · · , qn), Pku(q1, · · · , qn) = −ih̄∂qk
u(q1, · · · , qn),

(1.28)
for k = 1, · · · , n. These operators formally satisfy the commutation relations
(1.26).

Definition 16 Two symmetric operators A abd B have the Heisenberg

commutation property if

1. RA ⊆ DB, RB ⊆ DA

2. ABu−BAu = −ih̄u, for all u ∈ DA∩DB such that Au ∈ DB, Bu ∈ DA.

Recall that if a is an observable associates with the self-adjoint operator
A, then the expectation Eua = α of a in the state u, (||u|| = 1) is given by

Eu(a) = (Au, u).

Definition 17 The dispersion of a in the state u is Dua = Eu(a− α)2.
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If the observable (a− α)2 is associated with the operator (A− αI)2, then

Dua = (u, (A− αI)2u) = ||(A− αI)u||2, if RA ⊆ DA.

Note also that

1. Dua = 0⇐⇒ Au = αu.

2. Dua = ||(A− αI)u||2 = ||Au||2 − 2α(Au, u) + α2 = ||Au||2 − α2.

Theorem 15 (Heisenberg uncertainty relation) Let A,B be symmetric op-
erators satisfying the Heisenberg commutation property, and associated with
observables a, b, respectively. Let u ∈ DA ∩ DB, ||u|| = 1, and set α =

(Au, u) = Eua, β = (Bu, u) = Eub. Then Dua ·Dub ≥ h̄2

4
.

PROOF: Set A′ = A−αI, B′ = B−βI. Note that A′, B′ are symmetric and
satisfy the Heisenberg commutation property A′B′ − B′A′u = −ih̄u. Also

ih̄ = (u,−ih̄u) = (u,A′B′u−B′A′u) = (A′u,B′u)− (B′u,A′u)

= (A′u,B′u)− (A′u,B′u)

= 2iℑ(A′u,B′u)

so (where ℑc is the imaginary part of c)

h̄/2 = ℑ(A′u,B′u) ≤ |(A′u,B′u)| ≤ ||A′u|| · ||B′u||.

We conclude that

h̄2

4
≤ ||A′u||2 · ||B′u||2 = Dua ·Dub.

Q.E.D.
This theorem says that if A,B satisfy the Heisenberg commutation prop-

erty then we cannot measure the values of the observables a and b with
arbitrary precision in any state u.

We conclude this section by examining some implications of the Schrödinger
model for energy operators. Suppose we have a classical system describing
the motion of a single particle of mass m in a potential field V (x 1, x2, x3). In
classical physics the total energy of this system is given by

m

2
(ẋ2

1 + ẋ2
2 + ẋ2

3) + V (x1, x2, x3)
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so the Hamiltonian is

H(x1, x2, x3, p1, p2, p3) =
1

2m
(p2

1 + p2
2 + p2

3) + V (x1, x2, x3), pk = mẋk.

The quantum Hamiltonian is thus

H =
1

2m
(P 2

1 + P 2
2 + P 2

3 ) + V (Q1, Q2, Q3).

In the Schrödinger model H = L2
c(R3), the state functions are u(x1, x2, x3)

and the Hamiltonian operator is

H = − h̄2

2m
∆3 + V (x− 1, x2, x3), ∆3 = ∂2

x1
+ ∂2

x2
+ ∂2

x3
. (1.29)

To make precise sense of these formal manipulations we need to solve the
following problems

1. Find a dense subspace DH of H such that H is defined and self-adjoint
on DH .

2. Find the spectral resolution of H , e.g., find the eigenvalues and eigen-
vectors of H on DH .

Note that the eigenvalue equation for (1.29) is the time independent Schrödinger
equation Hu = λu or

− h̄2

2m
∆3u+ V (x1, x2, x3)u = λu. (1.30)

REMARK: In the special case that

V (x1, x2, x3) = V1(x1) + V2(x2) + V3(x3)

we can use the separation of variables method and try to solve (1.27) formally
through the ansatz u(x1, x2, x3) = u1(x1)u2(x2)u3(x3). We then obtain three
ordinary differential equations of the form

−u′′k + fk(xk)uk = λkuk, k = 1, 2, 3, −∞ < xk <∞
Instead of boundary conditions we have the requirement that the solutions
be square integrable:

∫ ∞

−∞
|uk(xk)|2dxk <∞.

This is an example of the Weyl-Stone eigenvalue problem, or singular Sturm-

Liouville problem.
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1.4 Symmetric quantum mechanical opera-

tors

For quantum mechanical operators obtained from the Schrödinger model it
is typical that they act on Hilbert spaces H = L2

c(Rn, k) with inner product

(u, v) =
∫

Rn

u(x)v(x)k(x) dx, x = (x1, · · · , xn).

For these spaces the domain of integration is unbounded and this leads
to complications that were not an issue in our earlier treatment of regular
Sturm-Liouville operators. For example:

1. We have the intuitive notion that square integrable functions u(x) on
an infinite domain go to zero for x large: |u(x)| → 0 as |x| → ∞.
This isn’t necessarily true. Consider for example n = 1, k = 1 and the
function

u(x) =

{

ℓ+ 1 if ℓ ≤ |x| ≤ ℓ+ 1
(ℓ+1)2

, ℓ = 0, 1, · · ·
0 otherwise.

This function is square integrable, but unbounded as |x| grows.

2. If A is a S-L operator and u ∈ C2(Rn) then Au is defined, but it
doesn’t necessarily follow that Au ∈ H. That is Au may not be square
integrable.

We will encounter these delicate issues as we consider the operators of quan-
tum mechanics in detail.

We first consider the momentum operator P in R1. here,

H = L2
c(R1), Pu = −ih̄du

dx
,

DP =
{

u ∈ H : u ∈ C1(R1) and Au ∈ H
}

.

Theorem 16 P in H is symmetric but not self-adjoint.

PROOF: First we show that P is symmetric. Since all infinitely differentiable
functions with compact support are in the domain of P , it is clear that
DP = H. Now let u, v ∈ DP . Then

(Pu, v) = −ih̄
∫ ∞

−∞
u′(x)v(x) dx = −ih̄ lim

a→−∞
lim

b→+∞

∫ b

a
u′(x)v(x)dx
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= ih̄ lim
a

lim
b

∫ b

a
u(x)v′(x)dx− ih̄ lim

a
lim

b
u(x)v(x) |ba

= (u, Pv) + ih̄ lim
a→−∞

u(a)v(a)− ih̄ lim
b→+∞

u(b)v(b),

where each of the limits exists separately in the last equality. Setting u = v ∈
DP in these expressions we see that the following limits exist: lim b→+∞ |u(b)|2 =
β2, lima→−∞ |u(a)|2 = α2. Thus

lim
b→+∞

|u(b)| = β, lim
a→−∞

|u(a)| = α.

If β > 0 then clearly
∫∞
0 |u(x)|2dx diverges. This is impossible, so β = 0.

Similarly α = 0. Therefore, if u ∈ DP then limb→+∞ u(b) = lima→−∞ u(a) =
0. Hence (Pu, v) = (u, Pv).

Now we show that P is not self-adjoint. Let

w(x) =







0, x < 1
1− x2, −1 ≤ x ≤ 1

0, x > 1.

Clearly, w is square integrable but, because of the discontinuities in the first
derivative at x = ±1, w does not belong to the domain of P . Now for u ∈ DP

we have

(Pu,w) = −ih̄
∫ 1

−1
u′(x)(1− x2)dx = −2ih̄

∫ 1

−1
u(x)x dx.

Therefore,

|(Pu,w)| ≤ 2h̄
∫ 1

−1
|u(x)|dx ≤ 2

√
2h̄

√
∫ 1

−1
|u(x)|2dx ≤ 2

√
2h̄||u||.

Thus (Pu,w) is a bounded linear function of u, so w ∈ DP ∗ and P ⊂ P ∗,
where the inclusion is proper, so P is not self-adjoint. Q.E.D.

REMARK: We will show later that P is self-adjoint.
Now we treat a general class of S-L operators im Rn that arise in quantum

mechanics. These are formally similar to operators treated earlier, but here
the boundary conditions on finite domains are replaced by square integrabil-
ity requirements on the infinite domain Rn. Our Hilbert space is

H = L2
c(Rn, k) =

{

u(x) :
∫

Rn

|u(x)|2k(x) dx <∞
}

,
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(u, v) =
∫

Rn

u(x)v(x)k(x) dx, u, v ∈ H.

Formally, the Sturm-Liouville operator is

Au =
1

k(x)



−
n∑

ℓ,j=1

Dj [(pjℓ(x)Dℓu] + q(x)u



 , Dj = i∂xj
+ bj(x). (1.31)

We require

1. pjℓ, bj , k, q real and pℓj = pjℓ

2. pjℓ),bj∈C1(Rn
), k, q ∈ C0(Rn)

3. k > 0 for x ∈ Rn

4.
∑n

j,ℓ=1 pjℓ(x)ξjξℓ ≥ ρ(x)
∑n

j=1 ‖ξj|2 for all x ∈ Rn and arbitrary complex
ξj. Here ρ is real valued and ρ(x) > 0 on Rn.

This formal operator enables us to define two operators, A0, A1 with domains

DA0 =

{

u ∈ H : u ∈
o

C2 (Rn)

}

, (1.32)

DA1 =
{

u ∈ H : u ∈ C2(Rn) and Au ∈ H
}

, (1.33)

respectively. Here
o

C2 (Rn) is the space of twice continuously differentiable
functions with compact support in Rn.

Theorem 17 S-L operators A0, and A1 (with some additional technical as-
sumptions, see Hellwig, page 85) are symmetric in H.

PROOF: (sketch) It is clear that DA0 = DA1 = H. Now, for u.v ∈ DA)
,

(Au, v) =
∫

Rn

Au(x)v(x)k(x)dx = lim
r→∞

∫

|x|≤r
Auvkdx.

Now we integrate by parts on the ball |x| ≤ r, where

|x|2 = x2
1 + · · ·+ x2

n, νj(x) =
xj

|x| on |x| = r.
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∫

|x|≤r
Auvkdx =

∫

|x|≤r
[
∑

Dj(pjℓDℓu)v + quv]dx

=
∫

x|≤r
[
∑

pjℓDℓuDjv + quv]dx+ i
∫

|x|=r
(
∑ xj

|x|pjℓDℓu)vdS

=
∫

|x|≤r
uAvkdx+ i

∫

|x|=r

∑

j,ℓ

[
xj

|x|pjℓ(vDℓu+ uDℓv)dS.

Let
Ψ(r) =

∫

|x|≤r
(uAv − Auv)dx = −i

∫

|x|=r
[·]dS.

Then
(Au, v) = (u,Av)− lim

r→∞
Ψ(r).

If u, v ∈ DA0 then |psi(r) = 0 for r sufficiently large. hence A0 is symmetric.
If, however, u, v ∈ DA1 then additional technical assumptions are needed to
show that limr→∞ Ψ(r) = 0, see Hellwig, page 85. With these assumptions
A1 is symmetric. Q.E. D.

Theorem 18 Suppose q(x)
k(x)
≥ −K for all x, where K is a positive constant.

The A0 is bounded below by −K. If in addition there is a constant c1 > 0
such that

1

k(x)

∑

pjℓ(x)
xjxℓ

|x|2 ≤ c1|x|2,

then A1 is bounded below by −K and
∫

Rn

∑
pjℓDℓuDjudx exists for all u ∈

DA1.

PROOF:
∫

|x|≤r
(Au)ukdx =

∫

|x|≤r
[
∑

pjℓDℓuDju+ q|u|2]dx+ i
∫

|x|=r
[
∑ xj

|x|pjℓDℓu]dS.

If u ∈ DA0 we have

(Au, u) = lim
r→∞

∫

|x|≤r
(Au)uk dx =

∫

Rn

[
∑

pjℓDℓuDju+ q|u|2]dx

≥
∫

Rn

q

k
|u|2k dx ≥ −K||u||2.

If u ∈ DA1 then by the previous theorem A1 is symmetric, and technical
lemmas give

(Au, u) =
∫

Rn

[
∑

pjℓDℓDju+ q|u|2]dx ≥ −K||u||2.

Q.E.D.
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Example 3 If k = 1 and Au = −∆3u + q(x)u and q(x) ≥ −K|x|2 for
sufficiently large |x|, then A1 is symmetric.

A further essential extension of the theory concerns Schrödinger operators
with singular potential. Here,

H = L2
c(Rn), Au = −∆nu+ q(x)u, x = (x1, · · · , xn), q real,

DA{u ∈ H : u ∈
o

C2
c (Rn) and Au ∈ H}.

The complication is that q may be singular, e.g., the Coulomb potential

q(x1, x2, x3) = − e2
√

x2
1 + x2

2 + x2
3

= −e
2

r
.

Theorem 19 If u, v ∈ DA then (Au, v) = (u,Av).

PROOF: Integrating by parts twice, we have

(Au, v) =
∫

Rn

[−∆nuv + quv]dx

=
∫

Rn

[
n∑

j=1

uxj
vxj

+ quv]dx =) =
∫

Rn

[−u∆nv + quv]dx

= (u,Av).

Q.E.D.
If DA = H then the above simple argument shows that A is symmetric.

However, for singular q it may not be true that the domain of A is dense inH.
To determine this we need to look at the behavior of q in the neighborhood
of a singularity and, also, the behavior of q as |x| → ∞.

As an extremely important example consider the rotationally symmetric
potential q(x1, x2, x3) = a

r
where A is a nonzero constant. (If a is negative,

this is the Coulomb potential.) I claim that in this case

DA = {u ∈ H : u ∈
o

C2
c (Rn)},

i.e., that if u belongs to this space then, necessarily, Au ∈ H. Thus, it is
clear that the domain of A is dense in H.
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To prove this we note that
∫

R3

|Au|2dx =
∫

R3

|∆3u|2dx−
∫

R3

(∆3u)qudx−
∫

R3

qu∆3u dx+
∫

R3

q2|u|2dx

≤ c0 + c1

∫

R3

|qu|dx+
∫

R3

q2|u|2dx,

where c0, c1 are finite positive constants. Now we need to show that the two

integrals on the right-hand side are finite, for any u ∈
o

C2
c (Rn). Note that any

such u is bounded and vanishes outside some ball with center at the origin
and radius r0. Thus there is a positive constant M <∞ such that

∫

R3

|qu|dx ≤M
∫

S2

[∫ r0

0
|q|r2dr

]

dω <∞

where S2 is the unit sphere, centered at the origin. Similarly
∫

R3

|qu|2dx ≤ N
∫

S2

[∫ r0

0
|q|2r2dr

]

dω <∞,

so Au ∈ H.
This operator is also bounded below. The proof is simplest if a ≥ 0. Then

(Au, u) =
∫

S2

∫ ∞

0





3∑

j=1

|uxj
|2 +

a

r
|u|2



 r2dr dω ≥ 0.

Now suppose a = −α < 0 (the case for the Coulomb problem). Note that
for any positive constant b we can fins a positive constant c such that

α

r
<
b

r
+ c

for all r > 0. Therefore
∫

R3

α

r
|u|2dx ≤ b

∫

R3

|u|2
r2

dx+ c
∫

R3

|u|2dx.

Lemma 9
∫

R3

|u|2
r2 dx ≤ 4

∫

R3

∑3
j=1 |uxj

|2dx.

PROOF: Without loss of generality, we can assume that u is real. Set v =
u
√
r. Then, using the chain rule, we have

∑3
j=1 u

2
xj

= 1
r

∑3
j=1 v

2
xj
− 1

r2v
∂v
∂r

+ v2

4r3 .
Therefore,

∫

R3

3∑

j=1

|uxj
|2dx ≥ −1

2

∫

R3

∂(v2)

∂r

1

r2
dx+

1

4

∫

R3

v2

r3
dx
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= −1

2

∫

S2

[
∫ ∞

0

∂

∂r
(ru2)dr]dω +

1

4

∫

R3

u2

r2
dx.

Note that the integral in the brackets is zero. Q.E.D.
Now we see that A is bounded below, because

(Au, u) ≥
∫

R3

[

|u|2
4r2

+
a|u|2
r

]

dx

≥ (
1

4
− b)

∫

R3

|u|2
r2

dx− c
∫

R3

|u|2dx ≥ −c
∫

R3

|u|2dx,

if we choose b ≤ 1
4
.

1.4.1 Some important operators and their adjoints

Recall that a symmetric operator A is closable, but not necessarily closed.
The adjoint operator A∗ is always closed and A ⊆ A∗.

Definition 18 A symmetric operator is essentially self-adjoint if A = A∗.

Thus, since A∗ = A
∗
, to obtain a self-adjoint operator from one that is

essentially self-adjoint, we need only take the closure.
As an important example, we consider the formal operator A = −(∂ 2

x1
+

∂2
x2

+ ∂2
x3

) = −∆3, acting on the Hilbert space H = L2(R3). Now we define
two different operators A0, A1 with formal action defined by A and domains

DA0 =
{

u ∈ o

C
2

(R3)
}

, DA1 =
{

u ∈ C2(R3) : u ∈ H and Au ∈ H
}

,

respectively. Note that DA0 ⊂ DA1 . Furthermore it is easy to check that
(A0u, v) = (u,A1v) for all u ∈ DA0 and v ∈ DA1. It follows that A0 is
symmetric and

A0 ⊂ A1 ⊆ A∗
0

and, since taking adjoints reverses the inclusions,

A0 = A∗∗
0 ⊆ A∗

1 ⊆ A∗
0.

Note: If A0 is essentially self-adjoint, then A0 = A∗
0 and we can combine the

above inclusions to obtain A1 ⊆ A∗
1 =⇒ A1 is symmetric. A fact that isn’t

obvious since the validity of integration by parts isn’t clear.
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We will show that A0 is essentially self-adjoint, in steps. The (unitary)
Fourier transform

û(y) = Fu(y) ≡ 1

(2π)
3
2

lim
r→∞

∫ ∫ ∫

|x|≤r
e−ix·yu(x)dx,

where x = (x1, x2, x3), y = (y1, y2, y3) is a unitary mapping of H onto Ĥ =
L2(R3) (in the y coordinates), i.e., the map is 1-1, onto and preserves inner
product. Now if u ∈ DA0 then

Âu(y) = − 1

(2π)
3
2

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
e−ix·y∆3u(x)dx = |y|2û(y).

Now let K be the operator with maximal domain that multiplies by |y| 2 in
Ĥ:

DK =
{

v̂ ∈ Ĥ : |y|2v̂(y) ∈ Ĥ
}

.

Clearly, K = K∗. Let A be the operator on H defined by A = F−1KF .
(Note that F−1 = F∗ since F is unitary. So (Au, v) = (F−1KFu, v) =
(KFu,Fv)ˆ= (Kû, v̂) ,̂ where (·, ·)̂ is the inner product on Ĥ. ) We see that
A is an extension of A0. Further, A = A∗, since K = K∗. Thus A0 has a self-
adjoint extension. We will show later that, in fact, A = A0. The graph inner
product provides us with a convenient way of posing the problem. Consider
the graphs of A0 and A∗

0:

Γ(A0) = {[u,A0u] : u ∈ DA0} , Γ(A∗
0) =

{

[u,A∗
0u] : u ∈ DA∗

0

}

.

Now Γ(A0) = Γ(A0) ⊆ Γ(A∗
0). If Γ(A0) ⊂ Γ(A∗

0) then there exists a nonzero
v ∈ DA∗

0
such that [v, A∗

0v] ⊥ Γ(A0). This means that

(u, v) + (A0u,A
∗
0v) = 0

for all u ∈ DA0 . But this shows that A∗
0v ∈ DA∗

0
and (A0u,A

∗
0v) = (u,A∗

0A
∗
0v),

so (A∗
0)

2v = −v.
Lemma 10 A0 ⊂ A∗

0 and A0 6= A∗
0 if and only if there is a nonzero v ∈ DA∗

0

such that (A∗
0)

2v = −v.
Note: Since (u, (A∗

0)
2v) = (A2

0u, v) for all u ∈ DA2
0

this is equivalent to

the statement that (A2
0u + u, v) = 0 for all u ∈ DA2

0
. Thus, v must satisfy

the relation
(A2

0u+ u, v) = 0, for all u ∈ DA2
0
.
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If we transfer this expression to the Fourier transform Hilbert space Ĥ we
have the requirement

∫

R3

(|y|4 + 1)û(y)v̂(y)dy = 0.

Thus if the functions (|y|4 + 1)û(y) are dense in Ĥ as u runs over DA2
0

it will
follow that v̂ = θ, hence that v = θ. Rather than developing the technical
details from Fourier theory, at this point, to show that these functions are in
fact dense, we will return to this problem later when we use operator theory
to demonstrate that the range of A2

0 + I is dense in H.
For our next example, we first recall some facts about absolutely con-

tinuous functions. A complete treatment is given in our Lebesgue theory
notes.

Definition 19 A function f is absolutely continuous on [a, b] if there
exist a function g ∈ L1[a, b] such that f(t) = c+

∫ t
a g9x)dx, c = f(a), for all

t ∈ [a, b].

Theorem 20 If f is absolutely continuous then f ′(t) exists for almost every
t ∈ [a, b] and f(t) = f(a) +

∫ t
a f

′(x)dx.

Theorem 21 f is absolutely continuous on [a, b] if and only if for every
ǫ > 0 there exists a δ > 0 such that

∑n
k=1 |f(xk + δk)− f(xk)| ≤ ǫ for every

finite family of non-overlapping subintervals (xk, xk + δk) in [a, b] of total
length

∑
δk ≤ δ.

Theorem 22 if f1, f2 are absolutely continuous on [a, b], then f1f2 is abso-
lutely continuous on [a, b] and d

dx
(f1f2) = f ′

1f2 + f1f
′
2.

For our next example we consider the momentum operator A = i d
dx

on
[a, b] with domain

DA =
{

f ∈ L2
c [a, b] = H : f abs. cont. and f ′ ∈ L2

c [a, b]
}

.

Let’s compute A∗. We look for all pairs g, h ∈ H such that (Af, g) = (g, h)
for all f ∈ DA. Setting z(x) =

∫ x
a h(t)dt, so z is absolutely continuous, we

have the integration by parts formula

i
∫ b

a

df

dx
gdx =

∫ b

a
fhdx = −

∫ b

a

df

dx
z(x)dx+ f(b)z(b).
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Thus
∫ b

a

df

dx
(ig + z)dx = f(b)z(b).

Now let f run over
o

C∞
c [a, b], dense in H, (so f(b) = 0) and then df

dx
also

runs over
o

C∞
c [a, b]. Thus g = −iz almost everywhere. Since z is absolutely

continuous, then by redefining g on a set of measure zero if necessary, we can
assume g is absolutely continuous, so g ′ = −iz′ = −ih almost everywhere.
Thus, h = i dg

dx
. From this it follows that A∗ = i d

dx
,

DA∗ = {f ∈ H : f abs. cont., f ′ ∈ H, f(a) = f(b) = 0} .

Similarly, from the integration by parts formula

i
∫ b

a

df

dx
gdx = −i

∫ b

a

df

dx
g(x)dx+ i(f(b)g(b)− f(a)g(a))

for f, g absolutely continuous, we see that the operator A1 = i d
dx

with domain

DA1 =
{

f ∈ L2
c [a, b] = H : f abs. cont. and f ′ ∈ L2

c [a, b], and f(a) = f(b)
}

,

is self-adjoint.
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Chapter 2

Completely Continuous

Operators

As we have seen differential operators are normally unbounded, and their
domains do not include the entire Hilbert space. However, the inverses of
differential operators, when they exist, are typically integral operators that
are bounded and, even better, completely continuous. For this reason it is
frequently advantageous to transfer problems about a differential operator
to problems about its inverse. With this motivation, we begin a study of
completely continuous operators on a Hilbert space H.

Definition 20 The operator A with DA = H is completely continuous

if for every bounded sequence u1, u2, · · · ∈ DA (i.e., there exists a constant
b > 0 such that ||ui|| ≤ b for i = 1, 2, · · ·) the collection {Au1, Au2, · · ·} has
a convergent subsequence.

Theorem 23 A completely continuous =⇒ A bounded.

PROOF: Assume A not bounded. Then there exists a sequence u1, u2, · · · ∈
DA such that ||un|| = 1 and ||Aun|| > n for n = 1, 2, · · ·. Clearly u1, u2, · · · is
bounded and Au1, Au2, · · · contains no convergent subsequence. Impossible!
Q.E.D.

REMARKS:

1. A bounded operator on a finite dimensional inner product space is
completely continuous. This is just the Bolzano- Weierstrass theorem,
proved in the Lebesgue notes.
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2. In an infinite dimensional Hilbert space a bounded operator may not
be completely continuous. Example: the identity operator I.

Theorem 24 If A is completely continuous with DA = H then A with do-
main H is also completely continuous (i.e., we can always assume that the
domain of a completely continuous operator is H.

PROOF: Let u1, u2, · · · be a bounded sequence inH, (||un|| < b, n = 1, 2, · · ·).
Then for every n there exists a vector vn ∈ DA such that ||un − vn|| < 1

n
.

Now ||vn|| ≤ ||un||+ ||vn−un|| < b+1 by the triangle inequality, so v1, v2, · · ·
is a bounded sequence. Thus there is a convergent subsequence {Avnj

: j =
1, 2, · · ·}. But

||Aunj
−Aunk

|| = ||Aunj
−Avnj

||+ ||Avnj
−Avnk

||+ ||Avnk
−Aunk

|| (2.1)

by the triangle inequality. Since ||A|| = ||A|| the first term on the right hand
side of (2.1) is bounded by ||A||/nj, and the third term by ||A||/nk. Given
any ǫ > 0 we can choose j, k so large that the middle term is less that ǫ.
Thus ||Aunj

− Aunk
|| → 0 as j, k →∞. It follows that the sequence {Aunj

}
is Cauchy, hence convergent. Q.E.D.

Recall the following properties of the operator norm, proved in the Lebesgue
theory notes. If A is a bounded operator on H the operator norm is defined
by

||A|| = sup
u∈DA,u 6=θ

||Au||
||u|| = sup

u∈DA,||u||=1
||Au||. (2.2)

Lemma 11 If A,B are bounded operators on H and α is a complex number
then

1. ||αA|| = |α| · ||A||

2. ||A+B|| ≤ ||A||+ ||B||

3. ||AB|| ≤ ||A|| · ||B||

4. ||An|| ≤ ||A||n, n = 1, 2, · · ·.

An application to quantum mechanics.
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Theorem 25 Let A,B be bounded operators on H such that [A,B] = −ih̄I.
Then the relation

ABu− BAu = −ih̄u for all u ∈ H

cannot hold.

PROOF: Assume that the theorem is false and that there exist bounded
operators A,B such that AB−BA = −h̄I and ||A|| · ||B|| > 0. By induction
we can show that

−1h̄nBn−1 = ABn −BnA = [A,Bn], n = 1, 2, · · · . (2.3)

Thus
h̄n||Bn−1|| ≤ 2||A|| · · · ||Bn|| ≤ 2||A|| · ||B|| · ||Bn−1||.

Suppose ||Bn−1|| 6= 0 for all n. Then h̄n ≤ 2||A|| · ||B|| for all n Impossible!
Thus ||Bn|| = 0, so Bn = 0 for sufficiently large n. Then (2.3) implies that
Bn−1 = 0, and it follows that B1 = B = 0, so ||B|| = 0, which is impossible.
Q.E.D.

Theorem 26 Suppose A is symmetric and bounded. Then |(Au, u)| ≤ α||u||2
for all u ∈ DA for α = ||A|| and ||A|| is the smallest number α that will work.
Thus

||A|| = sup
u∈DA,u 6=θ

∣
∣
∣
∣
∣

(Au, u)

||u||2
∣
∣
∣
∣
∣
= sup

u∈DA,||u||=1
|(Au, u)|.

PROOF: We have

|(Au, u)| ≤ ||Au|| · ||u|| ≤ ||A|| · ||u||2.

Now let

L| = sup
u∈DA,u 6=θ

∣
∣
∣
∣
∣

(Au, u)

||u||2
∣
∣
∣
∣
∣
.

Clearly, L ≤ ||A||. Now we must show L ≥ ||A||. Consider the identity

(A(u+ v), u+ v)− (A(u− v), u− v) = 2(Au, v) + 2(Av, u)

for all u, v ∈ H. Note that the inner products on the left-hand side are real,
by the symmetry of A. Thus

(A(u+ v), u+ v) ≤ L||u+ v||2, (A(u− v), u− v) ≥ −L||u− v||2
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which implies that

2(Au, v) + 2(Av, u) ≤ L(||u+ v||2 + ||u− v||2),

expanding to
(Au, v) + (Av, u) ≤ L(||u||2 + ||v||2).

Now choose a u such that Au 6= θ and substitute v = (||u||/||Au||)Au into
this last inequality to obtain ||Au|| ≤ L||u|| for Au 6= θ. This result is
obviously true also if Au = θ. Therefore ||A|| ≤ L. Q.E.D.

Thus if A is bounded and symmetric, we have ||A|| = sup||u||=1 |(Au, u)|,
where we assume without loss of generality that DA = H.

REMARK: If H is n dimensional, where n is finite, and λ1, λ2, · · · , λn are the
eigenvalues of A then we know that ||A|| = max{|λ1|, · · · , |λn|} = |λi| and
there exists a nonzero vector u0 such that ||A|| = |(Au0, u0)| and Au0 = λiu0.
We will see that symmetric completely continuous operators preserve many
of the eigenvalue features of self-adjoint matrices.

Theorem 27 let A be bounded and symmetric on H. There exists a sequence
{uk}, ||uk|| = 1, such that limk→∞(Auk − λ1uk) = θ in the norm, where
λ1 = ||A||, or −||A||.

PROOF: Since ||A|| = sup||u||=1 |(Au, u)|, there exists a sequence {vℓ} such
that ||vℓ|| = 1 and limℓ→∞ |(Avℓ, vℓ)| = ||A||. Then {vℓ} contains a subse-
quence {uk} such that either (Auk, uk) → ||A|| as k → ∞ or (Auk, uk) →
−||A||. Therefore (Auk, uk)→ λ1| as k →∞. Now

||Auk−λ1uk||2 = ||Auk||2−2λ1(Auk, uk)+λ
2
1||uk||2 ≤ λ2

1−2λ1(Auk, uk)+λ
2
1 → 0

as k →∞. Q.E.D.

Theorem 28 Let A be symmetric and completely continuous (and to avoid
a trivial case assume ||A|| > 0). Then either λ1 = ||A|| or λ1 = −||A|| is an
eigenvalue of A. Furthermore, if λ is another eigenvalue of A then |λ1| ≥ |λ|.

PROOF: Let λ1, {uk, k = 1, 2, · · ·}, ||uk|| = 1 be as in the last theorem. Since
A is completely continuous there is a subsequence {wj} of {uk} such that
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Awj converges to some vector, say λ1w, as j →∞. Now ||Awj − λ1wj || → 0
as j →∞ by the preceding theorem. Therefore

|λ1| · ||w − wj|| = ||λ1w − λ1wj|| ≤ ||λ1w −Awj ||+ ||Awj − λ1wj||
by the triangle inequality, and each of the terms on the right-hand side goes
to zero as j → ∞. Thus limj→∞wj = w and ||w|| = limj→∞ ||wj|| = 1.
Finally

||Aw − λ1w|| ≤ ||Aw −Awj ||+ ||Awj − λ1wj||+ ||λ1wj − λ1w||
by the triangle inequality, and each of the terms on the right-hand side goes
to zero as j →∞. Therefore Aw = λ1w. Q.E.D.

REMARK: This last result is not true for an arbitrary bounded symmetric
operator A. First A may have no point eigenvalues at all. Even if A has a
basis of eigenvectors the theorem fails to hold.

Example 4 Let H be an infinite dimensional Hilbert space with an ON basis
{un}of eigenvectors of A such that

Aun =
n

n+ 1
un, n = 1, 2, · · · .

Then any unit vector u in H can be written uniquely in the form u =
∑

n αnun with
∑

n |αn|2 = 1. We see that Au =
∑

n αn
n

n+1
un. Now ||A|| =

sup||u||=1 |(Au, u)| and

|(Au, u)| =
∑

n

|αn|2
n

n + 1
<
∑

n

|αn|2 = 1.

Therefore ||A|| = 1 but there is no unit vector ũ ∈ H such that |(Aũ, ũ)| = 1.

Theorem 29 (Spectral Theorem for symmetric completely continuous oper-
ators.) Let A be a nonzero symmetric completely continuous operator on the
separable Hilbert space H. Then

1. Every nonzero eigenvalue of A has finite multiplicity.

2. A has countably (or finitely) many eigenvalues λ1, λ2, · · ·. They can be
ordered so that

||A|| = |λ1| ≥ |λ2| ≥ |λ3| ≥ · · ·

with each nonzero eigenvalue counted a number of times equal to its
multiplicity.
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3. limj→∞ λj = 0 if there are an infinite number of eigenvalues.

4. We can choose an eigenvalue φj corresponding to each eigenvalue λj

such that (φj, φk) = δjk.

5. |λj| = |(Aφj, φj)| = maxu∈Hj ,||u||=1 |(Au, u)| where

H1 = H Hj = {v ∈ H : v ⊥ φ1, φ2, · · · , φj−1} .

Here, H = H1 ⊃ H2 ⊃ H3 ⊃ · · ·.

6. If u ∈ RA, i.e., u = Av for some v ∈ H, then

u =
∑

k

(u, φn)φn =
∑

n

(av, φn)φn =
∑

n

λn(v, φn)φn.

The {φn} form an ON basis for RA.

PROOF:

1. Let λ 6= 0 be an eigenvalue of A and Sλ = {v ∈ H : Av = λv}. Suppose
dim Sλ =∞ and let {vj} be an ON basis for Sλ. Now {vj} is bounded
in norm and A is completely continuous, so the set {Avj} = {λvj}
contains a convergent subsequence. Impossible! Therefore dim Sλ is
finite.

2. By a previous theorem there exists an eigenvalue λ1 and a unit eigen-
vector φ1 such that |λ1| = ||A|| and Aφ1 = λ1φ1. let H2 = {v ∈ H :
v ⊥ φ1}. Then AH2 ⊂ H2. Indeed, let v ∈ H2. Then

(φ1, Av) = (Aφ1, v) = λ1(φ1, v) = 0,

so Av ∈ H2. If AH2 = {θ} then we are done. Otherwise keep going
and use previous theorem to show that there exists an eigenvalue λ2

and a unit eigenvector φ2 so that

|λ2| = max
||u||=1,u∈H2

|(Au, u)|.

Clearly (φ1, φ2) = 0. We proceed in this way step by step. At the nth
step, either Hn = {θ} in which case we stop, or we find a unit vector

φn ∈ Hn = {v ∈ H : v ⊥ φ1, φ2, · · · , φn−1}, Aφn = λn
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where
|λn| = max

||u||=1,u∈Hn

|(Au, u)|,

etc. Clearly (φn, φj) = 0 for j = 1, · · · , n − 1. Since H1 ⊃ H2 ⊃ H3 ⊃
· · · we have |λ1| ≥ |λ2| ≥ |λ3| ≥ · · ·.

3. Since {φn, n = 1, 2, · · ·} is bounded and A is completely continuous,
there exists a convergent sequence {Aφnj

= λnj
φnj
} . Thus

||Aφnk
−Aφnj

||2 = ||λnk
φnk
−λnj

φnj
||2 = λ2

nk
+λ2

nj
→ 0 as j, k →∞,

so λnk
→ 0 as k →∞ which implies that λn → 0 as n→∞.

4. Let u ∈ RA, u = Av and note that (u, φk) = (Av, φk) = λk(v, φk). For
any integer n , set

wn = v −
n∑

k=1

(v, φk)φk.

Then wn ⊥ φ1, · · · , φn which implieswn ∈ Hn+1. Therefore |(Awn, wn)| ≤
|λn+1| · ||wn||2 and ||Awn|| ≤ |λn+1| · ||wn||. Now

||wn||2 = ||v||2 −
n∑

k=1

|(v, φn)|2 ≤ ||v||2.

Therefore ||wn|| ≤ ||v|| for all n. Thus ||Awn|| → 0 as n → ∞, since
λn+1 → 0 as n→∞. But

Awn = Av −
n∑

k=1

(v, φk)λkφk = u−
n∑

k=1

(u, φk)φk.

Therefore u =
∑∞

k=1(u, φk)φk

We haven’t quite completed the proof, since we need to show that our
procedure has found all of the nonzero eigenvalues. To do this we first review
some simple material involving the ranges and null spaces of operators. Let
B be an operator on H with dense domain and let NB = {u ∈ DB : Bu = θ},
Rb = {v ∈ H : v = Bu for some u ∈ Db, be the null space and the range

of B, respectively.

Lemma 12 NB and NB∗ are closed, and

R⊥
B = NB∗ , N⊥

B∗ = RB.
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PROOF: The proof that the null spaces are closed is elementary. Suppose
that w ⊥ RB. Then (w,Bu) = 0 for all u ∈ DB. This implies that w ∈ DB∗

and (B∗w, u) = 0, so w ∈ NB∗ . On the other hand, if w ∈ NB∗ then B∗w = θ
so (B∗w, u) = 0 for all u ∈ DB which implies (w,Au) = 0 or w ⊥ RB. Q.E.D.

Now again we assume that A is symmetric and completely continuous.
This implies also that A is self-adjoint. Thus we have

R⊥
A = NA∗ = NA, N⊥

A = RA.

This implies that H decomposes into the direct sum H = NA ⊕ RA of two
closed subspaces. We choose an ON basis γ1, γ2, · · · for NA and the ON basis
of eigenvectors φ1, φ2, · · · for RA.

Corollary 4 let A be symmetric and completely continuous. Let {γk} be an
ON basis for NA and {φk} be the ON basis for Ra constructed above. Then
{γk, φk} is an ON basis for H, i.e., H = NA ⊕RA.

CONTINUATION OF PROOF OF THE SPECTRAL THEOREM: have we
missed any nonzero eigenvalues of A in the list {λk}? Suppose λ 6= 0 is an
eigenvalue with eigenvector φ and such that λ is not in the list constructed
above. Since 1

λ
Aφ = φ we see that φ ∈ RA. Therefore

phi =
∑∞

k=1(φ, φk)φk. However, by construction (φ, φk) = 0 for all k, hence
φ = θ. This is impossible, so the list is complete. Q.E.D.

QUESTION: The theorem shows that every u ∈ RA can be expanded in
an ON basis of the eigenvectors of A, corresponding to nonzero eigenvalues,
where the series converges in the Hilbert space sense. However, in the case
that H is a space of functions one can ask about pointwise convergence of the
series. Also there is the question of the nature of the eigenfunctions φk. Are
they continuous, differentiable, . . . ? We will develop some machinery that
will help us answer these questions for specific Hilbert spaces and operators.

We say that Condition I holds for a symmetric completely continuous
operator on H if

1. ||A|| 6= 0, DA = H, RA ⊆ DA.

2. For every bounded sequence {un} in DA there is a subsequence {vn}
such that Avn → v ∈ DA as n→∞.

REMARKS:
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1. If condition I holds then by the spectral theorem, all of the eigenfunc-
tions φk belong to DA.

2. Suppose the following two requirements are satisfied.

a) For every nonzero u ∈ DA there exists a real number [u] > 0 such
that ||u|| ≤ α[u] where α is a fixed positive constant, independent of u.

b) For every u = Av ∈ RA, v ∈ DA there exists a w ∈ DA such that

lim
n→∞

[

w −
n∑

k=1

akφk

]

= 0, ak = (φ, φk).

Then w = u and limn→∞ [u−∑n
k=1 akφk] = 0.

PROOF: [

w −
n∑

k=1

akφk

]

≥ α||w −
n∑

k=1

akφk||.

Since the term on the left goes to 0 as n→∞, so does the term on the
right. Hence w = u Q.E.D.

Example 5 Let H = L2
c(D), where D is a bounded domain in Rn. Thus

the inner product is (u, v) =
∫

D uvdx. Let A be a symmetric completely

continuous operator with DA = {u : u ∈ o

C (D)}. Set [u] = maxx∈D |u(x)|
and define the volume of D by V (D) =

∫

D dx. Then if u ∈ DA we have

||u|| =
√
∫

D
|u(x)|2dx ≤

√

V (D)max
x∈D
|u(x)| = α[u], α =

√

V (D).

2.1 Separable operators

We say that an operator A on the Hilbert space H is separable if it can be
obtained in the following way. Let n be a finite integer and let {u1, u2, · · · , un}
be a linearly independent subset ofH, and {v1, v2 · · · vn} be any subset. Then
for any w ∈ H we define

Aw =
n∑

j=1

(w, vj)uj.
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Now

||Aw|| ≤ (
n∑

j=1

||vj|| · ||uj||)||w||,

so A is bounded. Furthermore, A maps H into a finite-dimensional subspace
of H, so A is completely continuous.

Example 6 Let H = L2
c([a, b], k) and define A by

Aw(x) =
∫ b

a
K(x, y)w(y)k(y)dy, K(x, y) =

n∑

j=1

uj(x)vj(y),

for uj, vj ∈ H and {uj} linearly independent. The kernel K(x, y) defined here
is said to be separable. Note that A is symmetric if K(x, y) = K(y, x), i.e.,
if K(x, y) =

∑n
j=1 uj(x)uj(y).

Theorem 30 Let A be a bounded operator on H such that there exists a
sequence {An} of completely continuous operators on H with DAn = H and
limn→∞ ||A−An|| = 0. Then A is completely continuous.

PROOF: Let {un} be a bounded sequence in DA, (||un|| ≤ α). We use the
Cantor diagonalization argument:

A1 completely continuous =⇒

there exists a subsequence {u(1)
n } of {un} such that {A1u

(1)
n } is convergent.

A2 completely continuous =⇒
there exists a subsequence {u(2)

n } of {u(1)
n } such that {A2u

(2)
n } is convergent.

A3 completely continuous =⇒
there exists a subsequence {u(3)

n } of {u(2)
n } such that {A3u

(3)
n } is convergent.

...

Ak completely continuous =⇒
there exists a subsequence {u(k)

n } of {u(k−1)
n } such that {Aku

(k)
n } is convergent.

...
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Now consider the diagonal sequence u
(1)
1 , u

(2)
2 , u

(3)
3 , u

(4)
4 , · · · Clearly {Aku

(j)
j :

j = 1, 2, · · ·} is convergent for each k, since u
(j)
j ⊂ {u(k)

n } for j ≥ k. Then for
any ǫ > 0 we have

||Au(j)
j − Au(ℓ)

ℓ || ≤ ||Au(j)
j − Aku

(j
j ||+ ||Aku

(j)
j − Aku

(ℓ)
ℓ ||+ ||Aku

(ℓ)
ℓ − Au(ℓ)

ℓ ||

≤ ||A−Ak|| ·
[

||u(j)
j ||+ ||u(ℓ)

ℓ ||
]

+ ||Aku
(j)
j − Aku

(ℓ)
ℓ || <

ǫ

4α
(2α) +

ǫ

2
= ǫ,

if we choose k so large that ||A− Ak|| < ǫ
4α

and j, ℓ so large that ||Aku
(j)
j −

Aku
(ℓ)
ℓ || < ǫ

2
. Thus the subsequence {Au(j)

j } converges, which implies that A
is completely continuous. Q.E.D.

Let Q be one of the intervals [a, b], (a, b], [a, b), (a, b), where (−∞, b],
[a,∞), (−∞,∞) are permitted.

Theorem 31 Let k ∈ C(Q) k(x) > 0 for x ∈ Q,H = L2
c(Q, k). Suppose

K(x, y) is complex valued and continuous in (x, y) for all (x, y) ∈ Q × Q,
and ∫

Q

∫

Q
|K(x, y)|2k(x)k(y)dx dy <∞.

Then the operator defined on H by

Au(x) =
∫

Q
K(x, y)u(y)k(y)dy = (u,K(x, ·)), u ∈ H (2.4)

is completely continuous.

PROOF: From expression (2.4) we have

|Au(x)|2 ≤
∫

Q
|K(x, y)|2k(y)dy ·

∫

Q
|u(y)|2k(y)dy

so

||Au||2 =
∫

Q
|Au(x)|2k(x)dx ≤ ||u||2

∫

Q

∫

Q
|K(x, y)|2k(x)k(y)dx dy

and
||A||2 ≤

∫

Q

∫

Q
|K(x, y)|2k(x)k(y)dx dy.

Thus A is bounded. Now let {un} be an ON basis for H. Then {un(x)un(y)}
is an ON basis for K = L2

c(Q × Q, k(x)k(y)) and K(·, ·) ∈ K. We have the
expansion

K(x, y) =
∑

j,ℓ

ajℓuj(x)uℓ(y), ajℓ =
∫

Q

∫

Q
|K(x, y)|2uj(x)uℓ(y)k(x)k(y)dx dy,
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where convergence is in K, not pointwise. Parseval’s equality gives
∑

jℓ

|ajℓ|2 =
∫

Q

∫

Q
|K(x, y)|2k(x)k(y)dx dy.

Now consider the sequence of separable kernels

Kn =
n∑

j+ℓ=1

ajℓuj(x)uℓ(y), n = 2, 3, · · ·

and operators An on H given by Anw(x) =
∫

Q Kn(x, y)w(y)k(y)dy. Clearly
each An is completely continuous and

||A− An||2 ≤
∫

Q

∫

Q
|K(x, y)−Kn(x, y)|2k(x)k(y)dx dy =

∞∑

jℓ=n+1

|ajℓ|2 → 0

as n → ∞. It follows from Theorem 30 that A is completely continuous.
Q.E.D.

Corollary 5 If Q = Q1×Q2×· · ·×Qn ⊆ Rn ( a boxlike domain in Euclidean
n space) where each Qj is an interval on the xj axis as defined above, then
the analogous result to Theorem 31 holds in Rn.

Definition 21 We say that the integral operator (2.4) is Hilbert-Schmidt

if K ∈ L2
c(Q×Q, k(x)k(y)), i.e., if

∫

Q

∫

Q |K(x, y)|2k(x)k(y)dx dy <∞.

Corollary 6 If Q is as in Corollary 5 and A is Hilbert-Schmidt, then A is
completely continuous.

ASIDE: We will make frequent use of the following basic result from Lebesgue
theory.

Theorem 32 (Fubini) Let B1 = L1
c(Rn, k1), B2 = L1

c(Rm, k2), B = L1
c(Rn+m, k1k2),

where k1 = k1(x), k2 = k2(y), x = (x1, · · · , xn), y = (y1, · · · , ym). If any one
of the Lebesgue integrals

∫

Rn+m

|f(x, y)|k1(x)k2(y)dx dy,
∫

Rm

(∫

Rn

|f(x, y)|k1(x)dx
)

k2(y)dy,

∫

Rn

(∫

Rm

|f(x, y)|k2(y)dy
)

k1(x)dx,

is finite, then all are finite and equal. Furthermore, if f ∈ B then
∫

Rn+m

fk1k2dx dy =
∫

Rm

(∫

Rn

fk1dx
)

k2dy =
∫

Rn

(∫

Rm

fk2dy
)

k1dx.
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Thus, if f is a measurable function on Rn+m and |f | is integrable, then so is
f integrable and each of these integrals can be evaluated as iterated integrals
in lower dimensional spaces. The order of iteration is immaterial. (In general
it is not permitted to change the order of iteration if f is only conditionally
integrable.)

We will not give here the extensive technical details needed to prove
this result. However, the idea behind the proof is relatively simple. It is
sufficient to consider the case n = m = 1, k1 ≡ k2 ≡ 1. In our earlier
online notes we defined the space of Lebesgue integrable functions L1(R1) by
first defining the integrals of step functions and then completing the space
of step functions in the L1 norm. Every Lebesgue integrable function was
obtained as the a.e pointwise convergent limit of a Cauchy sequence of step
functions. Any step function s on the line is associated with a partition
{xj : · · · < xj−1 < xj < xj+1 < · · · , j = 0,±1,±2, · · ·} of the real line.
Then the step function is defined by s(x) = cj for xj ≤ x < xj+1, where only
a finite number of the constants cj are nonzero. The integral of s is defined
by

∫

sdx =
∑

j cj(xj+1 − xj). The sum of two step functions (with different
partitions) is again a step function with a refined partition of the real line.

To define the Lebesgue space L1(R2) we proceed in an analogous manner.
A step function s is associated with a double partition

{(xj , yk) : · · · < xj−1 < xj < xj+1 < · · · , · · · < yk−1 < yk < yk+1 < · · ·}

of the real plane, where j, k = 0,±1,±2, · · ·. The step function is defined
by s(x, y) = cj,k for xj ≤ x < xj+1, yk ≤ y < yk+1, where only a finite
number of the constants cj,k are nonzero. The integral of s is defined by
∫

sdx =
∑

j,k cj,k(xj+1 − xj)(yk+1 − yk). The sum of two step functions (with
different partitions) is again a step function with a refined partition of the
real plane. Now it is a simple matter to verify the identities

∫

Rs

sdx dy =
∫

R1

(∫

R1

s dx
)

dy =
∫

R1

(∫

R1

s dy
)

dx.

Indeed, for each x̃ or ỹ, s(x̃, y) or s(x, ỹ) is a step function on the line.
The rest of the proof of Fubini’s theorem involves showing that this identity
continues to hold in the limit as we take Cauchy sequences of step functions.

BACK TO COMPLETELY CONTINUOUS OPERATORS

Corollary 7 Let D be a bounded normal domain in Rn and H = L2
c(D, k).
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Let K be a function on D ×D such that
∫

Dy

∫

Dx

|K(x, y)|2k(x)k(y)dx dy =
∫

R2n

|K(x, y)|2k(x)k(y)χD(x)χD(y)dx dy <∞

where χD is the characteristic function of D, i.e., the operator A such that

Aw(x) =
∫

D
K(x, y)w(y)k(y)dy

for w ∈ H is Hilbert-Schmidt. Then A is completely continuous.

Example 7 Let the domain D be as in the corollary and suppose

1. K(x, y) = a(x,y)
|x−y|α for x, y ∈ Rn.

2. a is complex-valued and continuous for x, y ∈ D, 0 < α < n
2
. NOTE:

A kernel K with properties 1 and 2 is said to be weakly singular.

3. a(x, y) = a(y, x), for all x, y ∈ D.

4. H = L2
c(D, k).

According to Hellwig (Theorem 3, Section 4.3)

∫

D

dy

|x− y|β ≤
ωn

n− β
(
nV

ωn

)1−β
n

if 0 < β < n, where ωn is the area of the unit n-sphere and V is the volume
of D. Indeed, for fixed x we can write y − x in polar coordinates centered
at x. Then dy is proportional to rn−1dr dωn, where dωn is the differential
of area measure on the unit n-sphere. Then an estimate for the integral
is
∫ B
0

rn−1

rβ dr = Bn−β

n−β
where D is contained in a ball of radius B about x. It

follows that
∫

D×D |K(x, y)|2k(x)k(y)dx dy <∞, so the weakly singular kernel
K(x, y) defines a symmetric Hilbert-Schmidt operator on H.

2.2 Pointwise convergence of expansion for-

mulas

Suppose A is a non-zero symmetric Hilbert-Schmidt operator in L2
c(D, k)

with weakly singular or continuous kernel, as above, on the bounded domain
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D. Then A has non-zero eigenvalues {λn} with |λ1| ≥ |λ2| ≥ · · · and cor-
responding normalized eigenvectors {φn} such that they form an ON basis
for RA. Thus if u ∈ RA then u =

∑∞
n=1(u, φn)φn. When is this convergence

pointwise?

Theorem 33 Suppose the kernel K is continuous or weakly singular on the
bounded normal domain D, and DA = L2

c(D, k). Then RA ⊆ C(D).

PROOF: let v = Au, u ∈ DA. Then

|v(x1)− v(x2)|2 =
∣
∣
∣
∣

∫

D
[K(x1, y)−K(x2, y)]k(y)u(y)dy

∣
∣
∣
∣

2

≤
∫

D
|K(x1, y)−K(x2, y)|2k(y)dy

∫

D
|u(y)|2k(y)dy

≤ k0||u||2
∫

D
|K(x1, y)−K(x2, y)|2dy,

where k0 = maxy∈D k(y). Now recall that we have verified the inequality

∫

S(x,b)

dy

|x− y|α ≤ c20b
n−α, S(x, b) = {y ∈ Rn : |x− b| ≤ b}

for n > α, where c0 > 0. Let |x1 − x2| < b and write

∫

D
|K(x1, y)−K(x2, y)|2dy =

∫

D∩S(x1,b)
|K(x1, y)−K(x2, y)|2dy

+
∫

D−D∩S(x1,b)
|K(x1, y)−K(x2, y)|2dy.

The first integral on the right-hand side is bounded above by

2
∫

D∩S(x1,b)

(

||K(x1, y)|2 + |K(x2, y)|2
)

dy ≤ c1b
n−α

where c1 > 0 and we have used our inequality. The kernel in the second
integral on the right is uniformly continuous in x1, x2, so both integrals go
to 0 as b = |x1 − x2| → 0. Thus v is a continuous function. Q.E.D.

Corollary 8 Let A be an integral operator with weakly singular kernel, DA =
H, and φ an eigenfunction of A with nonzero eigenvalue λ. Then φ ∈ C(D).
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PROOF: Aφ = λφ =⇒ A(λ−1φ) = φ =⇒ φ ∈ RA ⊆ C(D). Q.E.D.

Let D be a bounded normal domain and K a weakly singular kernel with
K(x, y) = K(y, x) for all x, y ∈ D, and H = L2

c(D, k). Then K defines
a symmetric completely continuous operator A (A is Hilbert-Schmidt) with
DA = C0(D). We know that A has nonzero eigenvalues λ1, λ2, · · · with |λ1| ≥
|λ2| ≥ · · · → 0 and corresponding normalized eigenfunctions φ1, φ2, · · ·, each
of which is continuous on D.

Theorem 34 let A be as above. If u ∈ RA, u = Av, v ∈ DA then u(x) =
∑∞

n=1(u, φn)φn(x) for x ∈ D where the convergence is pointwise uniform
absolute on D.

PROOF: Assume there are an infinite number of nonzero eigenvalues. (Oth-
erwise the theorem is trivial.) Recall that (φ i, φj) = δij and Aφj = λjφj. For
u ∈ RA with u = Av we have

(u, φj) = (Av, φj) = (v, Aφj) = λj(v, φj).

1. Let Sk(x) =
∑k

n=1(u, φn)φn(x) ∈ C0(D) for each integer k. We will
show that {Sk(x)} is a uniformly pointwise convergent sequence of con-
tinuous functions on D, so that it converges to a continuous function
w(x) in D. Indeed, for k > ℓ,

|Sk(x)− Sℓ(x)|2 = |
k∑

n=ℓ+1

(u, φn)φn(x)|2

= |
k∑

n=ℓ+1

λn(v, φn)φn(x)|2 ≤
k∑

n=ℓ+1

|(v, φn)|2 ·
k∑

n=ℓ+1

|λnφn(x)|2.

Later we will show that
∑k

n=ℓ+1 |λnφn(x)|2 < β2 < ∞ for all x ∈ D.
Assuming this, we see that

|Sk(x)− Sℓ(x)| ≤ β

√
√
√
√

k∑

n=ℓ+1

|(v, φn)|2 → 0

uniformly in x as k, ℓ → ∞. Thus limk→∞ Sk(x) = w(x) and, since D
is bounded, ||Sk − w|| → 0 as k →∞.
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2. Sk(x)→ u(x), uniformly as k →∞. Indeed

||u− w|| ≤ ||u− Sk||+ ||Sk − w|| → 0

as k →∞, so u = w in H and, since u, w are both continuous, we have
u(x) ≡ w(x) for all x ∈ D.

3. Finally, we have to show that
∑∞

n=1 |λnφn(x)|2 is uniformly bounded on
D. Now u(x) = Av(x) =

∫

D K(x, y)v(y)k(y)dy = (K(x, ·), v), so

∞∑

n=1

|λnφn(x)|2 =
∞∑

n=1

|Aφn(x)|2

=
∞∑

n=1

|(K(x, ·), φn)|2 ≤ (K(x, ·), K(x, ·))

by Bessel’s inequality. However the right hand side of the last expres-
sion is just

∫

D |K(x, y)|2k(y)dy < β2 < ∞ since K is weakly singular.
Therefore ∞∑

n=1

|λnφn(x)|2 ≤ β2 <∞

for all x ∈ D. Q.E.D.

Let A be symmetric and completely continuous on the Hilbert space H,
and reorder the nonzero eigenvalues {λn} of A so that

λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0 ≥ · · · ≥ λ−n ≥ · · · ≥ λ−1,

with associated normalized eigenvectors

φ1, φ2, · · · , φn, · · · · · ·φ−n, · · ·φ−1.

Theorem 35

λ1 = max
||u||=1,u∈H

(Au, u), λ−1 = min
||u||=1,u∈H

(Au, u),

λn = max
||u||=1,u⊥φ1,···,φn−1

(Au, u), λ−n = min
||u||=1,u⊥φ−n+1,···,φ−1

(Au, u),

n = 2, 3, · · · .
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PROOF: We give only the proof of the characterization of λ1. The remaining
characterizations have similar proofs. If u ∈ H with ||u|| = 1 then, setting
aj = (u, φj), we have

∑

j |aj|2 =
∑

j |(u, φj)|2 ≤ 1. Now

Au =
∑

j

(Au, φj)φj =
∑

j

λj(u, φj)φj

so

(Au, u) =
∑

j

λj |(u, φj)|2 =

positive
︷ ︸︸ ︷

λ1|a1|2 + λ2|a2|2 + · · · +
negative

︷ ︸︸ ︷

· · ·+ λ−2|a−2|2 + λ−1|a−1|2

≤ λ1(
∑

j

|aj |2) ≤ λ1.

But (Aφ1, φ1) = λ1. Q.E.D.

2.3 Relationships between completely contin-

uous and S-L operators. Green’s func-

tions

Consider a general regular S-L operator in R1, (1.10). Here,

Au =
1

k(x)
[−(p(x)u′)′ + q(x)u] , H = L2

c ([ℓ,m], k) ,

DA =
{

u ∈ H : u ∈ C2([ℓ,m]); B1u = B2u = 0
}

Bju = αj1u(ℓ) + αj2u
′(ℓ) + αj3u(m) + αj4u

′(m), j = 1, 2,

and the αjℓ are real. Assume B1, B2 are linearly independent and such that
A is a symmetric operator.

If the complex number µ is not an eigenvalue of A then (A−µI)−1 exists.
Further D(A−µI)−1 = RA−µI = C0 ([ℓ,m]), R(A−µI)−1 = DA−µI = DA and

(A− µI)−1f(x) =
∫ m

ℓ
g(x, y, µ)f(y)k(y)dy, f ∈ C0([ℓ,m])

where g(x, y, µ) = g(y, x, µ) is symmetric, bounded and continuous on [ℓ,m].
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Theorem 36 Let A be a general non-singular symmetric S-L operator as
defined above. Then

1. A has a countably infinite number of eigenvalues λ1 ≤ λ2 ≤ · · ·, all real
with only +∞ as a limit point. The multiplicity of an eigenvalue is at
most 2.

2. Let {φj} be the corresponding normalized eigenvectors of the {λj},
Aφj = λjφj. Then the {φj} form an ON basis for DA, hence for H.
Furthermore, if u ∈ DA then

u(x) =
∞∑

j=1

(u, φj)φj(x)

where the convergence is pointwise uniformly absolute.

3. The eigenvalues are characterized by the minimization properties

λ1 = min
||u||=1,u∈DA

(Au, u) λj = min
||u||=1,u∈DA,u⊥φ1,···,φj−1

(Au, u).

PROOF: Choose µ real and not an eigenvalue of A. Let B = A− µI. Then
B−1 exists and

B−1f(x) =
∫ m

ℓ
g(x, y, µ)k(y)f(y)dy

and the kernel is real and symmetric in (x,y), so B−1 is a symmetric com-
pletely continuous operator. Further, DB−1 = RA, RB−1 = DA. it follows
that B−1 has real nonzero eigenvalues {Λj} and corresponding normalized
eigenvectors {φj} such that B−1φj = Λjφj and {φj} is an ON basis for
RB−1 = DA. B−1 has no zero eigenvalues.

If u ∈ DA then u(x) =
∑

j(u, φj)φj(x) where the convergence is pointwise
uniform and absolute. Now

(A− µI)−1φj = B−1φj = Λjφj ⇐⇒ Λj(A− µI)φj = φj

⇐⇒ Aφj = (µ+
1

Λj
)φj = λjφj .

Therefore, λj = µ + 1
Λj

is an eigenvalue of A if and only if Λj is a nonzero

eigenvalue of B−1. Also the {φj} are the eigenvectors corresponding to {λj}.
Since A is bounded below, we can order the eigenvalues of A so that

λ1 ≤ λ2 ≤ λ3 ≤ · · · → +∞.
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There are an infinite number of eigenvalues because DA is infinite dimen-
sional. This proves statements 1 and 2. Statement 3 follows immediately
from Theorem 35. Q.E.D.

Example 8 Let

A = − d2

dx2
, H = L2

c([0, 2π], 1),

DA =
{

u ∈ H : u ∈ C2[0, 2π], u(0) = u(2π), u′(0) = u′(2π)
}

.

Note that A is symmetric. Indeed, for u, v ∈ DA

(Au, v) = −
∫ 2π

0

d2u

dx2
vdx = −du

dx
v

∣
∣
∣
∣
∣

2π
0 +

∫ 2π

0

du

dx

dv

dx
dx = −

∫ 2π

0
u
d2v

dx2
dx = (u,Av).

To find the eigenvectors and eigenvalues we solve Au = λu for u ∈ DA

or −u′′ = λu. Applying the boundary conditions we find that the eigenval-
ues are λn = n2, n = 0,±1,±2, · · · and the corresponding eigenvectors are
φn = einx/

√
2π. Thus each eigenvalue is of multiplicity 2 if n 6= 0 and the

eigenvalue 0 is of multiplicity 1. The {un} form an ON basis for calH. If
u ∈ DA then u(x) =

∑∞
n=−∞(u, un)un(x) where the convergence is pointwise

uniform and absolute. Note that this expansion

u(x) =
1

2π

∞∑

n=−∞

[∫ 2π

0
u(y)e−inydy

]

einx

is just the complex form of Fourier series.

REMARK: In the above examples, and examples to follow, of symmetric S-L
operators A with completely continuous inverses A−1, the S-L operators are,
in fact, essentially self-adjoint. (If A has 0 as an eigenvalue, just choose a
real µ that isn’t an eigenvalue so that A − µI is invertible. Our argument
will then show that A−µI is essentially self-adjoint, which implies that A is
essentially self-adjoint.)

To see this note that the bounded operator A
−1

= A−1 is self-adjoint and
D

A−1 = H. Thus RA = D
A−1 = H and DA = R

A−1 . Since A is symmetric

we have A ⊆ A∗ = A
∗
. Now let v ∈ DA

∗ Then

(Au, v) = (u,A
∗
v)
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for all u ∈ DA = RA−1 . Every such u is of the form u = A
−1
w, where w ∈ H,

and every w ∈ H is of the form w = Au. Thus the above equation reads

(w, v) = (A
−1
w,A

∗
v) = (w,A

−1
A

∗
v),

for all w ∈ H. (The last identity follows from the fact that the bounded

operator A
−1

is self-adjoint.) We conclude that v = A
−1
A

∗
v, so v ∈ DA and

Av = A
∗
v. This shows that A∗ ⊆ A, so A∗ = A. Q,E.D.

2.3.1 Extension to an S-L operator in Rn

We will sketch a treatment of pointwise convergence for expansions in terms
of eigenfunctions of S-L operators in Rn. Let D be a bounded normal domain
and H = L2(D). We consider only the S-L operator (1.21)

Au = −∆nu, ∆n =
n∑

j=1

∂2

∂x2
j

,

and

DA =
{

u : u ∈ C1(D) ∩ C2(D), Au ∈ H, and u = 0 for x ∈ ∂D
}

.

Recall that A is symmetric, bounded below, and strictly positive.
Assume n ≥ 2. We give a sketch of the construction of A−1. The functions

u = Sn where

Sn(x, y) =

{
1

(n−2)ωn|x−y|n−2 , for n > 2

− 1
2π

ln |x− y|, for n = 2,
(2.5)

x, y ∈ Rn and ωn is the area of the unit n-sphere, are called principal

solutions of the equation ∆nu = 0. For a discussion of these functions, see
Titchmarsh, “Eigenfunction Expansions, Part II,” Oxford, 1958. There the
following result from potential theory is proved:

Theorem 37 Let f ∈ C1(D) and define u by

u(x) = −
∫

D
Sn(x, y)f(y)dy.

Then u ∈ C1(D) ∩ C2(D) and ∆nu(x) = f(x) in D.
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Suppose thatD is such that the Dirichlet problem can be solved: Given
a continuous function g(x) on ∂D find a unique function v ∈ C 2(D)∩C0(D)
such that ∆nv = 0 and v(x) = g(x) for all x ∈ ∂D. Then for every y ∈ D
we can find a solution γ(x, y) of ∆nγ = 0 and γ(x, y) = −Sn(x, y), for all
x ∈ ∂D. We define the Green’s function for this problem by

g(x, y) = γ(x, y) + Sn(x, y).

Then ∆ng(x, y) = 0 for x 6= y, and if f is defined as in Theorem 37, the
function

u(x) = −
∫

D
g(x, y)f(y)dy

satisfies u ∈ DA and ∆nu = f(x) in D. Thus we have inverted the equation
Au = f to find the unique solution u = A−1f . It follows that C1(D) ⊆ DA−1

and
A−1f(x) = −

∫

D
g(x, y)f(y)dy

if f ∈ C1(D).
One can show that g(x, y) is an Hilbert-Schmidt kernel if n = 2, 3 so

then A−1 is completely continuous. Furthermore, since A is symmetric we
have that A−1 is symmetric. Therefore the expansion theorem for completely
continuous symmetric operators applies to A−1. Keep in mind that

Aφ = λφ⇐⇒ 1

λ
φ = A−1φ.

We conclude that A has an infinite number of eigenvalues λ1 ≤ λ2 ≤ · · · and
corresponding normalized eigenvectors φ1, φ2, · · · with φn ∈ C1(D) and each
eigenvalue of finite multiplicity. Further, if u ∈ DA∩C3(D) then Au ∈ C1(D)
and

u(x) =
∞∑

n=1

(u, φn)φn(x)

where the convergence is uniform and absolute on D.
The following result enlarges the domain of functions with a pointwise

convergence expansion.

Theorem 38 1) If u ∈ DA then u(x) =
∫

D g(x, y)f(y)dy where f(x) =
−∆nu(x). 2) If f ∈ C1(D) then the function u(x) =

∫

D g(x, y)f(y)dy is an
element of C2(D) ∩ C1(D) and ∆nu = −f in D.
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SKETCH OF PROOF OF 1): This is a standard potential theory argument,
making use of the integration by parts formula (1.20). We choose a point
x ∈ D and let Jǫ ⊂ D be a ball of radius ǫ about x. Then we apply a variant
of formula (1.20) to the domain D − Jǫ:

∫

∂D+∂Jǫ

u
∂g

∂n
dyS −

∫

∂D+∂Jǫ

g
∂u

∂n
dyS =

∫

D−Jǫ

u∆ng dy −
∫

D−Jǫ

g∆nu dy.

Now ∆ng = 0 and ∆nu = −f in D − Jǫ, whereas u = g = 0 on ∂D. Thus
the equation reduces to

∫

∂Jǫ

u
∂g

∂n
dyS −

∫

∂Jǫ

g
∂u

∂n
dyS =

∫

D−Jǫ

gf dy.

The behavior of the two integrals on the left is entirely determined by the
singularity at x of the principal solution Sn(x, y). It is straightforward to
show that as ǫ → 0 the first integral on the left goes to u(x), whereas the
second integral goes to 0. As ǫ → 0 the integral on the right obviously
converges to

∫

D gf dy. Thus u =
∫

D gf dy. Q.E.D.
We conclude from this last result that if u ∈ DA then f = ∆nu ∈ RA, so

u(x) =
∑∞

n=1(u, φn)φn(x) where the convergence is uniform and absolute on
D.

2.3.2 Extension to mixed initial and boundary value

problems

Here we consider a mixed initial and boundary value problem Au + u̇ = f
where A is an S-L operator, f(x, t) is a given function and both f and u(x, t),
and all functions in the function space, are real valued. We choose A to be
an ordinary S-L operator on an interval on the real line

Au =
1

k(x)

[

− ∂

∂x
(p(x)

∂u

∂x
) + q(x)u

]

, x ∈ [ℓ,m],

with separated boundary conditions

B1u(x, t) = α11u(ℓ, t) + α12
∂u

∂x
(ℓ, t) = 0,

B2u(x, t) = α21u(m, t) + α22
∂u

∂x
(m, t) = 0,
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for 0 < t < ∞. Here B1, B2 are assumed linearly independent. For each
0 < t <∞, A acts on the Hilbert space

Ht =
{

u(x, t) :
∫ m

ℓ
u2(x, t)k(x)dx <∞

}

, (u, v)t =
∫ m

ℓ
u(x, t)v(x, t)k(x)dx.

The domain of A at time t is

Dt
A =

{

u(x, t) ∈ Ht : u ∈ C2[ℓ,m], B1u = B2u = 0
}

.

Theorem 39 Suppose we are given functions u0(x) ∈ C0[ℓ,m], f ∈ C0(ℓ ≤
x ≤ m, 0 < t <∞). Then

1. There exists at most one solution u of the equation Au+ ∂u
∂t

= f such
that u ∈ Dt

A, ∂u
∂t
∈ C0(ℓ ≤ x ≤ m, 0 < t <∞), and u(x, 0) = u0(x) for

all x ∈ [ℓ,m].

2. If the solution u exists, it is given by the expression

u(x, t) =
∞∑

j=1

[

(u0, φj) +
∫ t

0
(f, φj)e

λjτdτ
]

· e−λjtφj(x)

where λ1 ≤ λ2 ≤ · · · are the eigenvalues of A and the {φj} are the
corresponding normalized eigenvectors.

3. If a) u0(x),
∂u0

∂x
, ∂2u

∂x2 ∈ C0[ℓ,m], b) f ≡ 0, and c) B1u0 = B2u0 = 0,
then a solution u exists.

REMARK: Formally, assertion 2. states that the solution of Au+ u̇ = f is

u = e−tAu0 + e−tA
∫ t

0
eτAf dτ.

Lemma 13 let x ∈ [a, b] and suppose

1.
∑∞

j=1 vj(x) = v(x) for all x ∈ [a, b].

2. vj(x) ∈ C1[a, b], for all j.

3.
∑∞

j=1 v
′
j(x) = g(x) where the convergence is pointwise uniform on [a, b].

Then v ∈ C1[a, b] and v′(x) =
∑∞

j=1 v
′
j(x) for all x ∈ (a, b).
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PROOF OF THE LEMMA: Let sn(x) =
∑n

j=1 vj(x). Then sn ∈ C1[a, b] and
sn(x) → v(x), s′n(x) → g(x) as n → ∞, where the convergence is uniform.
By the Fundamental Theorem of Calculus, sn(x) − sn(a) =

∫ x
a s

′
n(y)dy goes

in the limit as n → ∞ to v(x) − v(a) =
∫ x
a g(y)dy since the convergence is

uniform. Also, since each v ′j is continuous and the convergence is uniform,
then g is continuous. Thus, by the Fundamental Theorem of Calculus again,
we have v′(x) = g(x) for all x ∈ (a, b). Q.E.D.

PROOF OF THE THEOREM: Assume a solution u exists. Then u ∈ Dt
A

for all t ∈ (0,∞), so

u(x, t) =
∞∑

j=1

(u, φj)tφj(x)

where the convergence is uniform and absolute in x. Set αj(t) = (u, φj)t.
Remarks:

• αj(0) = (u0, φj).

• We have

Au+ u̇ = f =⇒ (Au, φj)t + (u̇, φj)t = (f, φj)t

=⇒ λj(u, φj)t +
∂

∂t
(u, φj)t = (f, φj)t

=⇒ α̇j(t) + λjαj(t) = (f, φj)t.

• Thus

αj(t) = e−λjt
[∫ t

0
(f, φj)τe

λjτdτ + (u0, φj)
]

.

This proves assertions 1. and 2. of the theorem. To prove assertion 3. it is
enough to show that the series

∑∞
j=1(u0, φj)e

=λjtφj(x) converges to a function
u that is a solution of the boundary value problem.
Remarks:

• ∑∞
j=1(u0, φj)φj(x) converges uniformly and absolutely to u0(x).

• λj → +∞ as j →∞.

• e−λjt → 0 as j → ∞. Thus
∑∞

j=1(u0, φj)e
=λjtφj(x) = u(x, t) converges

uniformly and absolutely in x and t.
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• Let uj(x, t) = (u0, φj)e
−λjtφj(x). Clearly Auj + u̇j = 0.

• It is enough to show that the series
∑

j u̇j,
∑

j
∂uj

∂x
, and

∑

j
∂2uj

∂x2 converge
uniformly in the interval ℓ ≤ x ≤ m, 0 < t0 ≤ t <∞, for every t) > 0.

• ∑j u̇j = −∑j(u0, φj)λje
−λjtφj(x) and λje

−λjt → 0, as j → ∞, uni-
formly for all t > t0 > 0. Therefore

∑

j u̇j converges uniformly =⇒
u̇(x, t) exists and u̇(x, t) =

∑

j u̇j(x, t).

• ∑j
∂uj

∂x
=
∑

j(u0, φj)e
−λjtφ′

j(x). Assume that 0 is not an eigenvalue of
A. Then

Aφj = λjφj ⇐⇒ φj = λjA
−1φj = λj

∫ m

ℓ
g(x, y, 0)k(y)φj(y)dy,

where

g(x, y, 0) =







−v2(x)v1(y)
p(ℓ)w(ℓ)

, ℓ ≤ y ≤ x ≤ m,

−v1(x)v2(y)
p(ℓ)w(ℓ)

, ℓ ≤ x ≤ y ≤ m,

with Av1 = av2 = θ,B1v1 = B2v2 = 0. Thus

φj(x) = −λjv2(x)
∫ x

ℓ

v1(y)k(y)φj(y)

pw
dy − λjv1(x)

∫ m

x

v2(y)k(y)φj(y)

pw
dy

=⇒ φ′
j(x) = −λjv

′
2(x)

∫ x

ℓ

v1(y)k(y)φj(y)

pw
dy−λjv

′
1(x)

∫ m

x

v2(y)k(y)φj(y)

pw
dy.

Therefore,
∑

j(u0, φj)e
−λjtφ′

j(x) converges uniformly.

• Aφj = λjφj =⇒ φ′′
j = 1

p

[

−p′φ′
j + qφj − λ2kφj

]

=⇒ ∑

j(u0, φj)e
−λjtφ′′

j

converges uniformly. Q.E.D.

The corresponding problem for Au+ ü = f has a very similar treatment.
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Chapter 3

Spectral Theory for

Self-Adjoint Operators

We start be reformulating the expansion theorem for symmetric completely
continuous operators in a manner that will generalize to all self-adjoint oper-
ators. Let A be symmetric and completely continuous on the Hilbert space
H, and let {λj} (including the zero eigenvalue if it exists) be the eigenvalues
of A. Denoting by φj the corresponding normalized eigenvectors, we now
have that {φj} is an ON basis for H, not just RA. if u ∈ H then

u =
∞∑

j−1

(u, φj)φj .

Note that the eigenvectors φj are not uniquely determined, since the eigenspaces
corresponding to nonzero eigenvalues could have finite multiplicity, and the
zero eigenspace may even have countably infinite multiplicity. It is only the
eigenspaces themselves that are unique. The following statements are easy
to verify.

Theorem 40 Let λ be a real number and define the operator Eλ by

Eλu =
∑

{j:λj≤λ}
(u, φj)φj

for any u ∈ H.

1. Eλ is a linear operator in H, with DEλ
= H.
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2. Eλ is symmetric.

3. Eλ is bounded and ||Eλ|| = 1 if Eλ 6= 0.

4. E2
λ = Eλ.

5. If λ ≥ ||A|| then Eλ = I.

6. If λ < −||A|| then Eλ = 0.

7. EλEµ = EµEλ = Eω where ω = min(µ, λ).

Let Sλj
be the eigenspace corresponding to eigenvalue λj. (Note that we

may have Sλj
= Sλk

, provided λj = λk.)

Remarks:

1. Let Mλ =
{

v ∈ H : v ⊥ Sλj
for all λj > λ

}

. Then Mλ is closed and

its definition is independent of the choice of basis {φj}. Furthermore
H =Mλ ⊕M⊥

λ .

2. We have
v ∈Mλ ⇐⇒ v =

∑

{j:λj≤λ}
(v, φj)φj,

v ∈M⊥
λ ⇐⇒ v =

∑

{j:λj>λ}
(v, φj)φj,

3. Given u ∈ H we can write u = u1 + u2, with u1 ∈ Mλ, u2 ∈ M⊥
λ and

the decomposition is unique. Clearly, u =
∑

j(u, φj)φj

=⇒ ui =
∑

{j:λj≤λ}
(u, φj)φj, u2 =

∑

{j:λj>λ}
(u, φj)φj.

4. Eλu = u1 = projection of u onMλ, independent of the choice of basis
{φj}.

5. We have

Eλu = u⇐⇒ u ∈Mλ ⇐⇒ u =
∑

{j:λj≤λ}
(u, φj)φj.
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6. We have

Eλu = θ ⇐⇒ u ∈M⊥
λ ⇐⇒ u =

∑

{j:λj>λ}
(u, φj)φj .

Let ρ(λ) = (Eλu, v) for u, v ∈ H. This defines ρ on the interval (−∞,∞).

Theorem 41 ρ is a step function and right continuous, i.e., limλ→λ0+ ρ(λ) =
ρ(λ0). Also, ρ(λ) = 0 if λ < −||A||, ρ(λ) = (u, v) if λ ≥ ||A||.

PROOF: Explicitly,

ρ(λ) = (Eλu, v) = (
∑

{j:λj≤λ}
(u, φj)φj,

∑

{j:λj≤λ}
(v, φj)φj)

=
∑

{j:λj≤λ}
(u, φj)(v, φj).

Q.E.D.
Note that the eigenvalues of A are located at the jump discontinuities of

ρ.
At this point we recall the Riemann-Stieltjes integral, a very useful tool

for representing the spectral resolutions of operators. Let [a, b] a < b be a
bounded interval on the real line. For any partition

∆ : a = x0 < x1 < · · · < xn = b

we define the maximum partition width ||∆|| = maxi=1,···,n{xi−xi−1}. Given
functions f(x), g(x) on [a, b] choose yk such that xk−1 ≤ yk ≤ xk, k = 1, · · · , n.

Definition 22 The Riemann-Stieltjes integral
∫ b
a f dg is defined by

∫ b

a
f(x)dg(x0 = lim

||∆||→0

n∑

k=1

f(yk){g(xk)− g(xk)},

if the limit exists.

Here we are taking the limit over all partitions as the partition width goes
to 0. This is just the ordinary Riemann integral if g(x) = x. However the
Riemann-Stieltjes integral makes sense for functions g with jump discontinu-
ities. The improper Riemann-Stieltjes integral is defined by

∫ ∞

−∞
f(x) dg(x) = lim

b→+∞
lim

a→−∞

∫ b

a
f(x) dg(x),

if the limits exist.
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Theorem 42 let A be a symmetric completely continuous operator as defined
above. Then

(Au, v) =
∫ ∞

−∞
λ dρu,v(λ) =

∫ ∞

−∞
λ d(Eλu, v) =

∑

j

λj(u, φj)(φj, v),

where the integral is Riemann-Stieltjes.

Note: We can also write A =
∫∞
−∞ λ dEλ because

lim
||∆||→0

n∑

k=1

ξk(Exk
− Exk−1

) = A,

where the limit is taken with respect to the operator norm. Further we can
write

Au =
∫ ∞

−∞
λ dEλu =

∑

k

λk(u, φk)

because

lim
||∆||→0

n∑

k=1

ξk(Exk
u− Exk−1

u) = Au,

where the limit is taken with respect to the Hilbert space norm.

3.1 Projection operators

Let M be a closed subspace of the Hilbert space calH . Then

H =M⊕M⊥,

i.e., every u ∈ H can be written uniquely as u = u1 + u2, where u1 ∈ M,
u2 ∈ M⊥. Define the operator P : H :−→ H by Pu = u1 for all u ∈ H. P is
called the orthogonal projection operator ontoM.

Theorem 43 let P be the orthogonal projection operator of H onto M.
Then

1. P is linear and symmetric

2. The projection operator onto M⊥ is Q = I − P .

3. P 2 = P .
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4. If P 6= 0 then ||P || = 1.

5. P 6= 0 is a positive operator.

6. RP =M, NP =M⊥, and DP = H.

PROOF:

1. Let u, v ∈ H, α, β ∈ C, u = u1 + u2, v = v1 + v2, with u1, v1 ∈ M,
u2, v2 ∈ M⊥. Then αu + βv = (αu1 + βv1) + (αu2 + βv2) where the
first term is inM and the second inM⊥. Thus Pu = u1, P v = v1 and

P (αu+ βv) = αu1 + βv1 = αPu+ βPv.

Also

(Pu, v) = (u1, v1 + v2) = (u1, v1) = (u1 + u2, v1) = (u, Pv).

2. Qu = u2. But also (I − P )u = u1 + u2 − u1 = u2.

3. PPu = Pu1 = u1 = Pu.

4. If P 6= 0 then

||Pu||2 = ||u1||2 ≤ ||u1||2 + ||u2||2 = ||u||2,=⇒ ||P || ≤ 1.

But if u ∈ RP =M then ||Pu|| = ||u||2, so ||P || = 1.

5. (Pu, u) = (PPu, u) = (Pu, Pu) = ||Pu||2 ≥ 0.

6. This is evident. Q.E.D.

Theorem 44 If R is symmetric, DR = H, and R2 = R, then R is an
orthogonal projection on RR. In particular, RR is closed.

PROOF: Note that for any u ∈ H,

||Ru||2 = (Ru,Ru) = (Ru, u) ≤ ||Ru|| · ||u||,

so ||Ru|| ≤ ||u|| and R is bounded with ||R|| ≤ 1. Now letM = RR. Then
u = Ru + (u − Ru) = u1 + u2 and R(Ru) = Ru, so u1 = Ru1 ∈ M. Now
u2 = u−Ru and for any v ∈ H we have

(u2, Rv) = (u−Ru,Rv) = (u,Rv)− (Ru,Rv) = (u,Rv)− (u,Rv) = 0.
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Therefore u − Ru ∈ M⊥. Finally, we must show thatM is closed. Clearly,
M⊆ (M⊥)⊥ =M. let v ∈ (M⊥)⊥. Then also Rv ∈M ⊆ v−Rv(M⊥)⊥, so
v−Rv ∈M⊥ ∩ (M⊥)⊥. Thus v−Rv = θ, so v ∈M. ThusM = (M⊥)⊥ =
M. Q.E.D.

The proof of the following is straight forward.

Theorem 45 Let P1, P2 be orthogonal projections on the closed subspaces
M1,M2, respectively. Then

1. If P1P2 = P2P1 then P1P2 is the orthogonal projection ontoM1 ∩M2.

2. If P1P2 = 0 then (P1P2)
∗ = 0 = P2P1 and M1 ⊥ M2. We say that

P1 and P2 are orthogonal to one another. In this case P1 + P2 is the
orthogonal projection onto M1 ⊕M2.

3. If P1P2 = P2P1 then P1 + P2 − P1P2 is the orthogonal projection onto
M1 +M2.

4. P1P2 = P2 =⇒ P2P1 = P2 and this is true if and only if M2 ⊆M1.

3.2 The spectrum of an operator

Recall the following facts about closed operators B:

1. If B−1 exists then B−1 is closed.

2. if B−1 is bounded then RB is a closed set.

3. If DB is a closed set then B is bounded.

Now let A be a closed operator (not necessarily symmetric) on the Hilbert
spaceH withDA = H. Let λ be a complex number. Then the operatorA−λI
is also closed. There are exactly four possibilities for λ:

1. (A − λI)−1 exists and is bounded, with RA−λI = H. In this case we
say that λ is a regular value of A. The set of all regular values of A
is called the resolvent set of A. The set of all non-regular values is
called the spectrum of A.

2. The equation (A − λI)u = θ has a nonzero solution u ∈ DA. We say
that λ is an eigenvalue of A. The set of eigenvalues forms the point

spectrum of A.
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3. (A − λI)−1 exists with RA−λI = H, but the inverse isn’t bounded.
Hence RA−λI 6= H. We say the λ belongs to the continuous spec-

trum of A.

4. (A−λI)−1 exists butRA−λI 6= H. We say the λ belongs to the residual

spectrum of A. The deficiency of λ is dim [R⊥
A−λI ].

The sets σP (A), σC(A), σR(A) comprise the complex numbers λ in the point
spectrum of A, the continuous spectrum of A, and the residual spectrum of
A, respectively.

Theorem 46 Let λ ∈ σR(A). Then the deficiency of λ is m if and only if
λ ∈ σP (A∗) with multiplicity m.

PROOF: Let v1, · · · , vm be a basis for R⊥
A−λI , where m may be infinite.

Then ([A− λI]u, vj) = 0 for all u ∈ DA, so vj ∈ D[A−λI]∗ and [A − λI]∗vj =
A∗vj − λvj = θ. The converse is similar. Q.E.D.

Recall that if A is symmetric and λ ∈ σP (A) then λ is real.

Lemma 14 Let A be symmetric and λ = α + iβ, with α, β real. Then
||(A− λI)u||2 ≥ β2||u||2.

PROOF: We have

||(A−λI)u||2 = (Au−λu,Au−λu) = ||Au||2+|λ|2 ·||u||2−λ(u,Au)−λ(u,Au)

= ||Au||2+(α2+β2)||u||2−2α(u,Au) ≥ ||Au||2+(α62+β2)||u||2−2|α|·||u||·||Au||
= [||Au|| − |α| · ||u||]2 + β2||u||2 ≥ β2||u||2,

where we have made use of the fact that (Au, u) = (u,Au) is real for a
symmetric operator. Q.E.D.

Theorem 47 If A is symmetric and λ ∈ σC(A) then λ is real.

PROOF: Suppose λ ∈ σC(A), λ = α+ iβ, and β 6= 0. Then ||(A− λI)u||2 ≥
β2||u||2 for all u ∈ DA. Let v ∈ RA−λI , so v = (A − λI)u for some u ∈ DA.
Then ||v||2 ≥ β2||(A − λI)−1v||2, so (A − λI)−1 is bounded. Impossible!
Q.E.D.

We conclude from these results that if A is symmetric then the sets σP (A)
and σC(A) contain only real elements. In general, we can’t say anything
about the reality of σR(A) for A symmetric.

Recall that a self-adjoint operator is closed.

69



Theorem 48 If A is self-adjoint then then spectrum of A lies on the real
axis and σR(A) is the empty set.

PROOF: σP (A) and σC(A) are real, since A is symmetric. If λ ∈ σR(A) then
0 < dim R⊥

A−λI = dim NA∗−λI , so Av = A∗v = λv for some nonzero v ∈ DA∗ .

Thus λ ∈ σP (A), so λ = λ is real and λ ∈ σP (A). Impossible! Q.E.D.
We have achieved a considerable simplification in the spectral classifica-

tion for a self-adjoint operator A. There are just three possibilities:

1. λ is regular ⇐⇒RA−λI = H.

2. λ ∈ σP (A)⇐⇒RA−λI 6= H ⇐⇒ NA−λI 6= {θ}.

3. λ ∈ σC(A)⇐⇒RA−λI 6= H but RA−λI = H.

Example 9 Let A = i ∂
∂x

, acting on the Hilbert space H = Lc
2(−∞,∞) of

complex-valued square integrable functions on the real line. Here, DA =
{u absolutely continuous : u, u′ ∈ H}. We will show later that A = A∗, and
assume this here. We classify the spectra of A. Let λ ∈ R. Then

Au = λu =⇒ iu′ = λu =⇒ u(x) = ce−iλx.

Clearly u ∈ H ⇐⇒ c = 0. Therefore λ 6∈ σP (A). Now choose v ∈ H and
consider the equation (A−λE)u = v, or iu′−λu = v. Writing this equation
in the form

d

dx
(eiλxu) = −ieiλxv

, we see that the general solution is

eiλxu(x) = −i
∫ x

−∞
eiλtv(t)dt+ c.

We must have c = 0, for otherwise u could not be square integrable. Hence

u(x) = (A− λE)−1v = −i
∫ x

−∞
eiλ(t−x)v(t)dt.

We will show that RA−λE 6= H. Suppose v(t) = χ[0, 1](t). Then

u(x) =







0 if x ≤ 0

−i ∫ x
0 e

iλ(t−x)dt = e−iλx−1
λ

if 0 < x < 1

−i ∫ 1
0 e

iλ(t−x)dt = −e−iλx

λ
(eiλ − 1) if x ≥ 1

It follows that u 6∈ H, so v 6∈ RA−λE. Thus λ ∈ σC(A) for all real λ.
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Example 10 Let B = i ∂
∂x

, acting on the Hilbert space H = Lc
2[0,∞). Here,

DB = {u absolutely continuous : u, u′ ∈ H, u(0) = 0}. In this case B
is symmetric and closed. The adjoint operator is given by B∗ = i ∂

∂x
with

DB∗ = {u absolutely continuous : u, u′ ∈ H}. (Note that if u ∈ DB and
v ∈ DB∗ then

(Bu, v) =
∫ ∞

0
iu′v dx =

∫ ∞

0
uiv′ dx+ iuv |∞0 = (u,B∗v),

since the boundary term at ∞ vanishes and u(0) = 0.
Now let λ be a complex number. If Bu = λu then u(x) = ce−iλx and this is

square integrable only if c = 0 Thus σP (B) = ∅. Recall that λ ∈ σP (B) ⇐⇒
λ ∈ σP (B) ∪ σR(B), and in this case σP (B) = ∅. Now B∗u = λu implies

iu′ = λu so u(x) = ce−iλx ∈ H if Im(λ) < 0 =⇒ Im(λ) > 0. We conclude
that if λ = α+ iβ with β > 0 then λ ∈ σR(B). Here, the deficiency of λ is 1

and e−iλx spans R⊥
B−λE .

3.3 Square roots of positive symmetric bounded

operators

The space of bounded operators on a Hilbert space H is closed under the
operator norm.

Theorem 49 Let {Bn} be a sequence of bounded operators that is Cauchy
in the operator norm, i.e., ||Bn−Bm|| → 0 as n,m→∞. Then there exists
a unique bounded operator B such that ||B −Bn|| → 0 as n→∞.

PROOF: For every u ∈ H define Bu = limn→∞Bnu, where the convergence
is in the Hilbert space norm. Then

1. B is well-defined: ||Bnu−Bmu|| ≤ ||Bn−Bm|| · ||u|| → 0 as n,m→∞.
Therefore, limn→∞Bnu exists.

2. B is linear: Let u, v ∈ H, α, β ∈ C. Then

||B(αu+ βv)− (αBu+ βBv) || ≤
||B(αu+ βv)− Bn(αu+ βv)||+ || (αBnu+ βBnv)− (αBu+ βBv) ||
≤ ||B(αu+βv)−Bn(αu+βv)||+|α|·||αBnu−Bu||+|β|·||Bnv−Bv|| → 0

as n,m→∞. Therefore B(αu+ βv) = αBu+ βBv.

71



3. B is bounded: Let u ∈ H, ||u|| = 1. Then

||Bu|| ≤ ||Bu−B − nu||+ ||Bnu||.

The first term on the right can be made ≤ 1 by choosing n sufficiently
large. The second term on the right is bounded, say ||Bn|| ≤ a because
{Bn} is Cauchy in the operator norm. Hence ||Bu|| ≤ a = 1, so |B is
bounded.

4. ||B|| = limn→∞ ||Bn|| and ||B − Bn|| → 0 as n → ∞: Let u ∈ H,
||u|| = 1. Then

||Bu−Bnu|| ≤ ||Bu−Bmu||+||Bmu−Bnu|| ≤ ||Bu−Bmu||+||Bm−Bn||.

Given ǫ > 0, we can make the first term on the right hand side < ǫ
2

by
choosing m sufficiently large, and the second term < ǫ

2
by choosing m

and n sufficiently large. Thus ||B − Bn|| ≤ ǫ for n sufficiently large.
Q.E.D.

Now let A be a bounded, symmetric and positive operator on H. (recall
that A is positive if (Au, u) ≥ 0 for all u ∈ H. The main purpose of this
section is to define and construct the positive square root of A. That is, we
will define B =

√
A such that 1) B is bounded, symmetric and positive, and

2) B2 = A.

Note: This is easy in the special case A = C where C is a symmetric com-
pletely continuous positive operator. Then C has nonzero eigenvalues {λj}
and corresponding normalized eigenvectors {φj} such that

Cu =
∑

j

λj(u, φj)φj.

Since C is positive, we have λj ≥ 0 for all j. Thus, denoting by
√

λj the
positive square root of λj , we can define

√
Cu =

∑

j

√

λj(u, φj)φj

and this operator has the correct properties.

Lemma 15 Let T be a bounded operator on H. Then the operators TT ∗ and
T ∗T are symmetric and positive.
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Remark: Recall that if T is bounded then so is T ∗. It follows that TT ∗ and
T ∗T are bounded.

PROOF OF THE LEMMA: (TT ∗)∗ = T ∗∗T ∗ = TT ∗. Also

(TT ∗u, u) = (T ∗u, T ∗u) = ||T ∗u||2 ≥ 0.

The proof for T ∗T is similar. Q.E.D.

Theorem 50 If A is a bounded symmetric positive operator, there exists a
unique bounded symmetric positive operator B such that B2 = A.

PROOF: Without loss of generality we can re-scale A, if necessary, so that

0 ≤ (Au, u) ≤ ||u||2,

i.e., ||A|| ≤ 1. Therefore (u, u) ≥ (u−Au, u) ≥ 0, so the operator A′ = I−A
is positive and symmetric, and ||A ′|| ≤ 1. Now A = I = A′ and, formally,

[I − A′]
1
2 = I − 1

2
A′ +

1
2
(1

2
− 1)

1 · 2 (a′)2 −
1
2
(1

2
− 1)(1

2
− 2)

1 · 2 · 3 (A′)3 + · · · .

I claim that the series

s = 1+
1

2
||A′||+ 1

2 · 4 ||A
′||2+ 1 · 3

2 · 4 · 6 ||A
′||3+· · ·+1 · 3 · · · (2n− 3)

2 · 4 · · · (2n)
||A′||n+· · · ,

for n ≥ 2, converges for all ||A′|| ≤ 1. If ||A′|| < 1 this is true by the ratio
test. Suppose ||A′|| = 1. Then

∣
∣
∣
∣

an+1

an

∣
∣
∣
∣ =

2n− 1

2n+ 2
= 1− 3

2n + 2
< 1− 4

3n

if n > 17. Now consider the series
∑∞

n=1
1

nα that we know to be convergent for
α > 1. From Taylor’s theorem with remainder we know that the expansion

f(x) = (1− x)α = 1− αx+
α(α− 1)

2!
x2(1− y)α−2

holds for any x < 1, α > 1 where y satisfies 0 < y < x < 1. Thus the
remainder term is positive and (1−x)α > 1−αx. Clearly, the ratio between
successive terms in

∑∞
n=1

1
nα is

1
nα

1
(n−1)α

= (1− 1

n
)α > 1− α

n
,
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so, by the comparison test, there is a positive constant c0 such that

s ≤ c0
∞∑

n=1

1

n
4
3

<∞.

It follows from this that the formal series [I −A ′]
1
2 actually converges abso-

lutely to a bounded symmetric operator B, and B2−
(

[I − A′]
1
2

)2
= I−A′ =

A. Further,

(Bu, u) = (u, u)− 1

2
(A′u, u) +

1
2
(1

2
− 1)

2!
((A′)2, u, u) + · · ·

≥ ||u||2 −
(

1

2
||A′||+

1
2
(1

2
)

2!
||A′||2 + · · ·

)

||u||2 = ||u||2
√

1− ||A′|| ≥ 0,

so B is positive. Since B2 = A we have ||B||2 ≥ ||A|| so ||B|| ≥ ||A|| 12 .
However, (Bu,Bu) = (B2u, u) = (Au, u) ≤ ||A|| · ||u||2, so ||B|| ≤

√

||A||.
Thus ||B|| =

√

||A||.
Remark: It follows that B commutes with all bounded symmetric operators
that commute with A. We signify this through the notation BccA.

Finally, we must show that B is unique. let B,B ′ be positive, symmetric,
bounded, such that B2 = (B′)2 = A. Now B′A = (B′)3 = AB′, so B′B =
BB′. For any u ∈ H let v = (B−B ′)u. let

√
B′,
√
B be bounded, symmetric,

positive square roots of B ′, B, respectively. Then

||
√
B′v||2 + ||

√
Bv||2 = (B′v, v) + (Bv, v) =

(B′Bu−Au,Bu−B′u) + (Au− BB′u,Bu− B′u) = 0,

because BB′ = B′B. Thus
√
Bv =

√
Bv = θ, which implies Bv = B ′v = θ.

Now

||v||2 = (Bu− B′u,Bu− B′u) = ([B − B′]2u, u) = ([B − B′]v, u) = 0,

so v = θ and B = B′. Q.E.D.

Theorem 51 Let B be bounded and closed. If λ belongs to the spectrum of
B then |λ| ≤ ||B||.
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REMARK: The theorem implies that if |λ| > ||B||, then λ belongs to the
resolvent set of B. Furthermore, if A is bounded and symmetric then the
spectrum of A is contained in the interval [−||A||, ||A|| ].
PROOF OF THEOREM: Suppose λ ∈ C, |λ| > ||B||. Then (B − λI) =
−λ(I − 1

λ
B) where || 1

λ
B|| < 1. Formally,

(B − λI)−1 = −1

λ
(I − 1

λ
B)−1 = −1

λ

∞∑

n=0

1

λn
Bn

and this series converges in the operator norm, since

∞∑

n=0

1

|λ|n+1
||B||n =

1

|λ|(1−
||B||
|λ| )−1 <∞.

Therefore ( ∞∑

n=0

1

λn+1
Bn

)

(B − λI) = I,

and (B − λI)−1 =
∑∞

n=0
1

λn+1B
n exists and is bounded. This means that λ

belongs to the resolvent set of B. Q.E.D.
Note that if A is a bounded symmetric operator, then A2 is bounded,

symmetric and positive.

Definition 23 let A,B be bounded symmetric operators on the Hilbert space
H. We say A ≥ B if (Au, u) ≥ (Bu, u) for all u ∈ H In particular A ≥
0⇐⇒ A is positive.

Note that this definition is quite different from the definition of ≥ for exten-
sions of symmetric operators.

By definition, if A is bounded symmetric then A2 ≥ 0, so it has a unique
positive square root.

Definition 24 Given a bounded symmetric operator A, we have bounded
symmetric operators |A|, A+, A− given by

|A| =
√
A2, A+ =

1

2
(|A|+ A), A− =

1

2
(|A| −A).

Note that A = A+ −A−.
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Example 11 let C be symmetric and completely continuous, with nonzero
eigenvalues {λj} and corresponding normalized eigenvectors {φj}. Then for
any u ∈ H we have

Cu =
∑

j

λj(u, φj)φj,

C2u =
∑

j

λj(
2u, φj)φj,

|C|u =
√
C2u =

∑

j

|λj|(u, φj)φj,

C+u =
1

2
(|C|+ C)u =

∑

j

λj ≥ 0λj|(u, φj)φj,

C−u =
1

2
(|C| − C)u = −

∑

j

λj < 0λj|(u, φj)φj.

Let
M = {u ∈ H : A+u = θ} = NA+ ,

and let P be the orthogonal projection operator onM

Example 12 Consider the operator C again. Here,M = {v =
∑

λj≤0(v, φj)φj}
and for u ∈ H we have Pu =

∑

λj≤0(u, φj)φj.

In general, P has the following properties:

1. P 2 = P , P = P+

2. RP =M

3. A+Pu = θ for all u ∈ H, so A+P = 0 = PA+

4. |A|ccA2 so |A|ccA. This implies A+ccA, A−ccA.

5. PccA. Indeed, if D is bounded symmetric and DA = AD then DA+ =
A+D. If v ∈ M then θ = DA+v = A+Dv, so Dv ∈ M. Therefore
DPu = PDPu for all u ∈ H so

DP = PDP =⇒ PDP + PD =⇒ DP = PD,

and PccA.
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6. A−P = PA− = A−. Indeed |A|ccA, so

A+A− =
1

4
(|A|+ A)(|A| − A) =

1

4
(|A|2 −A2) = 0.

This implies A−H ⊆M, so PA− = A−.

7. (I − P )A = A(I − P ) = A+. This follows from the previous identity
and A = A+ − A−, which gives PA = AP = −A−.

8. A+ + A− = |A| ≥ 0

9. A+, A− are positive operators. Indeed, A− = PA− + PA+ = P |A| and
this is a positive operator since

(P |A|u, u) = (P 2|A|u, u) = (|A|Pu, Pu) ≥ 0.

Similarly

A+ = |A| − A− = |A| − P |A| = (I − P )|A| ≥ 0.

EXTENSION: Let µ be a real number and set Aµ = A−µI. Then again Aµ

is bounded and symmetric, and we can define Aµ+, Aµ−, |Aµ|, Pµ,Mµ in the
usual way. We obviously have PµccAµ, Aµ±ccAµ, etc. so PµccA, Aµ±ccA.

Definition 25 We say that the set of orthogonal projection operators {Pµ :
−∞ < µ <∞} is the spectral family of A.

Example 13 let C be the symmetric completely continuous operator Cu =
∑

j λj(u, φj)φj. Then

Cµu =
∑

j

[λj − µ](u, φj)φj ,

Pµu =
∑

λj≤µ

(u, φj)φj .

Lemma 16 If B,C are positive symmetric bounded operators on H, and
BC = CB then BC is positive symmetric and bounded.

77



PROOF: Only the statement that BC is positive needs demonstration.

(BCu, u) = (
√
B
√
BCu, u) = (C

√
Bu,
√
Bu) ≥ 0.

Q.E.D.

PROPERTIES OF {Pµ}:
1. PµPν = PνPµ

2. P 2
µ = Pµ, P

∗
µ = Pµ

3. Pµ ≤ Pν if µ ≤ ν. PROOF:

Aµ+−Aν+ +Aν− ≥ Aµ+−Aν+ +Aν−−Aµ− = Aµ−Aν = (ν−µ)I ≥ 0.

Now Aν+ ≥ 0 =⇒ Aν+(Aµ+−Aν+ +Aν−) ≥ 0. Recall Aν+Aν− = 0 =⇒
Aν+Aµ+ ≥ Aν+Aν+ so

(Aν+Aµ+u, u) ≥ (Aν+Aν+u, u) = ||Aν+u||2.
Thus Aµ+u = θ =⇒ Aν+u = θ =⇒ Mµ ⊆ Mν . Therefore, PµPν =
PνPµ = Pµ and

Pν − Pµ = Pν − PνPµ = Pν(I − Pµ) ≥ 0,

since the final term is a product of two commuting positive operators.
Q.E.D.

4. Let M = sup||u||=1(Au, u), m = inf ||u||=1(Au, u). If µ < m then Pµ = 0.
If µ > M then Pµ = I.

PROOF: If µ < m then Aµ = A− µI ≥ 0 since

(Au, u)− µ(u, u) ≥ m(u, u)− µ(u, u) ≥ 0.

Thus
|Aµ| = Aµ =⇒ Aµ+ = Aµ, Aµ− = 0.

Note: (Aµu, u) ≥ (m − µ)(u, u), so Aµu = Aµ+u = θ =⇒ u = θ.
Therefore Pµ = 0.

If µ > M then −Aµ = µI −A ≥ 0,

=⇒ |Aµ| = −Aµ =⇒ Aµ+ = 0 =⇒ Pµ = I.

Q.E.D.
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Before continuing with our list of properties of the family of orthogo-
nal projection operators {Pµ} we introduce and prove a crucial convergence
property of monotone increasing sequences of operators.

Definition 26 We say that < ·, · >: H×H → C is a positive Hermitian

form on H if

1. < u, v > is linear in the first argument.

2. < u, v >= < v, u >

3. < u, u > ≥ 0 for all u ∈ H
Note that the positive Hermitian form has all of the properties of an inner
product, except that < u, u >= 0 doesn’t necessarily imply u = θ. It follows
that the Schwarz equality holds for , ·, · > in the form

| < u, v > |2 ≤ < u, u >< v, v >,

for all u, v ∈ H.

Theorem 52 Let {An} be a sequence of bounded symmetric operators such
that A1 ≤ A2 ≤ · · · and ||An|| < α < ∞ for all n. Then there exists a
bounded symmetric operator A such that Au = limn→∞Anu for all u ∈ H.
(We say that An strongly converges to A, i.e., converges in the Hilbert
space norm, not the operator norm.)

PROOF: By adding an appropriate multiple of I to each operator, and then
rescaling, we can assume that 0 ≤ A1 ≤ A2 · · · ≤ I. Now let Amn = Am−An,
so that Amn ≥ 0 if m ≥ n. Then < u, v >= (Amnu, v) is a positive hermitian
form. Therefore

||Amnu||4 = (Amnu,Amnu)
2 = | < u,Amnu > |2 ≤

< u, u >< Amnu,Amnu >= (Amnu, u)(A
2
mnu,Amnu).

Now 0 ≤ Amn ≤ I so ||Amn|| ≤ 1. Therefore ||Amnu||4 ≤ (Amnu, u)||u||2 and

||Aµ −An||4 ≤ [(Amu, u)− (Anu, u)] · ||u||2.
But, since {(Anu, u)} is a bounded monotone increasing sequence, it follows
from this that {Anu} is a Cauchy sequence in the Hilbert space norm. There-
fore limn→∞Anu = Au exists for all u ∈ H. In is easy to check that A is
linear, bounded and symmetric. Q.E.D.
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Corollary 9 If the {An} of the theorem are orthogonal projection operators,
then so is A.

PROOF: let u ∈ H.

||A2u− Aν || ≤ ||A2u−AnAu||+ ||AnAu−AnAν ||

≤ ||(A− An)Au||+ α||(A− An)u|| → 0

as n→∞. Therefore An → A2 and An → A as n→∞. Thus A2 = A, so A
is an orthogonal projection operator. Q.E.D.

Now we return to our listing of properties of the family {Pµ}.

5. Set Pλµ = Pλ − Pµ, for λ > µ. Then

µPλµ ≤ APλµ ≤ λPλµ.

Note: Pλµ is a projection operator, since

P 2
λµ = (Pλ − Pµ)2 = P 2

λ − 2PλPµ + P 2
µ = Pλ − 2Pµ + Pµ = Pλ − Pµ.

PROOF: PλPλµ = PλPλ − PλPµ = Pλ − Pµ = Pλµ = (I − Pµ)Pλµ, so

(A− λI)Pλµ = AλPλµ = AλPλPλµ = −Aλ − Pλµ ≤ 0,

(A− µI)Pλµ = AµPλµ = Aµ(I − Pµ)Pλµ = −Aµ + Pλµ ≥ 0.

Therefore, APλµ ≤ λPλµ and APλµ ≥ µPλµ. Q.E.D.

6. limλ→µ+0 Pλ ≡ Pµ+0 = Pµ, i.e. Sµ = limλ→µ+0 Pλµ = 0, in the sense of
strong convergence.

PROOF: The limit Sµ exists, since the {Pλµ} is monotone for fixed µ.
Furthermore, Sµ is an orthogonal projection operator. Now µPλµ ≤
APλµ ≤ λPλµ =⇒ µSµ ≤ ASµ ≤ µSµ =⇒ ASµ = µSµ =⇒ AµSµ = 0.
Furthermore,

(I − Pµ)Pλµ = Pλµ =⇒ (I − Pµ)Sµ = Sµ =⇒ PµSµ = 0.

Now AµSµ = 0 =⇒ (I − Pµ)AµSµ = 0 =⇒ Aµ+Sµ = 0 =⇒ SµH ⊂Mµ

=⇒ 0 = PµSµ = Sµ. Q.E.D.
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3.4 The spectral calculus

We have shown that the spectral family of orthogonal projection operators
{Pµ} associated with the bounded symmetric operator A has the following
properties:

1. Pµ ≤ Pν for µ ≤ ν

2. PµPν = PνPµ = Pµ for µ ≤ ν

3. Pµ+0 = Pµ

4. limµ→+∞ Pµ = I, limµ→−∞ Pµ = 0.

Any family of orthogonal projection operators {Pµ} satisfying properties 1.-4.
is called a spectral family, independent of any association with an operator
A.

Now we are at the point where we can discuss Riemann-Stieltjies integrals
over a spectral family, and use such integrals to define the spectral resolutions
of self-adjoint operators. Let {Pµ} be a spectral family.

Definition 27 Let δ be an interval on the real line. We define the operator
P (δ) as follows:

δ = (a, b) ⇐⇒ P (δ) = Pb−0 − Pa

δ = (a, b] ⇐⇒ P (δ) = Pb − Pa

δ = [a, b] ⇐⇒ P (δ) = Pb − Pa−0

δ = [a, b) ⇐⇒ P (δ) = Pb−0 − Pa−0.

Here is the basic idea. Let f(λ) be a bounded function on the real line
and let ∆ = {δk : k = 0,±1,±2, · · ·} be a decomposition of (−∞,∞) = R1

into pairwise disjoint intervals: R1 = ∪kδk, δi ∩ δj = {∅} for i 6= j. In
particular, the left and right-hand endpoints of δk are µk−1, µk, respectively
(the endpoints may or may not be included in δk). Let |δk| = µk − µk−1 be
the length of interval δk and set |∆| = supk |δk|. Now choose a point λk ∈ δk
for each k. We define the spectral integral of f by

∫ ∞

−∞
f(λ)dPλ = lim

|∆|→0

∞∑

k=−∞
f(λk)P (δk),

provided the limit exists. Convergence is in the operator norm.
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We will construct the integral in stages, starting with the integral of
a bounded step function. Let f(λ) be such a function. Thus there is a
decomposition ∆ = {δk} of the real line such that f(λ) = ck for λ ∈ δk, and
|ck| ≤ M for all k. (It is OK for f to be nonzero on a countably infinite
number of intervals.)

Lemma 17
∑∞

k=1 ckP (δk) converges to a bounded operator on H.

PROOF: Note that
∑∞

k=1 P (δk) = I and P (δk)P (δj) = 0 if k 6= j. Let u ∈ H.
Then

||
n∑

k=m+1

ckP (δk)u||2 =
n∑

k=m+1

|ck|2||P (δk)u||2 ≤M2
n∑

k=m+1

||P (δk)u||2

= M2

[

||
n∑

k=1

P (δk)u||2 − ||
m∑

k=1

P (δk)u||2
]

→ 0

as n,m → ∞, since each of the sums on the right-hand side converges to
||u||2. Thus

∑∞
k=1 ckP (δk) converges. Furthermore

||
∞∑

k=1

ckP (δk)u||2 = lim
n→∞

n∑

k=1

|ck|2||P (δk)u||2 ≤M2 lim
n→∞

n∑

k=1

||P (δk)u||2 = M2||u||2,

so the operator is bounded. Q.E.D.
Thus, the spectral integral exists for step functions. Note that the inte-

gral is independent of ∆, as follows from a standard argument in Riemann
partition theory. For step functions f we have

∫ ∞

−∞
f(λ)dPλ =

∑

k

ckP (δk) ≡ f(A),

where f(A) is defined by the expressions to the left.
The following theorem can be proved by simple verification:

Theorem 53 Let f, f1, f2 be bounded step functions. Then

1. f(λ) ≡ 0 =⇒ f(A) = 0

2. f(λ) ≡ 1 =⇒ f(A) = I

3. f(λ) = a1f1(λ) + a2f2(λ) =⇒ f(A) = a1f1(A) + a2f2(A)
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4. f(λ) = f1(λ)f2(λ) =⇒ f(A) = f1(A)f2(A)

5. ||f(A)|| ≤ maxλ∈R |f(λ)|

6. [f(A)]∗ = f(A) where f(λ) = f(λ). If f is real then F (A) is self-
adjoint.

7. f(A)cc{Pλ}

8. (f(A)u, v) =
∫∞
−∞ f(λ)d(Pλu, v) and ||f(A)u||2 =

∫∞
−∞ |f(λ)|2d||Pλu||2

9. If |f(λ)− g(λ)| < ǫ for all λ then ||f(A)− g(A)|| < ǫ.

Now let f(λ) be bounded and uniformly continuous on (−∞,∞). For
each integer n let ∆n = {δn

k} be a partition of (−∞,∞) into pairwise disjoint
intervals, so that |∆n| → 0 as n→∞. Let λn

k ∈ δn
k and define a sequence of

step functions {fn(λ)} by fn(λ) = λn
k if λn

k . Then fn(λ)→ f(λ) uniformly on
(−∞,∞), so ||fn(A) − Fm(A)|| ≤ maxλ |fn(λ) − fm(λ)| → 0 as n,m → ∞.
from the last theorem we see that the operator sequence {fn(A)} is Cauchy
in the operator norm.

Definition 28 For f uniformly continuous we define f(A) by

f(A) = lim
n→∞

fn(A) = lim
n→∞

∫ ∞

−∞
fn(λ)dPλ =

∫ ∞

−∞
f(λ)dPλ.

Corollary 10 Properties 1.-9. in the theorem above hold also for uniformly
continuous functions on (−∞,∞).

The above results can also be extended to piecewise continuous functions.

REMARK: We can justify the notation f(A) as follows. Suppose A is a
bounded symmetric operator and {Pλ} is the spectral family of A. Then from
our previous results, in particular λPλµ ≥ A ≥ µPλµ, we have A =

∫

λ dPλ,
i.e., A = f(A) where f(λ) = λ. Furthermore, if m = inf ||u||=1(Au, u), M =
sup||u||=1(Au, u) we have mI ≤ A ≤ MI and Pλ = 0 if λ < n, Pλ = I if

λ ≥ M . Thus A =
∫ b
a λ dPλ for any a < m, b > M . Finally, if f is any

function that is continuous on [m,M ] we can extend f to a function that is
uniformly continuous on (−∞,∞) and zero outside [a, b]. Thus we can write
f(A) =

∫ b
a f(λ)dPλ, and the operator exists and is uniquely defined.
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Theorem 54 (Spectral Theorem for bounded self-adjoint operators.) Let
f(λ) = anλ

n + · · ·+ a1λ+ a0, with an 6= 0 be a polynomial in λ, so

f(A) = anA
n + · · ·+ a1A+ a0I.

Then Ar =
∫∞
−∞ λr dPλ, r = 0, 1, · · ·, and f(A) =

∫∞
−∞ f(λ)dPλ.

Let B be a closed operator with resolvent set ρ(B).

Lemma 18 The resolvent set of B is open.

PROOF: Let ξ ∈ ρ(B). Thus (B− ξI)−1 ≡ R(ξ) exists and is bounded, with
DR(ξ) = H. Formally,

(B − µI)−1 = [(B − ξI)− (µ− ξ)I]−1 = (B − ξI)−1[I − (µ− ξ)R(ξ)]−1

= R(ξ)
[

I + (µ− ξ)R(ξ) + (µ− ξ)2R2(ξ) + · · ·
]

= R(ξ)
∞∑

n=0

(µ− ξ)nRn(ξ).

Note that this last series converges absolutely in the operator norm if |µ−ξ| <
1

||R(ξ)|| . Therefore, (B−µI)−1 = R(µ) exists and is bounded if |µ−ξ| < 1
||R(ξ)|| .

Moreover,

||R(µ)|| ≤ ||R(ξ)||
1− |µ− ξ| · ||R(ξ)|| .

Q.E.D.

Theorem 55 Let A be bounded and symmetric, and λ a real number.

1. Suppose there exists ǫ > 0 such that Pµ = Pλ for all µ such that |µ−λ| <
ǫ. Then λ ∈ ρ(A).

2. Suppose for every ǫ > 0 there exist µ, ν such that Pµ − Pν > 0 and
|µ− λ| < ǫ, |ν − λ| < ǫ Then λ belongs to the spectrum of A.

3. Pλ−0 6= Pλ = Pλ+0 ⇐⇒ λ ∈ σP (A).

4. λ is a point of continuous increase of the spectral family {Pµ} ⇐⇒ λ ∈
σC(A).
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PROOF:

1. Let

R(λ) =
∫ +∞

−∞

1

µ− λdPµ =
∫ λ−ǫ

−∞

1

µ− λdPµ +
∫ +∞

λ+ǫ

1

µ− λdPµ,

so R(λ) exists. Now

(A− λI)R(λ) =
∫ +∞

−∞
(µ− λ)dPµ

∫ +∞

−∞

1

µ− λdPµ =
∫ +∞

−∞
dPµ = I.

Therefore R(λ) = (A − λI)−1. Furthermore, ||R(λ)|| is bounded:
||R(λ)|| ≤ ǫ−1.

2. Suppose λ ∈ ρ(A). Then we can find µ0 ∈ ρ(A) such that |µ0− λ| < ǫ,
(say ǫ > µ0 − λ > 0), and Pµ0 > Pλ. Choose v 6= θ in the range of
Pµ0 − Pλ. Thus v ∈Mµ0 ∩M⊥

λ . Now Pµv = 0 if µ ≤ λ and Pµv = v if
µ ≥ µ0. Therefore,

(Av,Av) = ||Av||2 =
∫ M

n
µ2d(Pµv, Pµv) =

∫ µ0

λ
µ2d(Pµv, Pµv)

and

||(A− λI)v||2 =
∫ µ0

λ
(µ− λ)2d(Pµv, Pµv) ≤ (µ0 − λ)2||v||2 < ǫ2||v||2.

It follows that ||(A−λI)−1|| > 1
ǫ

for ǫ arbitrary. Impossible! Therefore,
λ belongs to the spectrum of A.

3. Let λ > µ and assume Pλ−0 6= Pλ. Then µPλµ ≤ APλµ ≤ λPλµ. Now
go to the limit as µ→ λ− 0:

λ(Pλ − Pλ−0) ≤ A(Pλ − Pλ−0) ≤ λ(Pλ − Pλ−0).

Hence, A(Pλ − Pλ−0) = λ(Pλ − Pλ−0). Let v be a nonzero vector in
Pλ − Pλ−0. Then Av = λv, so λ ∈ σP (A).

Conversely, suppose λ ∈ σP (A) and that v is an eigenvector. Then

||(A− λI)v||2 =
∫ ∞

−∞
|µ− λ|2d(Pµv, Pµv) = 0,

so ||Pµv||2 is constant for µ > λ, and for |mu < λ. But Pµv = v for µ
sufficiently large, and Pµv = θ for µ sufficiently small. Hence, Pµv = v
for µ > λ and Pµv = θ for µ < λ. This implies that Pλ−0v = θ,
Pλ+0v = Pλv = v. Therefore, v ∈Mλ ∩M⊥

λ−0. Q.E.D.
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3.4.1 The spectral theorem for unbounded self-adjoint

operators

In this section we begin to prove the analogs, for an unbounded self-adjoint
operator A, of the properties of the spectral family that culminated in The-
orem 54 for bounded self-adjoint operators. We start with an important
special case in which we can easily transform the problem so that Theorem
54 applies.

Let A be self-adjoint and bounded below. Thus, A may be an unbounded
operator, but there exists a finite real number a such that (Au, u) ≥ a(u, u)
for all u ∈ DA, i.e., A ≥ aI. Now set B = A−(a−1)I. Then (Bu, u) ≥ (u, u)
for all u ∈ DA.

REMARKS:

1. B is self-adjoint

2. If Bu = θ then u = θ, so B−1 exists.

3. RB = H. PROOF: If v ∈ R⊥
B then (Bu, v) = 0 for all u ∈ DA. This

means that v ∈ DB∗ and B∗v = Bv = θ, so v = θ.

4. ||B−1|| ≤ 1. PROOF: Let w ∈ RB with w = Bv. Then

||B−1w||2 = (B−1w,B−1w) = (v, v) ≤ (Bv, v) = (w,B−1w) ≤ ||w||·||B−1w||.

Hence ||B−1w|| ≤ ||w||.

5. B−1 is self-adjoint. DB−1 = RB = H.

6. B−1 is positive. PROOF: Let w = Bu. Then

(B−1w,w) = (B−1Bu,Bu) = (u,Bu) ≥ (u, u) ≥ 0.

It follows from these remarks that B−1 is self-adjoint and

0 ≤ B−1 ≤ I.

Therefore, from the spectral theorem for bounded self-adjoint operators, we
see that there exists a spectral family {Pλ} such that B−1 =

∫ 1
0 λ dPλ.
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Now (formally)

∫ 1

0

1

λ
dPλ

∫ 1

0
λ dPλ =

∫ 1

0
1 · dPλ = I

so B =
∫ 1
0

1
λ
dPλ = A− (a− 1)I and

A =
∫ 1

0

[

(a− 1) +
1

λ

]

dPλ =
∫ ∞

a
µ dEµ, (3.1)

where µ = (a− 1) + 1/λ, and

Eµ =

{

I − P 1
µ−a+1

−0, µ ≥ a

0. µ < a.

DOES B =
∫ 1
0

1
λ
dPλ MAKE SENSE? We need to study the behavior of

the spectral family {Pλ} as λ → 0. To do this we set P ′
k = P 1

k
− P 1

k+1
,

k = 1, 2, · · ·.
REMARKS:

1. P ′
kP

′
ℓ = 0 if k 6= ℓ.

2. The {P ′
k} are orthogonal projection operators.

3.
∑∞

k=1 P
′
k = I.

4. SetMk = P ′
kH. Then if u ∈ H we have the unique expansion

u =
∞∑

k=1

uk, where uk = P ′
ku = P ′

kuk

and (uk, uℓ) = 0 for k 6= ℓ.

Now if v ∈ DB then v = B−1u, u ∈ H, and

vk = P ′
kB

−1u = B−1P ′
ku = B−1uk =

∫ 1

0
λ dPλ(P 1

k
−P 1

k+1
)uk =

∫ 1
k

1
k+1

λ dPλuk.

It follows from this that
∫ 1

k

1
k+1

1

λ
dPλ = BP ′

k
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on H. Since Bvk = BP ′
kv we have

Bv =
∞∑

k=1

Bvk =
∞∑

k=1

∫ 1
k

1
k+1

1

λ
dPλ v =

∫ ∞

0

1

λ
dPλ v.

Furthermore,

||Bv||2 =
∞∑

k=1

∫ 1
k

1
k+1

1

λ2
d||Pλ v||2 =

∫ ∞

0

1

λ2
d||Pλ v||2.

Indeed, one can show that v ∈ DB if and only if this last integral is finite.
Hence, the spectral expansion (3.1) is established rigorously for all v ∈

DA.
Let T be a self-adjoint operator on H with DT = H.

Lemma 19 Let B = I + T 2, with DB = {u ∈ DT , Tu ∈ DT}. Then

1. DB = (T + iI)−1(T − iI)−1H, RB = H and B is symmetric on its
domain.

2. (Bu, u) ≥ ||u||2 for all u ∈ DB.

3. B−1 is self-adjoint and 0 < B−1 ≤ I.

4. Let C = TB−1, DC = H. Then C is bounded and symmetric, hence
self-adjoint, and ||C|| ≤ 1.

PROOF:

1. Bu = (T + iI)(T − iI)u = (T − iI)(T + iI)u and, since T is self-adjoint
±i belongs to the resolvent set of T .

2. (Bu, u) = (u, u) + (T 2u, u) = ||u||2 + ||Tu||2 ≥ ||u||2.

3. Obvious from the preceding proof.

4. Since

C = TB−1 = T (I+T 2)−1 = T (T + iI)−1(T − iI)−1 = (T − iI)−1− iB−1

we have

C∗ = (T + iI)−1 + iB−1 = (T + iI)−1 + i(T − iI)−1(T + iI)−1
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= T (T − iI)−1(T + iI)−1 = TB−1 = C.

Also for v ∈ H we have

||Cv||2 = (TB−1v, TB−1v) = (B−1v, T 2B−1v)

= (B−1v, [T 2 + I]B−1v)− ||B−1v||2

= (B−1v, v)− ||B−1v||2.
Therefore,

||Cv||2 + ||B−1v||2 = (B−1v, v) ≤ (v, v) = ||v||2.

Q.E.D.

REMARKS:

1. Note that we have also shown that B−1T ⊆ TB−1.

2. The lemma is remarkable in the sense that it holds even though T 2,
hence B, may not be densely defined. Indeed, it could happen that
DB = {θ}. Nonetheless B−1 and C are globally defined, bounded and
self-adjoint.

Now we can apply spectral techniques to the bounded self-adjoint opera-
tor B−1 in analogy to our earlier treatment of B−1 where B = A− (a− 1)I
was bounded below. By the spectral theorem for B−1 there exists a spectral
family {Fλ} such that

B−1 =
∫ 1

0
λ dFλ.

Here it is easy to show that F0 = 0. Now set En = F 1
n
−F 1

n+1
for n = 1, 2, · · ·.

Then ∞∑

n=1

En = F1 − F0 = I.

Similarly if we define the subspaces Mn = EnH, we have

H =
∞∑

n=1

⊕Mn.

Since TB−1 ⊇ B−1T where TB−1 = C is bounded, then TEn ⊇ EnT , where
TEn is bounded. Hence TMn ⊆Mn.
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Now set

sn(λ) =

{
1
λ

1
n+1

< λ ≤ 1
n

0 otherwise,

and let

Sn =
∫ ∞

0
sn(λ) dFλ =

∫ 1
n

1
n=1

1

λ
dFλ.

Then

B−1Sn =
∫ 1

n

1
n+1

1 dFλ = En,

so
TEn = TB−1Sn = CSn.

This shows that Tn = TEn is bounded and self-adjoint. Thus each Tn has a
spectral resolution in terms of the spectral family {P (n)

µ }:

Tn =
∫

µ dP (n)
µ , n = 1, 2, · · · .

Finally, set

Pµ =
∫ ∞

n=1
P (n)

µ En, EnPµ = PµEn = P (n)
µ .

Then for any u ∈ DT we have

Tu =
∞∑

n=1

TEnu =
∞∑

n=1

∫

µ dP (n)
µ Enu =

∫ ∞

−∞
µ dPµu.

Here,

DT =
{

u ∈ H : ||Tu||2 =
∫ ∞

−∞
µ2 d||Pµu||2 <∞

}

.

This establishes the spectral theorem for unbounded self-adjoint operators.

3.4.2 More on essentially self-adjoint operators

Recall that a symmetric operator A on H is essentially self-adjoint if its
closure A is self-adjoint, i.e., if A = A∗.

Theorem 56 Let A be a symmetric operator. Then A is self-adjoint if and
only if

RA+iI = RA−iI = H,
i.e., ±i ∈ ρ(A).
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PROOF: It is obvious that if A is self-adjoint, then ±i ∈ ρ(A). Conversely,
suppose ±i ∈ ρ(A), and let v ∈ DA∗ ⊇ DA. Then (Au, v) = (u,A∗v), for all
u ∈ DA, so

(Au+ iu, v) = (Au, v) + (iu, v) = (u,A∗v − iv).

By our hypothesis, we can find w ∈ DA such that A∗v − iv = Aw − iw, so

(u,A∗v − iv) = (u,Aw − iw) = (Au+ iu, w).

Thus v = w ∈ DA. Hence A = A∗. Q.E.D.

Theorem 57 The following are equivalent for a symmetric operator A.

1. A is essentially self-adjoint.

2. RA+iI = RA−iI = H.

3. NA∗+iI = NA∗−iI = {θ}.

Lemma 20 If A is symmetric then

R⊥
A+iI = NA∗−iI , R⊥

A−iI = NA∗+iI .

PROOF OF THEOREM: The equivalence of 2. and 3. follows from the
lemma.

1. 1. −→ 3.: If A is essentially self-adjoint then A = A∗ is self-adjoint.
Hence NA∗±iI = {θ}.

2. 3. −→ 1.: Consider [u1, u2] ∈ H ⊕H with graph inner product

< [u1, u2], [v1, v2] >= (u1, v1) + (u2, v2).

Recall that the graph of A is the subspace

ΓA = {[u,Au], u ∈ DA} ,

and that ΓA,ΓA∗ are closed subspaces with ΓA ⊆ ΓA∗. Suppose ΓA 6=
ΓA∗ . Then there exists a nonzero u such that [u,A∗u] ∈ ΓA∗ ∩ Γ⊥

A
=

ΓA∗ ∩ Γ⊥
A =⇒ (u, v) + (A∗u,Av) = 0, for all v ∈ DA. Hence A∗u ∈ DA∗

and (A∗)2u = −u. Thus (A∗ + iI)(A∗− iI)u = θ, or u = θ. Impossible!
Hence ΓA∗ = ΓA. Q.E.D.
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Example 14 Let H = L2
c(−∞,∞), Au = −ih̄u′, and

DA1 =
{

u(x) : u ∈ C1(−∞,∞) ∩H, Au ∈ H
}

.

Lemma 21 A1 is essentially self-adjoint.

PROOF: From an earlier example, we know that A1 is symmetric and

DA∗

1
= {u(x) : u absolutely continuous , u, Au ∈ H} .

Solving the equation (A∗
1 + iI)u = θ for u ∈ DA∗

1
we have −h̄u′ + u = 0,

so u = aex/h̄. However, since u ∈ H we must have u ≡ θ. Similarly, the
equation (A∗

1 − iI)u = θ for u ∈ DA∗

1
has only the solution u ≡ θ. Therefore,

A∗
1 = A. Q.E.D.

Now we classify the spectra of the self-adjoint operator A∗
1.

1. σP (A∗
1) = ∅: Indeed if A∗

1u = λu then u = aeiλx/h̄ ∈ H =⇒ u = θ.

2. σC(A∗
1) = R, the real axis: For v ∈ H and λ real, the equation (A∗

1u−
λ)u = v, or −ih̄u′ − λu = v, has the general solution

u(x) =
i

h̄

∫ x

−∞
e

iλ
h̄

(x−t)v(t)dt+ ce
iλ
h̄

x.

As x → −∞ then for any v ∈ H we have u(x) → ce
iλ
h̄

x, so u can’t
belong to H unless c = 0. Thus the solution u is unique. However,
for fixed real λ, unless v satisfies the condition

∫∞
−∞ e−

iλ
h̄

tv(t)dt = 0,

we have that u(x) → a i
h̄
e

iλ
h̄

x for nonzero a, so that u 6∈ H. Clearly,
λ 6∈ ρ(A∗

1) and σR(A∗
1) = ∅ (since A∗

1 is self-adjoint), so λ ∈ σC(A∗
1).

Example 15 Here H = L2
c [0,+∞), A = −iu′ and

DA =
{

u ∈ C1[0,+∞) ∩H : u′ ∈ H and u(0) = 0
}

.

We have shown earlier that A is symmetric and

DA∗ = {u ∈ H : u absolutely continuous, u′ ∈ H} .

Now
(A∗ + iI)u = θ =⇒ −iu′ + iu = 0 =⇒ u(x) = aex.
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If u ∈ H then u ≡ 0. However,

(A∗ − iI)u = θ =⇒ −iu′ − iu = 0 =⇒ u(x) = ae−x.

Note that u ∈ H for a 6= 0. Therefore, A is not an essentially self-adjoint
operator. In fact, we will show later that A cannot be extended to a self-
adjoint operator.

Example 16 The Fourier Transform. We describe, briefly, how the well
known Fourier transform fits into the spectral theory of self-adjoint operators.
Consider the interval I = (−∞,+∞) and the Hilbert space H = L2

c(I, 1).
The operator A acts formally on this space via the differential operator τ =
−i d

dx
. This is essentially the operator A1 above, which we have shown is

essentially self-adjoint. The equation τu = λu has the solution u(x) = eiλx

which is not in H for any real λ. The spectrum of the self-adjoint operator
A is continuous and covers the real line. For any u ∈ H we define

g(y) =
1√
2π

lim
n→∞

∫ n

−n
e−iyxu(x) dx = Tu(y).

The basic properties of the Fourier transform on L2
c(I, 1) are that

u(x) =
1√
2π

lim
n→∞

∫ n

−n
eiyxg(y) dy, a.e.

and ∫ ∞

−∞
|u(x)|2dx =

∫ ∞

−∞
|g(y)|2dy.

We define the spectral projection operators Eλ by

Eλu(x) =
1√
2π

∫ λ

−∞
eiyxg(y) dy =

1

2π

∫ λ

−∞

∫ ∞

−∞
eiy(x−t)f(t) dt dy,

so dEλu(x) = 1√
2π
eiλxg(λ) dλ and

Au =
∫ ∞

−∞
λ dEλu(x) =

1√
2π

∫ ∞

−∞
λeiλxg(λ) dλ.

The following results give some sufficient conditions for a symmetric op-
erator to be essentially self-adjoint.

Theorem 58 Suppose
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1. A is symmetric.

2. RA = H.

3. ||Au|| ≥ a||u||, for all u ∈ DA. Here, a > 0.

Then A is essentially self-adjoint.

PROOF: By 3. A−1 exists and ||A−1|| ≤ 1
a
. Since A is symmetric, it follows

that A−1 is symmetric, hence self-adjoint. Now suppose (A∗ + iI)v = θ.
Then, for all u ∈ DA, we have

0 = (u, [A∗ + iI]v) = (Au, , v)− (iu, v) = (w − iA−1w, v),

where u = A−1w. Choose a sequence {wn} in RA such that wn → v as
n→∞. Then A−1wn → A−1v so

(v − iA−1v, v) = 0 =⇒ ||v||2 = i(A−1v, v) = 0,

since the left-hand side is real and the right-hand side is imaginary. Thus
v = θ. A similar proof shows that if (A∗ − iI)v = θ, then v = θ. Q.E.D.

Corollary 11 If A is symmetric operator, RA = H, and A−1 exists and is
bounded, then A is essentially self-adjoint.

Corollary 12 If A is a symmetric ordinary Sturm-Liouville operator then
A is essentially self-adjoint.

PROOF: Choose a real number λ, not an eigenvalue of A. Then (A− λI)−1

exists and is bounded. Hence RA−λI = H, so A−λI is essentially self-adjoint.
This implies that A is essentially self-adjoint. Q.E.D.

3.5 A first look at deficiency indices

Definition 29 Let A be a symmetric operator. The positive and negative

deficiency indices of A are given, respectably, by

D+(A) = dimR⊥
A+iI = dimNA∗−iI ,

D−(A) = dimR⊥
A−iI = dimNA∗+iI .
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Here it may be that one or both of the deficiency indices are infinite. Note
that A is essentially self-adjoint ⇐⇒ D+(A) = D−(A) = 0.

PREVIEW OF COMING ATTRACTIONS: A can be extended to a self-
adjoint operator ⇐⇒ D+(A) = D−(A).

What is the significance of the complex numbers ±i? Answer: conve-
nience.

Let B be a linear operator with DB = H.

Definition 30 The complex number λ is a point of regular type of B if
there exists a positive number k(λ) such that ||(B − λI)u|| ≥ k||u|| for all
u ∈ DB, i.e., if and only if (B − λI)−1 exists and is bounded.

Note that it isn’t required that (B − λI)−1 be densely defined. Now let
Reg(B) be the set of points of regular type for B¿

Lemma 22 Reg(B) is an open set in the complex plane.

PROOF: Suppose λ0 is a point of regular type, and λ is a complex number
such that |λ− λ0| ≤ 1

2
k(λ0) = δ. Then

||(B − λI)u||+ |λ− λ0| · ||u|| ≥ ||(B − λ0I)u||

=⇒ ||(B − λI)u|| ≥ [k(λ0)−
1

2
k(λ0)]||u|| =

1

2
k(λ0)||u||.

Q.E.D.
Note that if B is symmetric and λ is not real, then ||(B − λI)u|| ≥

|Im λ| · ||u||, so λ is a point of regular type for B. It follows that the points
of nonregular type for a symmetric operator must form a closed subset of the
real line. We will show that if A is symmetric then dim R⊥

A−λI is constant
on any arcwise connected subset of Reg(A). This will show that dim R⊥

A−λI

is constant on the upper half plane. Thus i is chosen only for convenience.
To prove this result we have to introduce some machinery. Let U : H −→

H be a linear operator.

Definition 31 U is an isometric transformation if

1. DU = H

2. (Uu, Uv) = (u, v), for all u.v ∈ H, i.e., U∗U = I.
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If also RU = H then U is a unitary transformation and also UU ∗ = I,
so U∗ = U−1.

REMARKS:

1. If H is finite dimensional, then every isometry is unitary.

2. If H is infinite dimensional then an isometric transformations may not
be unitary. For example, let {en} be an ON basis forH. Then the linear
transformation defined by Uen = en+1, n = 1, 2, · · · is an isometry but
not unitary.

Theorem 59 LetM and N be closed subspaces of the Hilbert space H, with
corresponding orthogonal projection operators P,Q, respectfully. If ||P −
Q|| < 1 then M can be mapped linearly and isometrically onto N . In par-
ticular, dim M = dim N .

PROOF: If ||P −Q|| < 1 then ||P (Q−P )P || < 1, so the symmetric operator

A ≡ I + P (Q− P )P ≥ aI > 0,

where a > 0. Therefore the operators A−1 and (A−1)
1
2 = A− 1

2 exist and are
bounded, positive and symmetric.

Consider the operators U = QA− 1
2P and U∗ = PA− 1

2Q. Now P ⊂⊂
A =⇒ P ⊂⊂ A− 1

2 , so

U∗U = PA− 1
2QQA− 1

2P = A− 1
2PQQPA− 1

2

= A− 1
2PQPA− 1

2 = A− 1
2 [P + P (Q− P )P ]A− 1

2

= A− 1
2PAA− 1

2 = PA− 1
2AA− 1

2 = P.

Clearly, U :M→ N . I claim that this map is onto. First of all, UM is
closed in N . Now suppose there is a v ∈ N such that v ⊥ UM. Then

(v, Um) = (v,QA− 1
2Pm) = 0,

for all m ∈ H so U ∗v = θ. But U∗v = PA− 1
2Qv = θ. Thus

PQv = A
1
2A− 1

2PQv = A
1
2PA− 1

2Qv = A
1
2U∗v = θ.

This implies (Q− P )Qv = Qv. However, since ||Q− P || < 1 we must have
Qv = θ. Since v ∈ N this means that v = θ, so U is onto. Q.E.D.

Let P ′ = E − P , Q′ = E − Q where P,Q are orthogonal projection
operators.
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Lemma 23 If ||Q′P || ≤ 1
2

and ||P ′Q|| ≤ 1
2

then ||P −Q|| < 1.

PROOF: For any nonzero u ∈ H

P −Q = PQ′ − P ′Q, ||P ′Qu||2 = ||P ′QQu||2 ≤ 1

4
||Qu||2,

||PQ′u||2 = (PQ′u, PQ′u) = (Q′PQ′u,Q′u) ≤ 1

2
||Q′u||2,

so

||(P −Q)u||2 = ||PQ′Q′u||2 + ||P ′QQu||2 ≤ 1

2
||Q′u||2 +

1

4
||Qu||2 < ||u||2.

Q.E.D.

Theorem 60 Let Γ be an arcwise connected subset of Reg (A). Then dimR⊥
A−λE

is the same for all λ ∈ Γ.

PROOF: Let Pλ be the orthogonal projection operator on the space R⊥
A−λE .

By the Heine-Borel theorem, it is enough to show that for each λ0 ∈ Γ there
is a δ(λ0) > 0 such that ||Pλ − Pλ0 || < 1 for |λ− λ0| < δ. Let λ0 ∈ Γ and let
0 < δ(λ0) ≤ 1

3
k(λ0). Now

k(λ0)||u|| ≤ ||(A− λ0E)u|| ≤ ||(A− λE)u||+ |(λ− λ0)| · ||u||

for all u ∈ DA. Thus if |λ− λ0| ≤ δ then

||(A− λE)u|| ≥ 2

3
k(λ0)||u||.

Therefore, if |λ− λ0| ≤ δ and v ∈ R⊥
A−λE with ||v|| = 1, we have

||P ′
λ0
v|| = sup

u∈DA

|(v, (A− λ0E)u)|
||(A− λ0E)u|| = sup

u∈DA

|(v, (A− λE)u+ (λ− λ0)u)|
||(A− λ0E)u||

= sup
u∈DA

|(λ− λ0)(v, u)|
||(A− λ0E)u|| ≤ sup

u∈DA

1
3
k(λ0)||v|| · ||u||

2
3
k(λ0)||u||

=
1

2
.

Therefore, ||(E − Pλ0)v|| ≤ 1
2

for unit vector v ∈ R⊥
A−λE . Similarly ||(E −

Pλ0)w|| ≤ 1
2

for unit vector w ∈ R⊥
A−λ0E . Thus, the theorem is implied by

the preceding lemma. Q.E.D.
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Corollary 13 If A is symmetric and λ is a complex number with Im λ > 0,
then dim R⊥

A+λE = D+(A) and dim R⊥
A+λE

= D−(A).

Corollary 14 If A is symmetric, closed and bounded below, then D+(A) =
D−(A).

Corollary 15 If A is symmetric and there is a real λ such that λ ∈ Reg (A),
then D+(A) = D−(A).

3.6 Essential self-adjointness of generalized Sturm-

Liouville operators

In this section we will determine the essential self-adjointness of a family
of Sturm-Liouville operators in Rn similar to that which was introduced
in Section 1.3.2. Now, however, we will consider only the case of partial
differential operators in n variables that act on functions defined on the full
n-dimensional Euclidean space Rn. That is, there is no boundary, though
there is a weight function k(x). We denote points in Rn by x = (x1, · · · , xn).
Our Hilbert space is

H =
{

u(x), real valued :
∫

Rn

|u(x)|2k(x) dx <∞
}

= L2
c{Rn, k}

(u, v) =
∫

Rn

u(x)v(x)k(x) dx, u, v ∈ H.

Formally, the Sturm-Liouville operator is

Au =
1

k(x)



−
n∑

ℓ,j=1

(pℓj(x)uxj
)xℓ

+ i
n∑

j=1

pj(x)uxj
+ i

n∑

j=1

(pj(x))xj
u+ q(x)u



 .

(3.2)
This formal operator enables us to define three operators, A1, A2, A3 with
domains

DA1 =
{

u ∈ o

C
∞

(R3)
}

,

DA2 =
{

u ∈ o

C
2

(R3)
}

,

DA3 =
{

u ∈ C2(R3) : u ∈ H and Au ∈ H
}

,

respectively. We require

98



1. pℓj(x), k(x), q(x) real and pℓj = pjℓ

2. pℓj(x) ∈ C3(Rn), pj(x) ∈ C2(Rn), k, q ∈ C1(Rn)

3. k > 0 for all x ∈ Rn

4.
∑n

ℓ,j=1 pℓj(x)ξℓξj ≥ ρ(x)
∑n

j=1 |ξj|2 for all x ∈ Rn and arbitrary complex
ξj. Here ρ(x) > 0 for all x ∈ Rn.

Recall that the S-L operators A1, A2, A3 are symmetric. Furthermore,

DA1 ⊂ DA2 ⊂ DA3

and DA1 = H.
To prove the essential self-adjointness of these operators we need a tech-

nical (and deep ) lemma. Let G be an open, simply connected subset of Rn,
and let D be the differential operator

D = −
n∑

j,ℓ=1

ajℓ(x)uxjxℓ
+

n∑

j=1

aj(x)uxj
+ a(x)u.

Here,

DD =
{

u(x) : u ∈ o

C
∞

(G)
}

,

and we require

1. aℓj(x), aj(x), a(x) complex and aℓj = ajℓ

2. aℓj(x) ∈ C3(G), aj(x) ∈ C2(G), a(x) ∈ C1(G)

3.
∑n

ℓ,j=1 aℓj(x)ξℓξj ≥ ρ(x)
∑n

j=1 |ξj|2 for all x ∈ G and arbitrary complex
ξj. Here ρ(x) > 0 for all x ∈ G.

Lemma 24 (Hermann Weyl) Let η(x) ∈ C1(G) and suppose w(x) is locally
integrable in G. If

∫

G
w(x)Du(x) dx =

∫

G
η(x)u(x) dx

holds for all u ∈ DD then w(x) = w̃(x), a.e., where w̃ ∈ C2(G). Furthermore,
D∗w = η, a.e., where D∗ is the formal adjoint of D.
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Theorem 61 The operators A1, A2, A3, defined above, are essentially self
adjoint.

PROOF: We will show that D+(A1) = D−(A1) = 0. Since A∗
3 ⊆ A∗

2 ⊆ A∗
1,

the theorem will follow. Suppose v ∈ DA1 and A∗
1v = iv. Then

([A∗
1 − iE]v, u) = 0, for all u ∈ DA1 =

o

C
∞

(Rn)

=⇒ (v, [A1 + iE]u) = 0, for all u ∈ o

C
∞

(Rn).

Note: v is locally integrable in Rn since

∫

B
|v| dx =

∫

B
|v|
√
k(

1√
k
)dx ≤

√
∫

B
|v|2k dx

∫

B

1

k
dx <∞,

where B is any compact set.
It follows from the Weyl lemma for the case η ≡ 0 that we can assume

v ∈ C2(Rn). Thus Av = iv, and v ∈ DA3. Since A3 is symmetric, we must
have v = θ. Thus D+(A1) = 0. A similar proof gives D−(A1) = 0. Q.E.D.

Corollary 16 Let λ ∈ σP (A3) and suppose there is a nonzero v such that
A3v = λv. Then, by redefining v on a set of measure zero if necessary, we
can assume v ∈ DA3, A3v = λv.

PROOF: ([A∗
3 − λE]v, u) = 0 for all u ∈ DA1 implies from the Weyl lemma

that v ∈ C2(Rn). Thus v ∈ DA. Q.E.D.
In Chapter 4 we give a detailed proof of the Weyl lemma for second-

order ordinary differential operators. The verification for partial differential
operators is more challenging, and we merely sketch a proof of the Weyl
lemma for the case Du = −∆nu + a(x)u. (More details can be found in
Hellwig.) We need to show that if

∫

G
w(x)[−∆nu(x) + a(x)u(x)] dx =

∫

G
η(x)u(x) dx

for some η ∈ C1(G) and all u ∈ o

C
∞

(G) then w ∈ C2(G).
Fix a point x0 ∈ G and let K1 be a ball centered about x0 such that K1 ⊂

G. Let K2 be a ball centered at x0 such that K2 ⊂ K1. Let ρ(x) ∈ o

C
∞

(K1)
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such that ρ(x) ≡ 1 for all x ∈ K2. Let s(x, y) = s(y, x) be the fundamental
solution of ∆nu = 0:

s(x, y) =

{
1

(n−2)ωn
|x− y|2−n, n > 2

− 1
2π

ln |x− y|, n = 2.

Suppose w ∈ C2(G) and set η(x) = −∆nw(x) + a(x)w(x). ¿From Green’s
formula,

∫

K1

w(y)∆y
n[ρ(y)s(x, y)] dy −

∫

K1

ρ(y)s(x, y)∆y
nw(y) dy = w(x)

if x ∈ K2, where ∆y
n signifies that ∆n is acting on the y coordinates. Thus

we have

w(x) =
∫

K1

w(y)∆y
n[ρ(y)s(x, y)] dy +

∫

K1

ρ(y)s(x, y)[η(y)− a(y)w(y)] dy.

(3.3)
However, for the Weyl lemma we can only assume that w(x) is locally inte-
grable. The Green’s formula computation suggests that we define a function
v(x) by the integrals

v(x) =
∫

K1

w(y)∆y
n[ρ(y)s(x, y)] dy +

∫

K1

ρ(y)s(x, y)[η(y)− a(y)w(y)] dy.

Note by inspection that v ∈ C2(K2). If we can show that for all u ∈ o

C
∞

(K2)

∫

K2

v(y)u(y) dy =
∫

K2

w(y)u(y) dy −
∫

K1

w(x)[DΨ(x)− η(x)Ψ(x)] dx (3.4)

where
Ψ(x) = ρ(x)

∫

K2

s(y, x)u(y) dy,

and DΨ(x)− η(x)Ψ(x) = 0 for x ∈ K1, it will follow that

∫

K2

u(y)[v(y)− w(y)] dy = 0

so that v(y) = w(y), a.e. in K2. This will imply that (3.3) holds.
We have

∫

K2

v(y)u(y) dy =
∫

K1

w(x)
[∫

K2

u(y)∆x
n[ρ(x)s(y, x) dy

]

dx
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+
∫

K1

[

ρ(x)[η(x)− a(x)w(x)] dy
∫

K2

u(y)s(x, y) dy
]

dx

=
∫

K1−K2

w(x)
[

∆x
nρ(x)

∫

K2

u(y)s(y, x) dy
]

dx+ · · · .

Note that

u(x) = −∆x
n

∫

K2

s(y, x)u(y)dy, u ∈ o

C
∞

(K2)

and set Ψ(x) = ρ(x)
∫

K2
u(y)s(x, y)dy. Then we find

∫

K2

u(y)[v(y)− w(y)] dy = −
∫

K2

w(y)u(y)dy

+
∫

K1−K2

w(x)∆x
nΨ(x)dx+

∫

K1

[η(x)− a(x)w(x)]Ψ(x)dx

= −
∫

K1

w(x) [DΨ(x)− η(x)Ψ(x)] dx = 0.

Q.E.D.

3.7 B-bounded operators and their applica-

tions

Definition 32 Let B,C be operators on the Hilbert space H with DB ⊆ DC,
DB = H. We say that C is B-bounded if there exist real constants δ, ǫ,
with 0 ≤ ǫ < 1 and such that

||Cu|| ≤ ǫ||Bu||+ δ||u||

for all u ∈ DB.

Note that any bounded operator C is automatically bounded with respect to
any other operator B. The main interest is in cases where C is an unbounded
but B-bounded operator.

A principal result for such operators is

Theorem 62 Suppose B,C are operators on H with DB ⊆ DC, DB = H. If

1. B is essentially self-adjoint
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2. C is symmetric

3. C is B-bounded.

Then B + C is essentially self-adjoint and DB+C = DB.

PROOF: The basic strategy behind the proof is to show that there exists
a complex number λ with Im λ 6= 0 such that both (B + C + λE)DB and
(B + C + λE)DB are dense in DB, so that the deficiency indices of B + C
are both zero. Clearly, B + C is symmetric in H. Since B is essentially self-
adjoint it follows that (B+ ikE)DB is dense in H for all real k 6= 0, and that
(B+ikE)−1 exists and is bounded. Indeed ||(B+ikE)u||2 = ||Bu||2+k2||u||2
for u ∈ DB so ||(B + ikE)−1|| ≤ 1

|k| . We will show that there exists a real

k 6= 0 such that (B + C ± ikE)DB is dense in H.
Note that (formally)

(B + C + ikE)DB =
(

C(B + ikE)−1 + E
)

(B + ikE)DB

and, since C is B-bounded,

||C(B + ikE)−1u|| ≤ ǫ||B(B + ikE)−1u||+ δ||(B + ikE)−1u||.

Therefore,

||C(B + ikE)−1|| ≤ ǫ+
δ

|k| .

Now choose |k| so large that ǫ + δ
|k| < 1. This means that the operator

A = C(B + ikE)−1 is bounded with norm ||A|| < 1. But this in turn means
that the operator

(E + A)−1 =
∞∑

j=0

(−1)jAj

exists and is bounded. Here,

RE+A = D(E+A)−1 = DA = RB+ikE .

Therefore,
(

C(B + ikE)−1 + E
)

(B + ikE)DB = (B + C + ikE)DB

is dense in H. Q.E.D.
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Corollary 17 Replace requirement 1. in theorem 62 by

1. B is self-adjoint.

Then C +B is self-adjoint.

Corollary 18 Suppose

1. B is essentially self-adjoint

2. C is symmetric and DC ⊇ DB

3. ||Cu||2 ≤ ρ1(u,Bu) + ρ2||u||2 for some ρ1, ρ2 ≥ 0 and all u ∈ DB.

Then C +B is essentially self-adjoint.

PROOF:

||C(B+ ikE)−1u||2 ≤ ρ1(B+ ikE)−1u,B(B+ ikE)−1u)+ρ2||(B+ ikE)−1u||2

≤ ρ1||(B + ikE)−1u|| · ||B(B + ikE)−1u||+ ρ2||(B + ikE)−1u||2

≤
(

ρ1

|k| ||B(B + ikE)−1||+ ρ2

|k|2
)

||u||2.

Therefore, by choosing |k| large enough, we have ||C(B + ikE)−1|| < 1.
¿From the proof of Theorem 62 it follows that (B +C ± ikE)DB is dense in
H. Q.E.D.

We will apply these results to essentially self-adjoint operators introduced
in Section 3.6. Recall that the Hilbert space is

H =
{

u(x), real valued :
∫

Rn

|u(x)|2k(x) dx <∞
}

= L2
c{Rn, k},

and the formal Sturm-Liouville operator is

Au =
1

k(x)



−
n∑

ℓ,j=1

(pℓj(x)uxj
)xℓ

+ i
n∑

j=1

pj(x)uxj
+ i

n∑

j=1

(pj(x))xj
u+ q(x)u



 .

(3.5)
Here,

1. pℓj(x), k(x), q(x) real and pℓj = pjℓ
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2. pℓj(x) ∈ C3(Rn), pj(x) ∈ C2(Rn), k, q ∈ C1(Rn)

3. k > 0 for all x ∈ Rn

4.
∑n

ℓ,j=1 pℓj(x)ξℓξj ≥ ρ(x)
∑n

j=1 |ξj|2 for all x ∈ Rn and arbitrary complex
ξj. Here ρ(x) > 0 for all x ∈ Rn.

The essentially self-adjoint operators A1, A2 have domains

DA1 =
{

u ∈ o

C
∞

(R3)
}

,

DA2 =
{

u ∈ o

C
2

(R3)
}

,

respectively.

Theorem 63 The operators A1, A2 remain essentially self-adjoint if q sat-
isfies the weaker condition q(x) ∈ C0(Rn).

PROOF: Suppose q ∈ C0(Rn). Clearly there exists some q̃(x) ∈ C 1(Rn) such
that |q(x) − q̃(x)| ≤ k(x) for all x ∈ Rn. Let Ãj , j = 1, 2 be the symmetric
operators corresponding to the potential function q̃(x), and Aj , j = 1, 2 be
the symmetric operators corresponding to the potential function q(x). Then
the Ãj are essentially self-adjoint. Define the operator C by

Cu(x) = (
q(x)− q̃(x)

k(x)
u(x).

The Aju = Ãju + Cu, C are symmetric with DB ⊆ D̃Ãj
and ||Cu|| ≤ ||u||.

Since C is a bounded operator, it is trivially Ãj-bounded. Thus by Theorem
62 the operators Aj are essentially self-adjoint. Q.E.D.

A deeper result is the following.

Theorem 64 Suppose q(x) is a real potential in Rn and a finite positive
number M such that

∫

|y−x|≤R

q2(x)

|x− y|n−4+α
dy ≤M

for all x ∈ Rn, all R ∈ (0, 1) and some α with 0 < α < 4. Define the formal
operator A by

Au(x) = −∆nu(x) + q(x)u(x).

Then A1 and A2 are essentially self-adjoint.
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SKETCH OF PROOF: The theorem follows from the inequality

||q(x)u(x)|| ≤ K1R
α/2M1/2||∆nu(x)||+K2R

(α−4)/2M1/2||u(x)|| (3.6)

where K1, K2 are constants and u ∈ DA1 or u ∈ DA2 . If we set Bu = −∆nu
and Cu = q(x)u we see that C is symmetric, B is essentially self-adjoint and
there exist constants ǫ, δ such that

||Cu|| ≤ ǫ||Bu||+ δ||u||.

We can require 0 < ǫ < 1 if we choose R sufficiently small. This shows that
C is B-bounded, so that B +C is essentially self-adjoint. Thus the theorem
follows once we show that (3.6) holds. We will indicate the proof of the
inequality shortly.

Theorem 64 shows that the operators A1 and A2 can be essentially self-
adjoint even when the potential q(x) has a singularity in Rn. Indeed, we
have the following estimate.

Theorem 65 Let b(x) = ρ−δ(x), where ρ2(x) =
∑m

j=1 x
2
j , 1 ≤ m ≤ n and

δ ≥ 0. If α > 0, 2δ < 4− α ≤ m then for all x ∈ Rn, n ≥ 2 we have

∫

|y−x|≤R

b2(x)

|x− y|n−4+α
dy ≤M

for all 0 < R < 1.

SKETCH OF PROOF: This follows from introducing spherical coordinates
r, θj in Rn. In these coordinates dy ∼ rn−1dr dω where dω is the area
measure on the unit sphere in Rn. The maximum possible singularity of the
integral occurs at x = y, and we can evaluate this case by passing to spherical
coordinates and see that the integral converges as indicated by the statement
of the theorem. Q.E.D.

To indicate the proof of the inequality (3.6) in Theorem 64 we will review
and extend some results about the operator A2 with q ≡ 0, i.e. (restricting
to the important case n = 3 for simplicity)

A2 = − ∂
2

∂x2
1

− ∂2

∂x2
2

− ∂2

∂x2
3

= −∆3,

where
H = L2(R3), DA2 =

o

C
∞

(R3).
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Then A2 is symmetric,
A2 ⊆ A∗

2

and A∗
2 = A2 is self-adjoint and A2 is essentially self-adjoint. (The analogous

statements are also true for A1.)
Recall some of the steps in the construction of A2. The Fourier transform

û(y) = Fu(y) ≡ 1

(2π)
3
2

lim
r→∞

∫ ∫ ∫

|x|≤r
e−ix·yu(x)dx,

where x = (x1, x2, x3), y = (y1, y2, y3) is a unitary mapping of H onto Ĥ =
L2(R3) (in the y coordinates), i.e., the map is 1-1, onto and preserves inner
product. Now if u ∈ DA2 then

Âu(y) = − 1

(2π)
3
2

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
e−ix·y∆3u(x)dx = |y|2û(y).

Now let K be the operator with maximal domain that multiplies by |y| 2 in
Ĥ:

DK =
{

v̂ ∈ Ĥ : |y|2v̂(y) ∈ Ĥ
}

.

Clearly, K = K∗. Let Ã be the operator on H defined by A = F−1KF .
(Note that F−1 = F∗ since F is unitary. So (Ãu, v) = (F−1KFu, v) =
(KFu,Fv) ˆ= (Kû, v̂) ,̂ where (·, ·)̂ is the inner product on Ĥ. ) We see
that Ã is an extension of A2. Further, Ã = A∗, since K = K∗. Thus A2 (as
well as A1) has a self-adjoint extension. We have already shown that, in fact,
Ã = A1A2.

Now if u ∈ DÃ then

|u(x)| =
∣
∣
∣
∣
∣

1

(2π)
3
2

∫ ∫ ∫

eix·yû(y)dy

∣
∣
∣
∣
∣
≤ 1

(2π)
3
2

∫ ∫ ∫

|û(y)|dy

≤ 1

(2π)
3
2

∫ ∫ ∫
1

|y|2 + α2
· (|y|2 + α2)|û(y)|dy

≤ 1

(2π)
3
2

√
∫ ∫ ∫

dy

(|y|2 + α2)2

√
∫ ∫ ∫

(|y|2 + α2)2|û(y)|2dy

for all α > 0. The first integral in the last inequality can be evaluated
explicitly, and we find

|u(x)| ≤ π

(2π)
3
2α1/2

||(Ã+ α2)u|| ≤ π

(2π)
3
2

(α−1/2||(Ãu||+ α3/2||u||) (3.7)
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for all α > 0. This shows in particular that u(x) is bounded and continuous
if u ∈ DÃ. Note that (3.7) is the verification of (3.6) in the case n = 3. The
proof for general n is similar.

To make clearer how Theorem 64 can be applied, we will look more care-
fully at the case n = 3. Suppose q is locally square integrable and that

q(x) = q0(x) + q1(x)

where q0 is a bounded measurable function in R3 and q1 ∈ L2(R3).

NOTE: A physically important example is the Coulomb potential

q(x) =
1

r
, r =

√

x2
1 + x2

2 + x2
3.

Here q is locally square integrable and we can take

q1(x) =

{

0, r ≤ 1
1
r
, r > 1,

q2(x) =

{
1
r
, 0 < r ≤ 1

0, r > 1.

Let Q be the operator defined by multiplication by q(x) and let

Q1u(x) = q1(x)u(x), DQ1 =
{

u ∈ L2(R3) : q1u ∈ L2(R3)
}

,

Q0u(x) = q0(x)u(x), DQ0 = L2(R3).

Then Q = Q0 +Q1 and DQ = DQ1 . Now consider the operator

H = Ã+Q = Ã+Q0 +Q1,

where Ã is self-adjoint and Q is symmetric. . Recall that if u ∈ D Ã then
u(x) is bounded, hence u ∈ DQ. Let DH = DÃ.

Theorem 66 H is self-adjoint and A1 + Q (with DA1+Q = DA1), is essen-
tially self-adjoint.

PROOF:

u ∈ DÃ =⇒ ||Q1u|| ≤ ||q1|| sup |u(x)| ≤ K||q1||(α−1/2||Ãu||+ α3/2||u||).
Also, ||Q0u|| ≤ ||u|| sup |q0(x)|. Thus

||Qu|| ≤ ||Q1u||+||Q0u|| ≤
K

α1/2
||q1||·||Ãu||+

[

Kα3/2||q1||+ sup |q0(x)|
]

·||u||.

Choose α so large that K||q1||/α1/2 < 1. Then Q is Ã-bounded. Q.E.D.
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3.8 The graph approach to extensions of sym-

metric operators

We now continue the development of the operator graph approach to linear
operators that was introduced in Section 1.3.1. Here we will be interested
in the possible ways that a symmetric closed operator can be extended to
a self-adjoint operator. Recall that if A is a linear operator on the Hilbert
space H, with dense domain, the graph Γ(A) of A is the set of all ordered
pairs [u,Au] ∈ H⊕H with u ∈ DA. If we assume that A is symmetric, then
A ⊆ A∗ and ΓA∗ ⊇ ΓA. Thus we can regard ΓA as a subspace of the graph
Hilbert space ΓA∗ with graph inner product

< u, v >= (u, v) + (A∗u,A∗v), u, v ∈ DA.

A is closed if and only if ΓA is a closed subspace of ΓA∗ . Recall also that if
B is symmetric and B ⊇ A then

A ⊆ B ⊆ B∗ ⊆ A∗.

(In the following we will, for convenience, often employ the identification
v ↔ [v, A∗v] between elements v ∈ DA∗ and elements [v, A∗v] ∈ ΓA∗.)

Definition 33

D+ = {u ∈ DA∗ : A∗u = iu}, dim D+ = D+(A),

D− = {u ∈ DA∗ : A∗u = −iu}, dim D− = D−(A),

Here, D+,D− are called the positive and negative deficiency subspaces

corresponding to A.

Theorem 67 DA,D+,D− are mutually orthogonal closed linear subspaces in
DA∗ (with respect to the inner product < ·, · >) and

DA∗ = DA ⊕D+ ⊕D−.

PROOF:

1. D+ ⊥ D−: Let u+ ∈ D+, u− ∈ D−. Then

< u+, u− >= (u+, u−) + (A∗u+, A
∗u−) = (u+, u−) + (iu+,−iu−)

= (u+, u−)− (u+, u−) = 0.
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2. D+ ⊥ DA: Let u+ ∈ D+, u ∈ DA. Then

< u, u+ >= (u, u+) + (A∗u,A∗u+) = (u, u+)− i(Au, u+)

= (u, u+)− i(u,A∗u+) = (u, u+)− (u, u+) = 0.

Similarly, D− ⊥ DA.

3. If v ⊥ DA,D+,D− then v = θ: If u ∈ DA then

(< u, v >= 0 = (u, v)+(A∗u,A∗v) =⇒ (u, v) = −(A∗u,A∗v) =⇒ A∗v ∈ DA∗ ,

and A∗A∗v = −v. Thus

(A∗ + iE)(A∗ − iE)v = θ =⇒ (A∗ − iE)v ∈ D−.

For any u− ∈ D− we have

(u−, [A
∗−iE]v) = (u−, A

∗v)+i(u−, v) = i(A∗u−, A
∗v)+i(u−, v) = i < u−, v >= 0.

Therefore [A∗ − iE]v = θ, so v ∈ D+. But v ⊥ D+. Hence v = θ.

Q.E.D.

REMARK: Let

P+ = − i
2
(A∗ + iE), P− =

i

2
(A∗ − iE).

Then

1. P+ + P− = E.

2. P+P− = P−P+ = 0.

3.

P 2
+ = −1

4
(A∗ + iE)2 = −1

4
(A∗A∗ + 2iA∗ − E) = − i

2
(A∗ + iE) = P+.

Similarly, P 2
− = P−.

4. P+v = v =⇒ A∗v = iv and P−v = v =⇒ A∗v = −iv.

5. < P±u, v >=< u, P±v > for all u, v ∈ DA∗ .
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Thus, P± are orthogonal self-adjoint projection operators onDA∗ , commuting
with A∗. Also P+ projects onto D+ and P− projects onto D−.

Let B be a closed symmetric extension of the symmetric operator A. The
following observations are pertinent:

1.
DA ⊆ DB ⊆ DA ⊕D+ ⊕D− = DA∗

2. If u+ is a nonzero element of D+ then u+ 6∈ DB. Indeed, if u+ ∈ DB

then (Bu+, u+) would be a real number. However,

(Bu+, u+) = (iu+, u+) = i||u+||2 6= 0

is not real. Similarly, a nonzero element of u− of D− cannot belong to
DB.

3. Which elements of DA ⊕D+ ⊕D− = DA∗ do belong to DB? If v ∈ DB

then it can be expressed uniquely in the form

v = u+ u+ = u−, u ∈ DA, u+ ∈ D+, u− ∈ D−.

Let
S+ = {u+ ∈ D+ : v = u+ u+ + u− for some v ∈ DB}.

Then there exists a 1-1 map C : S+ = DC −→ D− such that DB =
DA ⊕ S, where

S = {u+ + Cu+ : u+ ∈ S+} .
Indeed, if both u+ + u− and u+ + u′− belong to DB then u− − u′− ∈
DB ∩ D−, which implies u− − u′− = θ. Thus the map C is 1-1.

Lemma 25 If A1 is a closed symmetric extension of A then there exists an
isometric (i.e., inner product preserving) map C of a closed subspace DC of
D+ onto a subspace RC of D− such that DA1 = DA ⊕ S, where

S = {u+ + Cu+ : u+ ∈ DC} .

Conversely, if C is such an isometric operator from the closed subspace DC ⊆
D+ to RC ⊆ D− then the restriction of A∗ to DA ⊕ S is a closed symmetric
extension of A.
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PROOF: Let a, b ∈ DA ⊕ S so that

a = u+ u+ + Cu+, b = v + v+ + Cv+.

Then
(A1a, b) = (A1u+ iu+ − iCu+, v + v+ + Cv+) =

(A1u, v) + (A1u, v+) + (A1u, Cv+) + i(u+, v) + i(u+, v+)

+i(u+, Cv+)− i(Cu+, v)− i(Cu+, v+)− i(Cu+, Cv+)

= i(u+, v+)− i(Cu+, Cv+),

(a, A1b) = (u+ u+ + Cu+, A1v + iv+ − iCv+) =

(u,A1v) + (u+, A1v) + (Cu+, A1v)− i(u, v+)− i(u+, v+)

−i(Cu+, v+) + i(u, Cv+)− i(u+, Cv+) + i(Cu+, Cv+)

= −i(u+, v+) + i(Cu+, Cv+).

Hence
(A1a, b)− (a, A1b) = 2i [(u+, v+)− (Cu+, Cv+)] .

Thus A1 is symmetric if and only if C is isometric. Note that < u+, u+ >=
2(u+, u+) and < v+, v+ >= 2(v+, v+). Note further that if A1 is symmetric
then S must be a closed subspace of DA∗ , in the graph norm. Since C is
isometric, it follows that S+ = DC must also be closed (in both the graph
and the usual || · || norm). Q.E.D.

Recall that
A ⊆ A1 ⊆ A∗

1 ⊆ A∗.

Lemma 26 Let C be an isometric map of a closed subspace DC of |calD+

onto a subspace RC of D−, and let A1 be the resulting closed symmetric
extension of A. Then DA∗

1
is a closed subspace of DA∗. let D±(A1) be the

deficiency subspaces of A1 with decomposition

DA∗

1
= DA1 ⊕D+(A1)⊕D−(A1).

Then

D+(A1) = {u ∈ D+(A) : < u,DC >= 0} , D−(A1) = {u ∈ D−(A) : < u,RC >= 0} .
(3.8)
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PROOF: Clearly D+(A1) ⊆ D+(A) and D−(A1) ⊆ D−(A). The only part of
the lemma remaining to be proved is the characterization (3.8).

1. u ∈ D+(A1) −→< u,DC >= 0: Let v ∈ DC ⊆ D+(A). Then v + Cv ∈
DA1 implies u ⊥ (v + Cv) in the graph inner product. Hence

< u, v + Cv >= 0 =< u, v > + < u,Cv >=< u, v >,

since u ∈ D+, Cv ∈ D−. Similarly u ∈ D− =⇒< u,RC >= 0.

2. u ∈ D+(A), < u,DC >= 0 =⇒ u ∈ D+(A1): Here we must show
u ∈ DA∗

1
. For this it is enough to show that (A1v, u) = (v, A∗, u) for all

v ∈ DA1 . Now

(A1v, u) = (Aa + ia+ − iCa+, u) = (Aa, u) + i(a+, u)− i(Ca+, u)

= (a, A∗u) + i(a+, u)− i(Ca+, u) = −i(a, u)− i(Ca+, u).

Similarly,

(v, A∗u) = (a + a+ + Ca+, iu) = −i(a, u)− i(Ca+, u).

The proof of the statement involving RC is similar. Q.E.D.

Theorem 68 If C is an isometric map of all of D+ onto all of D− then the
restriction A1 of A∗ to DA ⊕ S, S = {u + Cu : u ∈ D+} is self-adjoint.
Conversely, if A1 is a self-adjoint extension of A, then there exists a unique
isometric map C such that A1 is obtained as above.

PROOF: If C maps D+ onto D− then from Lemma 26

DA∗

1
= DA1 ⊕ {θ} ⊕ {θ}

so A1 = A∗
1. Conversely, if A1 = A∗

1 then

D+(A1) = D−(A1) = {θ} =⇒ DC = D+, RC = D−.

Q.E.D.

Corollary 19 A symmetric operator A has self-adjoint extensions if and
only if dim D+ = dim D−. If this is the case, the possible self-adjoint ex-
tensions of A are in 1-1 correspondence with isometric maps C of D+ = DC

onto D− = RC.
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Definition 34 Let M, N be vector spaces with M ⊆ N . We say that M
is of co-dimension m in N if N =M⊕K where dim K = m.

Corollary 20 DA is of co-dimension D+(A) +D−(A) in DA∗.

Corollary 21 Suppose D+(A) = D−(A) = m. A symmetric extension A1

of A is self-adjoint if and only if the co-dimension of DA in DA1 is m.

EXAMPLE: Let

A = i
d

dx
, H = Lc

2{[0, 1]},

DA = {u(x) : u absolutely continuous, Au ∈ H, u(0) = u(1) = 0} .
Here, A is symmetric and closed. Further,

DA∗ = {u(x) : u absolutely continuous, Au ∈ H} .

We will compute D± for this case. If A∗u = iu then u(x) = cex. Since
∫ 1
0 e

2xdx = (e2 − 1)/2 we see that D+ = 1 and {u1(x) =
√

2
e2−1

ex} in an ON

basis for D+. Similarly, D− = 1 and {v1(x) =
√

2e2

e2−1
e−x} in an ON basis for

D−. Define the linear transformation Cθ : D+ −→ D− by

Cθu1 = eiθv1, 0 ≤ θ < 2π.

We see that the possible self-adjoint extensions of A are Aθ, where

DAθ
=
{

v(x) = u(x) + α(ex + eiθ+1−x) : u ∈ DA, α ∈ C
}

.

Here,

Aθv(x) = iu′(x) + iα(ex − eiθ+1−x), u(0) = u(1) = 0.

To characterize the domain of Aθ in a simpler fashion, note that if v ∈ DAθ

then
v(0) = α(1 + eiθ+1), v(1) = α(e+ eiθ),

so
v(0)

v(1)
=

1 + e1+iθ

1 + e1−iθ
e−iθ = βθ
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where |βθ| = 1. Thus v ∈ DAθ
if and only if v ∈ DA∗ and v satisfies the

boundary condition

B(v) = v(0)− βθv(1) = 0, |βθ| = 1, eiθ =
βθe− 1

e− βθ
.

REMARK: We can consider B(v) as a bounded linear functional on DA∗

(with respect to the graph inner product). Indeed, we can find a wθ ∈ DA∗

such that < wθ,DAθ
>= 0 and normalize it so that B(v) =< wθ, v >. Thus

v ∈ DAθ
if and only if and only if B(v) =< wθ, v >= 0. We will exploit this

point of view in the next chapter.
We conclude this section with a result that illustrates the wide variety

of possible spectra for the self-adjoint extensions of a symmetric operator A
with D+ = D− > 0.

Theorem 69 Let A be a symmetric operator with deficiency indices D+ =
D− = m > 0 and let λ be a real number such that λ ∈ Reg (A). Then there
exists a self-adjoint extension Ã of A such that λ ∈ σP (Ã) with multiplicity
m.

PROOF: Let Dλ = {u ∈ H : A∗u = λu}. From Theorem 60 we know that
dim Dλ = D+ = D− = m. Let

DÃ = DA ⊕Dλ ⊆ DA∗ ,

(we know that this sum is direct, since λ 6∈ σP (A)), and let Ã be the restric-
tion of A∗ to DÃ.

We show that Ã is symmetric. For any u, v ∈ DtildeA we have the unique
decompositions u = u0 + uλ, v = v0 + vλ where u0, v0 ∈ DA and uλ, vλ ∈ Dλ.
Then

(Ãu, v) = (Au0 + λuλ, v0 + vλ)

= (Au0, v0) + (A∗uλ, v0) + λ(uλ, vλ) + (Au0, vλ)

= (Au0, v0) + (uλ, Av0) + λ(uλ, vλ) + (Au0, vλ),

and
(u, Ãv) = (u0 + uλ, Av0 + A∗vλ)

= (u0, Av0) + (uλ, Av0) + (u0, A
∗vλ) + (uλ, A

∗vλ)

= (Au0, v0) + (uλ, Av0) + (Au0, vλ) + λ(uλ, vλ),

so (Ãu, v) = (u, Ãv). Further Ã is self-adjoint because the co-dimension of
DA in DÃ is m. Q.E.D.
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3.8.1 Symmetric operators bounded below

In this section we show that if A is symmetric and bounded below by the
real number a then we can directly construct a certain self-adjoint extension
Ã of A, called the Friedrichs extension, that is also bounded below by a.

We first consider the case that a > 0.

Theorem 70 let A be a symmetric, strictly positive operator with lower
bound a > 0. Then there exists a self-adjoint operator Ã such that

1. Ã ⊇ A

2. Ã−1 exists and is bounded in H

3. a is the greatest lower bound of Ã.

Note that the equation Ãu = v can always be solved for v ∈ H.

PROOF: We will embed DA in a new Hilbert space F . We first introduce a
new inner product (u, v)′ = (Au, v), defined for all u, v ∈ DA. The new norm

is ||u||′ =
√

(u, u)′ = sqrt(Au, u). Note that

(||u||′)2 = (Au, u) ≥ a(u, u) = a||u||2.

Thus ||u|| ≤ 1√
a
||u||. We see that DA with inner product (·, ·)′ is a pre-Hilbert

space D′
A. We can complete this space to get a (unique) Hilbert space F since

that (with respect to the norm || · ||′) D′
A is dense in F .

REMARKS:

1. Since ||u−v|| ≤ 1√
a
||u−v||′, every Cauchy sequence in DA (with respect

to || · ||′) is a Cauchy sequence with respect to || · ||.

2. Suppose {un : un ∈ DA} is a Cauchy sequence with respect to || · ||′ and
un −→′ u∗ ∈ F . Then also un −→ v ∈ H in the || · || norm. However,

||un − u∗|| ≤
1√
a
||u− u∗||′ → 0

as n→∞. Thus v = u∗.
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3. Suppose {un : un ∈ DA} is a Cauchy sequence in D′
A such that

limn→∞ ||un||′ 6= 0. Then un −→′ v∗ ∈ F with v∗ 6= θ and, also
un −→ v ∈ H. Can v = θ? No, because if v = θ then

(u, v∗)′ = lim
n→∞

(u, un)
′ = lim

n→∞
(Au, un) = (Au, v) = 0

for all u ∈ DA, which implies v∗ = θ, a contradiction.

4. It follows that we can assign to each v∗ ∈ F a unique v ∈ H and this
correspondence is linear.

5. The correspondence
F −→ H
v∗ −→ v

of F into H is 1-1 and u −→ u for u ∈ DA. Therefore, we can identify
F with a dense subspace H0 of H.

6. For u ∈ H0, v ∈ H we have

|(u, v)| ≤ ||u|| · ||v|| ≤ 1√
a
||v|| · ||u||′.

Therefore Lv(u) = (u, v) is a bounded linear functional on H0
∼= F .

From the Riesz representation theorem, there exists a unique w ∈ H0

such that
Lv(u) = (u, v) = (u, w)′.

Denote this correspondence v −→ w by w = Bv. Clearly, B is a linear
operator with domain H and range in H0. If Bv = θ then (u, v) = 0
for all u ∈ H0 which implies v = θ. Therefore B is 1-1. Set Ã = B1.
Then DÃ ⊆ H0 and RÃ = H.

7. We show that B is bounded and symmetric in H. Note that (u, v) =
(u,Bv)′ for u ∈ H0, v ∈ H. Define v0 ∈ H by u = Bv0.

SYMMETRY:

(Bv0, v) = (u, v) = (u,Bv)′ = (Bv0, Bv)
′ = (Bv,Bv0)′

= (Bv, v0) = (v0, Bv).
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BOUNDEDNESS:

|Lv(u)| = |(u, w)′| ≤ ||u||′ · ||w||′

for a unique w ∈ H0. Here, ||w||′ is the best bound. Aso,

|Lv(u)| = |(u, v)| ≤ ||u|| · ||v|| ≤
1√
a
||u||′ · ||v||.

Therefore

||v||√
a
≥ ||w||′ ≥ √a||w|| =⇒ ||v||√

a
≥ ||Bv||′ ≥ √a||Bv||.

This proves that ||B|| ≤ 1/a.

8. Ã is self-adjoint.

9. Ã is an extension of A. Indeed for u, v ∈ DA ⊆ H0 ⊆ H we have

(u,BAv)′ = (u,Av) = (Au, v) = (u, v)′

so BAv = v. Hence Ã−1Av = v for all v ∈ DA =⇒ v ∈ RÃ−1 = DÃ

|longrightarrowv ∈ DÃ. Therefore Av = Ãv for all v ∈ DA.

10. Ã is bounded below by a. For suppose u ∈ DÃ, Ãu = v, Bv = u.
Then

(Ãu, u) = (u, Ãu) = (Bv, v) = (Bv,Bv)′ = (||Bv||′)2 ≥ a||Bv||2 = a||u||2.

Q.E.D.

Corollary 22 If A is symmetric and bounded below by a real number a then
there exists a self-adjoint operator Ã such that

1. Ã ⊇ A

2. Ã is bounded below by a.

PROOF: We need consider only the case a ≤ 0. Set C = A+(1−a)E. Then
C is symmetric and bounded below by 1. The preceding theorem implies that
C has a self-adjoint extension C̃ bounded below by 1. Set Ã = C̃− (1−a)E.
Q.E.D.
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Chapter 4

Spectral Theory for

Second-order Ordinary

Differential Operators

In this chapter we will apply the general spectral theory for self-adjoint op-
erators to the physically relevant case where the eigenvalue equations are
second-order ODEs. We will work out the explicit details of the spectral ex-
pansions for a number of important examples. Since the deficiency subspaces
for a second-order symmetric OD operator are of dimension at most 2, we
can give a rather complete analysis of the self-adjoint extensions. This is
in contrast to the case of partial differential operators where the deficiency
subspaces may be infinite-dimensional.

4.1 The setting for the second-order ODE eigen-

value problem

Definition 35 Let I be an interval on the real line, either [ℓ,m], or [ℓ,m),
or (ℓ,m] or (ℓ,m), where ℓ = −∞ and m = ∞ are also allowed. A formal

second-order ordinary differential operator τ on I is an expression

τ = a2(x)
d2

dx2
+ a1(x)

d

dx
+ a0(x), aj(x) ∈ C2(I).

Here the aj are complex-valued functions and a2(x) 6= 0 for any x ∈ I.
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Definition 36

H2(I) =
{

f ∈ C1(I) : f ′ absolutely continuous on each compact sub− interval of I
}

Theorem 71 Let g be complex-valued, measurable and locally integrable on
I, let c0, c1 be complex numbers and x0 ∈ I. Then there exists a unique
f ∈ H2(I) such that

1. τf = g,

2. f(x0) = c0, f ′(x0) = c1.

PROOF: From the definition of H 2(I) there is no loss of generality in the
proof by assuming I is closed and bounded. Our original equation τf = g is
equivalent to the first-order system

df0

dx
(x) = f1(x) (4.1)

df1

dx
(x) +

a1(x)

a2(x)
f1(x) +

a0(x)

a2(x)
f0(x) =

g(x)

a2(x)
.

Now let

f(x) =

[

f0(x)
f1(x)

]

, g(x) =

[

0
g(x)
a2(x)

]

,

A(x) =

[

0 1
a0(x)
a2(x)

a1(x)
a2(x)

]

.

Then system (4.1) and the initial conditions can be written in the matrix
form

f ′(x) = A(x)f(x) + g(x), f(x0) =

[

c0
c1

]

. (4.2)

By the Fundamental Theorem of Calculus (generalized to L1), this is in turn
equivalent to the matrix integral system

f(x) +
∫ x

x0

A(y)f(y) dy =
∫ x

x0

g(y) dy + f(x0), (4.3)

or
f(x) +

∫ x

x0

A(y)f(y) dy = k(x)
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where k(x) =
∫ x
x0

g(y) dy + f(x0). Finally, if we define the matrix integral
operator A on vectors

h(x) =

[

h0(x)
h1(x)

]

by

Ah(x) =
∫ x

x0

A(y)h(y) dy

the system takes the form
(E + A)f = k, (4.4)

where Eh(x) = h(x).
Now (4.4) is a Volterra equation of the second kind and always has a

unique solution. Formally, the solution can be written as

f = (E + A)−1k = k−AK + A2k− · · ·+ (−1)nAnk + · · · .

In fact

(E + A)−1k =
∞∑

n=0

(−1)nAnk

converges uniformly and absolutely on I to a vector-valued function that
is the solution to our problem. To show this we will make use of the ma-

trix norm |A(y)| and the vector space norm |h(y)| =
√

|h0(y)|2 + |h1(y)|2,
each evaluated for a fixed y, and the associated Banach space norm on
vector-valued functions ||h|| = ∫

I |h(y)|dy. (We need the standard property
|A(y)h(y)| ≤ |A(y)| · |h(y)|.) Let a = supy∈I |A(y)|. Then

|Ak(x)| = |
∫ x

x0

A(y)k(y)dy| ≤
∫ x

x0

|A(y)k(y)| dy ≤ a
∫ x

x0

|k(y)| dy

≤ a
∫

I
|k(y)| dy = a||k||,

|A2k(x)| = |
∫ x

x0

A(y)Ak(y)dy| ≤ a
∫ x

x0

a||k|| dy = a2||k||(x− x0),

|A3k(x)| = |
∫ x

x0

A(y)A2k(y)dy| ≤ a
∫ x

x0

a2||k||(y − x0) dy = a3||k||(x− x0)
2

2
,

· · · ,

|Ank(x)| = |
∫ x

x0

A(y)A2k(y)dy| ≤ an||k||(x− x0)
n−1

(n− 1)!
,
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· · · .
Thus,

|
n1∑

n=n0

(−1)nAnk(x)| ≤
n1∑

n=n0

an||k||(x− x0)
n−1

(n− 1)!

and the right-hand side converges uniformly in I. Q.E.D.

Corollary 23 If g ∈ C0(I) then f ∈ C2(I).

Now we define a basic (minimal) symmetric operator A0 related to a
(formally symmetric) operator τ . The possible self-adjoint operators related
to τ will be extensions of A0.

ASSUMPTIONS:

τu(x) =
1

k(x)
([−p(x)u′(x)]′ + q(x)u(x)) , H = L2

c({ℓ,m}, k), (4.5)

and

1. I = {ℓ,m} an interval on the real line

2. p, p′, q, k ∈ C0(I) and real

3. p(x) > 0, k(x) > 0 in I.

The operators A0, A1 are determined by

DA0 =

{

u : u ∈
o

C2 (I)

}

, A0u = τu, u ∈ DA0 , (4.6)

DA1 =
{

u ∈ H : u ∈ H2(I) and τu ∈ H
}

, A1u = τu, u ∈ DA1, (4.7)

Here, we have chosen τ in the most general form so that it will be formally
symmetric, i.e., it will be symmetric if all of the boundary terms vanish in the
integration by parts. This is exactly what occurs for the minimal operator
A0.

Theorem 72 A0 is symmetric and A∗
0 = A1.

The first statement in the theorem is easy, but the second relies on the
Weyl lemma, which we will prove in detail.
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Lemma 27 (Weyl) Let v be a measurable complex-valued function on I such
that v is square integrable over every compact subinterval of I. Suppose

∫

I
v(y)τu(y)k(y) dy = (v, τu) = 0

for all u ∈ DA0, i.e., u ∈
o

C2 (I). Then (after modification on a set of measure
zero) v ∈ C2(I) and τv = 0.

PROOF: There is no loss of generality in assuming the I is compact. Let
Σ be the set of all solutions σ of the equation τσ = 0, σ ∈ C 2(I). From
Theorem 71 it follows that dim Σ = 2, so that Σ is a closed subspace of H.
The Weyl lemma will follow from a string of three subordinate lemmas.

Lemma 28 If w ∈ H, w ⊥ Σ then (w, v) = 0.

REMARK: Lemma 28 shows that

v ∈ (Σ⊥)⊥ = Σ = Σ,

since Σ is closed.

Lemma 29 DA)
∩ Σ⊥ is dense in Σ⊥.

Lemma 30 If g ∈ DA0 and g ⊥ Σ then (g, v) = 0.

REMARK: Lemmas 29 and 30 prove lemma 28.

PROOF OF LEMMA 29: DA0 is dense in H. let σ1, σ2 be an ON basis
for Σ and choose φ1, φ2 ∈ DA0 such that the2 × 2 matrix {Bij = φi, σj)} is
nonsingular.

Let h ∈ Σ⊥. Choose a Cauchy sequence {hn} in DA0 such that hn → h.
We will construct a sequence {kn} in DA0 ∩ Σ⊥ such that kn → h. Write
kn = hn−

∑2
ℓ=1 αnℓφℓ and choose {αnℓ} such that (kn, σj) = 0, j = 1, 2. This

gives 2 equations in 2 unknowns for each n. The solution is

kn = hn −
2∑

i,j=1

(B−1)ij(hh, σi)φj ∈ DA0 ∩ Σ⊥.
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Indeed,
(kn, σ1) = (hn, σ1)−

∑

i,j

(B−1)ijBj1(hn, σ1) = 0,

with a similar result for (kn, σ2). Now

kn −→n→∞ h−
∑

(B−1)ij(h, φi)φj = h.

Q.E.D.

PROOF OF LEMMA 30. If g ∈ DA0 ∩ Σ⊥ then (g, v) = 0. If there exists a
w ∈ DA0 such that τw = g Then

(v, g) =
∫

I
vgk(x) dx =

∫

I
vτwk(x) dx = 0.

We can prove the lemma if we can find w. recall that we can assume without
loss of generality that I = [ℓ,m]. From Theorem 71 there exists a unique
solution w of τw = g such that w(ℓ) = w′(ell) = 0. We must verify that
w ∈ DA0. Clearly w ∈ C2(I). Then foe all σ ∈ Σ (the nullspace of τ) we
have

0 =
∫ m

ℓ
(τσ)wk dx =

∫ m

ℓ
σ)τwk dx+ p(m)(σ(m)w′(m)− σ′(m)w(m))

= p(m)(σ(m)w′(m)− σ′(m)w(m)).

Since p(m) 6= 0 and σ(m), σ′(m) are arbitrary, we must have w(m) =
w′(m) = 0, so w ∈ DA0 . Q.E.D.

PROOF OF THEOREM 72: We must show A∗
0 = A1.

1. A1 ⊆ A∗
0: If w ∈ DA1 then for all u ∈ DA0 we have

∫

I
(τu)wk dx =

∫

I
uτwk dx

so w ∈ DA∗

0
with A∗

0w = τw.

2. A∗
0 ⊆ A1: Let f ∈ DA∗

0
with A∗

0f = g. Then (A0u, f) = (u,A∗
0f) =

(u, g) for all u ∈ DA0. From Theorem 71 there is a f0 ∈ H2(I) such
that τf0 = g. Therefore

∫

I
(τu)fk dx = (u, g) =

∫

I
uτf0k dx =

∫

I
(τu)f0k dx
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for all u ∈ DA0 . This implies
∫

I
(f0 − f)τuk dx = 0

for all u ∈ DA0. Therefore (by the Weyl Lemma) f0 − f = h ∈ C2(I)
and τ(f0 − f) = 0.

This means that f ∈ H2(I) and τf = τf0. We conclude that f ∈ DA1 and
A∗

0f = A1f = τf . Q.E.D.
At this point we know that

A∗
0 = A1, DA1 = DA0

⊕D+ ⊕D−

where
D± = {u ∈ DA1 : τu = ±iu} ,

and D± consists of C2 functions. Recall that D± = dim D±.

Corollary 24 D+ ≤ 2, D− ≤ 2.

Corollary 25 If I = [ℓ,m] is closed and bounded then every solution of
τu = ±iu is in DA1. Thus in this case D+ = D− = 2 and A0 has infinitely
many self-adjoint extensions.

Corollary 26 Since the coefficients of τ are real, we have D+ = D− in all
cases. This means that A0 always has self-adjoint extensions.

PROOF: The solutions of τu = iu are complex conjugates of the solutions of
τu = −iu. Indeed, D− = {u(x) : u(x) ∈ D+}. Therefore A0 has deficiency
indices D+ = D− = 0, 1, 2. Q.E.D.

We know that
DA1 = DA0

⊕D+ ⊕D−

where DA)
has co-dimension 2d in DA1 and D+ = D− = d = 0, 1, 2. Further,

any self-adjoint extension A of A0 takes the form

DA = DA0
⊕ S, S = {u+ Cu : u ∈ D+}

where C is an isometry of D+ onto D−, DA0
has co-dimension d in DA and

DA has co-dimension d in DA1. Now we describe a convenient method for
specifying A. Let

S⊥ = {v ∈ DA1 : < v,DA >=} 0.

Clearly, dim S⊥ = d and S⊥ ⊆ D+ ⊕D−.
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Lemma 31 S⊥ = {u− Cu : u ∈ D+}.

PROOF: LetM = {v − Cv : u ∈ D+}. Then if u, v ∈ D+ we have

< u+ Cu, v − Cv >=< u, v > + < Cu,−Cv >=< u, v > − < Cu,Cv >

=< u, v > − < u, v >= 0.

Thus M⊆ S⊥. However, dimM = d = dim S⊥, so M = S⊥. Q.E.D.
Let v1, · · · , vd be an ON basis for S⊥, with respect to the graph inner

product. Then DA = {u ∈ DA1 : < u,S⊥ >= 0, i.e.,

DA = {u ∈ DA1 : < u, vj >= 0, j = 1, · · · , d}.

We call each of the conditions < u, vj >= 0 a boundary condition for A,
and we characterize DA by these boundary conditions.

4.2 The theory of boundary values

Definition 37 A boundary value for tau on I is a bounded linear func-
tional B on the Hilbert space DA1 that vanishes on DA0 (and therefore on
DA0

.

REMARK: B is a boundary value for τ ←→ there exists a unique v ∈
D+ ⊕D− such that B(u) =< u, v >, for all u ∈ DA1.

Suppose I = {ℓ,m}.

Definition 38 B is a boundary value at ℓ if B vanishes on all functions
in DA1 that are zero in a neighborhood of ℓ.

There is a similar definition for a boundary value at m.

Theorem 73 Let B1, · · · , Bd be d linearly independent boundary values on
I such that

(A1u, v) = (u,A1v)

for all u, v ∈ J , where

J = {u ∈ DA1 : Bk(u) = 0, k = 1, · · · , d} .

Then the restriction of A1 to J is self-adjoint.
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We can be more specific concerning the form of boundary values for ODEs.
If B is a boundary value for τ on I then, from the general theory, there exists
a v ∈ D+ ⊕ D− ⊆ C2(I) such that B(u) =< u, v >, for all u ∈ DA1. Now
since

B(u) = (u, v) + (A1u,A1v) = 0

for all u ∈ DA0, we have A1v ∈ DA1 and A1A1v = −v, i.e., ττv = −v. Let
ṽ = −τv, so τ ṽ = v. Then for any u ∈ DA1 we have

B(u) = (u, τ ṽ)− (τu, ṽ) = lim
r→ℓ,s→m

∫ s

r
(uτṽ − (τu)ṽ)dx.

= lim
x→m

ρ(x)
(

u(x)ṽ′(x)− u′(x)ṽ(x)
)

− lim
x→ℓ

ρ(x)
(

u(x)ṽ′(x)− u′(x)ṽ(x)
)

= [u, ṽ]m − [u, ṽ]ℓ

where the symbols [u, ṽ]m, [u, ṽ]ℓ are defined by the obvious limits.

Lemma 32

u ∈ DA0
⇐⇒ [u, w]m = [u, w]ℓ = 0

for all w ∈ DA1.

PROOF:

1. ⇐=: Easy.

2. =⇒: If u ∈ DA0
we have (A0u, w) = (u,A1w) for all w ∈ DA1 = DA∗

0
.

Thus
∫

I(τu)wk dx =
∫

I uτwk dx so

[u, w]ℓ − [u, w]m = 0,

for all w ∈ DA1 . Now let s ∈ C2(I) with compact support such that
s ≡ 0 for x in a neighborhood of x = ℓ and s ≡ 1 in a neighborhood
of x = m. Then sw ∈ DA1 and [u, sw]ℓ = 0, [u, sw]m = [u, w]m. Thus
if u ∈ DA0

we must have 0 = [u, sw]ℓ − [u, sw]m = −[u, w]m, Similarly
[u, w]ℓ = 0.

Q.E.D.

REMARKS:
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1. If, say, m ∈ I, i.e., I = {ℓ,m], then

[u, ṽ]m = ρ(m)
(

u(m)ṽ′(m)− u′(m)ṽ(m)
)

= a1u(m) + a2u
′(m).

2. If B(u) =< u, v > is a boundary value at, say, m then [u, ṽ]ℓ = 0 for
all u ∈ DA1 . PROOF: Let s ∈ C2(I) with compact support and
such that s ≡ 0 in a neighborhood of m and s ≡ 1 in a neighborhood
of ℓ. Now for u ∈ DA1 we have also that su, (1 − s)u ∈ DA1 and
u = su+ (1− s)u. Since B is a boundary value at m we have

B(u) = B(su) +B ((1− s)u) = B ((1− s)u)

= [(1− s)u, ṽ]m − [(1− s)u, ṽ]ℓ = [(1− s)u, ṽ]m.
Q.E.D.

Theorem 74 The space M of boundary values is 2d-dimensional and is the
direct sum of the subspaces Mℓ, Mm of boundary values at ℓ and m: M =
Mℓ ⊕Mm.

PROOF: Choose s1, s2 ∈ C2(I) such that each function has compact support
on the real line and

1. s1 + s2 ≡ 1 on I

2. s1 ≡ 0 in a neighborhood of m

3. s2 ≡ 0 in a neighborhood of ℓ.

Let B be a boundary value: B(u) =< u, v >, for all u ∈ DA1 . Here,
v = u+ + u− ∈ D+ ⊕D−. Recall that ṽ = −Cv = −i(u+ − u−) ∈ D+ + D−.
Now ṽ = s1ṽ + s2ṽ. Since DA1 = DA0

⊕ D+ ⊕ D−, we have the unique
decompositions

s1ṽ = u1 + ṽ1, s2ṽ = u2 + ṽ2, u1, u2 ∈ DA0
, ṽ1, ṽ2 ∈ D+ +D−.

Then
ṽ − ṽ1 − ṽ2 = u1 + u2
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where the left-hand side belongs to D+ +D− and the right-hand side belongs
to DA0

. Therefore, u1 = −u2, ṽ = ṽ1 + ṽ2, and the last equality holds if and
only if v = v1 + v2. Therefore

B(u) =< u, v >=< u, v1 > + < u, v2 >= B1(u) +B2(u).

I claim that B1 is a boundary value at ℓ. Indeed,

B1(u) =< u, v1 >= [u, ṽ1]m − [u, ṽ1]ℓ

and ṽ1 = s1ṽ − u1, where u1 ∈ DA0
. Now for all u ∈ DA1 we have

[u, ṽ1]m = [u, s1ṽ]m − [u, u1]m = 0− 0 = 0,

so B1(u) = [u,−ṽ1]ℓ. Similarly, B2 is a boundary value at m. This decom-
position is unique, because if B ∈ Mℓ ∩Mm then B(u) = [u, ṽ]m − [u, ṽ]ℓ =
0− 0 = 0. Q.E.D.

REMARKS:

1. The most general boundary value at m is of the form

Bm(u) = [u, ṽ]m, ṽ ∈ D+ ⊕D−.

Similarly the most general boundary value at ℓ is of the form B ℓ(u) =
[u, ṽ]ℓ.

2. If v0 ∈ DA0
then v0(ℓ) = v′0(ℓ) = v0(m) = v′0(m) = 0.

3. Suppose I = [ℓ,m}, i.e., ℓ ∈ I. Then

[u, g]ℓ = ρ(ℓ)
(

u(ℓ)g′(ℓ)− u′(ℓ)g(ℓ)
)

.

4. Clearly there exists a v ∈ DA1 such that

v(ℓ) =
−1

ρ(ℓ)
, v′(ℓ) = 0.

Write v = v0 + g where v0 ∈ DA0
, g ∈ D+ ⊕D−. Then

g(ℓ) =
−1

ρ(ℓ)
, g′(ℓ) = 0,

so [u, g]ℓ = u′(ℓ) for u ∈ DA1 . Hence u′(ℓ) = 0 is a boundary condition
at ℓ
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5. Similarly we can find g ∈ D+ ⊕D− such that

g(ℓ) = 0, g′(ℓ) =
1

ρ(ℓ)
.

Then [u, g]ℓ = u(ℓ) for u ∈ DA1. Hence u(ℓ) = 0 is a boundary condition
at ℓ

6. It follows that B1(u) = u(ℓ), B2(u) = u′(ℓ) form a basis for the bound-
ary conditions at the fixed endpoint ℓ Thus a fixed endpoint always has
two linearly independent boundary conditions.

Lemma 33 Let I = {ℓ,m} and ℓ < c < m. Let τ ′ be the restriction of
τ to I ′{ℓ, c]. Then τ and τ ′ have the same number of linearly independent
boundary values at ℓ.

PROOF: Let D′
A1

be the restriction of DA1 to I ′. Every boundary value of τ
at ℓ is of the form B(u) = [u, v]ℓ, v ∈ D+⊕D−. Let v̂ be the restriction of v
to I ′. Then v̂ ∈ D′

+ ⊕D′
− and [u, v̂]ℓ = [u, v]ℓ is a boundary value of τ ′ at ℓ.

Conversely, if ŵ ∈ D′
+ ⊕ D′

− we can extend ŵ to a function w ∈ DA1 on
I, not unique. Write w = v0 + v where v0 ∈ DA0

, v ∈ D+ ⊕D−. Then

[u, v]ℓ = [u, v0 + v]ℓ = [u, w]ℓ = [u, ŵ]ℓ

is a boundary value of τ at ℓ. Q.E.D.

Corollary 27 There are at most 2 boundary values at ℓ.

PROOF: In general τ can have at most 4 boundary values. There are exactly
2 boundary values at any interior fixed point c. Hence there can be at most
2 independent boundary values at ℓ. Q.E.D.

4.2.1 Limit point and limit circle conditions

Let I = {ℓ,m} with c ∈ (ℓ,m). Thus I can be decomposed into the subinter-
vals I ′ = {ℓ, c], I ′′ = [c,m} that have only the point c in common. Let τ ′, τ ′′

be the restriction of τ on I to I ′, I ′′, respectively. Let d, d′, d′′ be the number
of linearly independent solutions of (τ − i)u = 0 in L2(I), L2(I

′), L2(I
′′), re-

spectively. Note that d′ = dℓ is the number of linearly independent solutions
of (τ−i)u = 0 square integrable near ℓ, and d′′ = dm is the number of linearly
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independent solutions of (τ − i)u = 0 square integrable near m. Finally let
bℓ, bm be the number of linearly independent boundary values of τ near ℓ and
near m, respectively. ¿From the last corollary we have

2d = dim (D+ ⊕D−) = bℓ + bm,

2d′ = dim (D′
+ ⊕D′

−) = bℓ + 2,

2d′′ = dim (D′′
+ ⊕D′′

−) = 2 + bm.

Now since d′ = dℓ = 1 or 2 we see that bℓ = 0 or 2, and since d′′ = dm = 1 or
2 we must have bm = 0 or 2. it follows that there are 4 cases:

Case dℓ dm bℓ bm

i) 2 2 2 2
ii) 1 2 0 2
iii) 2 1 2 0
iv) 1 1 0 0

(4.8)

Definition 39 If dℓ = 1 we say that τ is in the limit point case at x = ℓ.
If dℓ = 2 we say that τ is in the limit circle case at x = ℓ. There are similar
definitions for x = m.

The reasons for this point/circle terminology will be made clear shortly.
We see from table (4.8) that A0 is self-adjoint if and only if the limit point

case holds at both ℓ and m (case iv).
For the remaining three cases let’s first review how we can use boundary

conditions to determine any self-adjoint extension of A0. Each such extension
has domain DA = DA0

⊕S where S = {u+Cu : u ∈ D+} where C : D+ −→
D− is an isometry. Let v1, · · · , vd be an ON basis for D+ and v1, · · · , vd an
ON basis for D−. Then a basis for S is the set

wj = (vj +
d∑

k=1

ck,jvk), j = 1, · · · , d,

where {ck,j} is a d× d unitary matrix. Also, S⊥ = {u − Cu : u ∈ D+} has
the basis

w⊥
j = (vj −

d∑

k=1

ck,jvk), j = 1, · · · , d.
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Therefore the boundary values defining A can be taken as

B′
j(u) =< u,w⊥

j >= [u, w̃⊥
j ]m − [u, w̃⊥

j ]ℓ

where w⊥
j = −i(vj +

∑d
k=1 ck,jvk) = −iwj . We conclude that the boundary

values
Bj(u) = [u, wj]m − [u, wj]ℓ, j = 1, · · · , d

determine DA.
There is a second way of obtaining the same result. As before A is a

self-adjoint extension with domain DA = DA0
⊕S and {w1, · · · , wd} is a basis

for S. Therefore

DA =






u+

d∑

j=1

ajwj : u ∈ DA0
, aj ∈ C






,

and
z ∈ Da ⇐⇒ (Av, z) = (v, A∗

1z)⇐⇒ [v, z]mℓ = 0

for all v ∈ DA. Here the boundary condition [v, z]mℓ is determined by

(Av, z) =
∫

I
(τv)zk dx = [v, z]mℓ +

∫

I
vτzk dx = (v, Az).

However,

[v, z]mℓ =
∑

j

aj[wj , z]
m
ℓ = 0⇐⇒ [wj, z]

m
ℓ = 0, j = 1, · · · , d.

Case i): limit circle - limit circle. Here d = 2 and w 1, w2 form a basis for S.
Then

DA = {u ∈ DA1 : Bj(u) = [u, wj]m − [u, wj]ℓ ≡ [u, wj]
m
ℓ = 0} .

Note that
[wj, wk]

m
ℓ = 0, j, k = 1, 2. (4.9)

Now suppose I = [ℓ,m] and set

wj(ℓ) = − bj
p(ℓ)

, wj(m) =
dj

p(m)
,
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w′
j(ℓ) =

aj

p(ℓ)
, w′

j(m) = − cj
p(m)

, j = 1, 2.

Then

DA = {u ∈ DA1 : Bj(u) = aju(ℓ) + bju
′(ℓ) + cju(m) + dju

′(m) = 0, j = 1, 2} ,

where, from (4.9),

bjak − ajbk
p(ℓ)

+
−djck + cjdk

p(m)
= 0, j, k = 1, 2. (4.10)

Conversely, it can be shown that any two linearly independent boundary
values B1, B2 satisfying (4.10) define a self-adjoint extension of A0.

Case ii): limit point - limit circle. Here d = 1. Let {u+} be a basis for D+.
Then

S = {α(u++eiθu+) : α ∈ C}, DA = {u+α(u++eiθu+) : u ∈ DA0
, α ∈ C}.

The element w = (u+ + eiθu+) forms a basis for S so we have

DA = {v ∈ DA1 : B(v) = [v,m]m = 0}.

(Note that [v,m]ℓ is always zero since there are no boundary values at ℓ.)
Therefore,

B(v) = lim
x→m

p(x)(v(x)w′(x)− v′(x)w(x)).

A special case of this condition occurs when m ∈ I. Then we have

B(v) = p(m)(v(m)w′(m)− v′(m)w(m))

where

w(m) = u+(m) + eiθu+(m) = eiθ/2(e−iθ/2u+(m) + eiθ/2u+(m)),

w′(m) = u′+(m) + eiθu′+(m) = eiθ/2(e−iθ/2u′+(m) + eiθ/2u′+(m)).

Therefore we can write the boundary condition in the form

B(v) = av(m) + bv′(m) (4.11)

with a, b real and a2 + b2 6= 0. Conversely, it is easy to show that the set

T = {v ∈ DA1 : av(m) + bv′(m) = 0}
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defines a self-adjoint extension of A0 for any a, b real and a2 + b2 6= 0.

Case iii): limit circle - limit point. Here d = 1. This is a simple transposition
of case ii).

Suppose

I = {ℓ,m}, τu =
1

k(x)
(−(pu′)′ + qu) , H = L2

c(k, I).

Theorem 75 (Weyl’s first theorem) Let λ0 ∈ C, ℓ < c < m. If
∫m
C |u(x)|2k(x)dx <

∞ for all solutions u of τu = λ0u in [c,m}, then
∫m
c |v(x)|2k(x)dx < ∞ for

all solutions v of τv − λv in [c,m}, where λ is any complex number. This
means that τ is limit circle at m. Similar remarks hold for {ℓ, c].

NOTE: This means that there are exactly two possibilities at m:

1. There are 2 independent square integrable solutions of τu = λ0u in
[c,m} =⇒ τ is limit circle at m.

2. There are 0 or 1 independent square integrable solutions of τu = λ0u
in [c,m} =⇒ τ is limit point at m.

Example 17

τu =
1

x2

(

(x2u′)′
)

, I = (0,∞), c ∈ (0,∞),

i.e., k(x) = x2, p(x) = x2, q(x) = 0. The equation τu = λu becomes

u′′ +
2

x
u′ = λu.

Take the case λ = 0. The trial solution u = xα is an actual solution if
α(α + 1) = 0. Thus there are solutions u1(x) = x−1, u2(x) = 1. Now
∫ c
0 |uj(x)|2x2 dx < ∞ for j = 1, 2, so τ is limit circle at 1. However
∫∞
c |uj(x)|2x2 dx diverges for j = 1, 2 so τ is limit point at +∞. Thus

the deficiency indices are 1, 1.

Before proceeding with the proof of the theorem, let us recall some facts
about the Wronskian of two solutions u1(x), u2(x) of τu − λu = 0, where
τu = 1

k(x)
(−(pu′)′ + qu):

W (x) =

∣
∣
∣
∣
∣

u1(x) u2(x)
u′1(x) u′2(x)

∣
∣
∣
∣
∣
.
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The basic result is that p(x)W (x) ≡ constant. Let

[u, v](x) = p(x)
(

u(x)v′(x)− u′(x)v(x)
)

,

so that a boundary value atm can be written in the form [u, v]m = limx→m[u, v](x).
Then we have p(x)W (x) = [u1, u2](x).

PROOF OF THEOREM 75: Let I ′ = [c,m}. Suppose u, v are linearly
independent solutions of τz = λ0z in L0

c(I
′, k). Let λ ∈ C and let w be any

solution of τw = λw on I ′ −→ τw − λ0w = (λ − λ0)w. Normalize u, v so
that [u, v](x) ≡ 1 = p(x)W (x). Then by variation of parameters

w(x) = c1u(x) + c2v(x) + (λ− λ0)
∫ x

x1

k(t) (u(x)v(t)− u(t)v(x))w(t)dt

for c ≤ x1 < m. Let

||w||x2
x1

=
∫ x2

x1

|w(t)|2k(t)dt

for fixed x1, x2 and choose K so that supx1<x2
(||u||x2

x1
· ||v||x2

x1
) = K. By the

Schwarz inequality

∣
∣
∣
∣

∫ x2

x1

(u(x)v(t)− u(t)v(x)) k(t)w(t)dt
∣
∣
∣
∣ ≤ K||w||x2

x1
(|u(x)|+|v(x)|), x1 ≤ x ≤ x2

=⇒ |w(x)| ≤ |c1| · |u(x)|+ |c2| · |v(x)|+ |λ− λ0| ·K · ||w||x2
x1

(|u(x) + |v(x)|)
=⇒ ||w||x2

x1
≤ (|c1|+ |c2|)K + 2|λ− λ0| ·K2 · ||w||x2

x1
.

Now choose x1 so large that |λ−λ0|K2 < 1/4. Then ||w||x2
x1
≤ 2(|c1|+ |c2|)K,

independent of x2. Thus

∫ m

x1

|w(t)|2k(t)dt <∞ =⇒ w ∈ L2
c(I

′, k).

Q.E.D.
We return to the case of the general τ operator defined on the interval

I = {ℓ,m}. Choose c ∈ (ℓ,m) and set I ′ = [c,m}. Now, fix α, 0 ≤ α < π.
Then there is a unique basis of solution φ(x, λ), ψ(x, λ) of τu = λu in I ′ such
that

φ(c, λ) = sinα, p(c)φ′(c, λ) = − cosα,

ψ(c, λ) = cosα, p(c)ψ′(c, λ) = − sinα.
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REMARK: φ, ψ are entire functions of the complex variable λ for fixed x,
and φ, ψ are linearly independent. In fact

p(c)W (c) = p(c)

∣
∣
∣
∣
∣

φ(c) ψ(c)
φ′(c) ψ′(c)

∣
∣
∣
∣
∣
= 1 = [φ, ψ](c).

Therefore [φ, ψ](x) ≡ 1.
Define the boundary values B1, B2 at c by

B1(u) = cosα u(c)+ sinα p(c)u′(c), B2(u) = sinα u(c)− cosα p(c)u′(c),

so that B1(φ) = B2(ψ) = 0. Now choose b ∈ (c,m) and consider the bound-
ary value B3 at b defined by

B3(u) = cos β u(b) + sinβ p(b)u′(c),

for some fixed β such that 0 ≤ β < π.

REMARK: Every solution v of τv = λv on I ′(except ψ) can be written in
the form v = φ+Mψ, up to a constant multiple.

1. What must M be so that B3(v) = 0?

SOLUTION: Since B3(v) = B3(φ) +MB3(ψ) = 0, we have

M(b, λ, β) = −B3(φ)

B3(ψ)
= − cot β φ(b, λ) + p(b)φ′(b, λ)

cot β ψ(b, λ) + p(b)ψ′(b, λ)
. (4.12)

Note that M(b, λ, β) is meromorphic in λ (i.e., it is analytic in the
λ-plane except for isolated poles) and it is real for real λ.

2. For fixed λ, β what are all values of M such that v satisfies a real
boundary condition at b?

SOLUTION: For a real boundary condition we have 0 ≤ β < π so that
cotβ runs over all real numbers (and ∞). We have

M = − cot β A+B

cot β C +D
, cot β = −MD +B

MC + A
,

where

A = φ(b, λ), B = p(b)φ′(b, λ), C = ψ(b, λ), D = p(b)ψ′(b, λ).
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NOTE: Since [u, v](x) = p(x)(u(x)v′(x) − u′(x)v(x)) and p(x)W (x) =
[u, v](x) we have

[φ, ψ](b) = AD − BC, [ψ, ψ](b) = CD −DC,

[φ, ψ](b) = 1, [φ, φ](b) = AB − BA.

The possible solutions M form a circle Cb in the complex M-plane.
Indeed since cot β is required only to be real, we see that the equation
of Cb is

MD +B

MC + A
=
MD +B

MC + A
or

(MD +B)(MC + A)− (MC + A)(MD +B) = 0. (4.13)

This last equation can be written in the standard form

∣
∣
∣
∣
∣
M − AD −BC

CD − CD

∣
∣
∣
∣
∣

2

=

(

|AD − BC|
|CD − CD|

)2

. (4.14)

If we denote by Mb and rb the center and the radius of the circle Cb,
respectively, we see that

Mb =
AD −BC
CD − CD = − [φ, ψ](b)

[ψ, ψ](b)
,

rb =
|AD −BC|
|CD − CD| =

∣
∣
∣
∣
∣

[φ, ψ](b)

[ψ, ψ](b)

∣
∣
∣
∣
∣
=

1

|[ψ, ψ](b)| ,

since [φ, ψ](b) = 1.

Recalling that v = φ + Mψ, we see from (4.13) that another way to
write the equation of Cb is [v, v](b) = 0. Indeed:

[v, v](b) = [φ, φ] +M [φ, ψ] +M [ψ, φ] + |M |2[ψ, ψ] = 0.

3. An inequality for the interior of Cb:

[v, v](b)

[ψ, ψ](b)
< 0.
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4. An integral representation for Cb. As before, let v = φ + Mψ and
suppose Im λ 6= 0. Then integration by parts yields

∫ b

c
(τv)vk dx−

∫ b

c
vτvk dx = [v, v](b)− [v, v](c),

so

2i Im λ
∫ b

c
|v|2k dx = [v, v](b)− [v, v](c).

For the special case v = ψ we have

2i Im λ
∫ b

c
|ψ|2k dx = [ψ, ψ](b)

since [ψ, ψ](c) = 0. (Note that in general, [v, v](c) = −2i Im M .)
Therefore the equation for Cb can be written as

∫ b

c
|v|2k dx =

Im M

Im λ
(4.15)

and the inequality for the interior of Cb is

∫ b

c
|v|2k dx < Im M

Im λ
(4.16)

5. It follows from (4.15) and (4.15) that if b1 > b2 then the circle Cb1 is
contained in the interior of Cb2 .

It follows that there are exactly two possibilities as b→ m:

CASE 1: Cb shrinks to a point M∞, i.e., rb → 0 and Mb → M∞ as b → m.
Then v0 = φ+M∞ψ has the property

∫ m

c
|v0|2k dx =

Im M∞
Imλ

<∞,

whereas since rb → 0 as b→ m we have |[ψ, ψ](b)| → ∞, so

∫ m

c
|ψ|2k dx =∞.

Thus the only square integrable solutions of τv = λv are constant multiples
of v0 where [v0, v0]m = 0. This is the limit point case.
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CASE 2: Cb shrinks to a circle C∞ with radius r∞ = limb→m rb > 0 and
center M∞ = limb→mMb. Then

r∞ =
1

|[ψ, ψ]m|
> 0, M∞ = − [φ, ψ]m

[ψ, ψ]m
.

Now since v = φ + Mψ we see that if M belongs to the interior or the
boundary of C∞ then

∫ b

c
|v0|2k dx =

Im M∞
Imλ

for all b, so
∫ m

c
|v0|2k dx =

Im M∞
Imλ

≤ ∞,

and v is square integrable near m. Similarly, we know that ψ is square
integrable near m. Thus we can conclude that all solutions of τv = λv are
square integrable near m. This is the limit circle case.

Lemma 34 Let v = φ+Mψ. Then M is on the boundary of C∞

⇐⇒ [v, v]m = 0⇐⇒
∫ m

c
|v0|2k dx =

Im M∞
Imλ

.

PROOF:

[v, v](b) = |M |2[ψ, ψ](b) +M [ψ, φ](b) +M [φ, ψ](b) + [φ, φ](b)

= [ψ, ψ](b)
(

|M −Mb|2 − r2
b

)

.

Q.E.D.

4.3 Qualitative theory of the deficiency index

We begin with a technical result and refer to Hellwig for the proof.

Theorem 76 Let I = {ℓ,∞}, τu = d2

dx2u + q(x)u. Suppose there exist con-
stants α1, α2 > 0 and a function M(x) > 0 such that

1. M(x), M ′(x) are continuous on the interval x0 ≤ x < ∞ for some
finite x0.
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2.
q(x) ≥ −α1M(x), |M ′(x)M−3/2(x)| ≤ α2

for x0 ≤ x <∞.

3. ∫ ∞

x0

1
√

M(x)
dx =∞.

Then the limit point case occurs at x =∞.

Corollary 28 If q(x) ≥ −kx2 then x =∞ is limit point.

PROOF: Set M(x) ≡ 1 and x0 > 0 in the theorem. Q.E.D.

Corollary 29 −u′′ + q(x)u is limit point at x =∞ if q(x) ≥ 0 for all x.

REMARKS:

1. Suppose we have the limit point case at m. Then M∞ is independent
of β. Therefore we can set β = 0 for convenience and obtain

M∞ = lim
b→m

M(β, b, λ) = lim
b→m

M(0, b, λ) = − lim
b→m

φ(bλ)

ψ(b, λ)
.

2. M∞(λ) is an analytic function of λ for Im λ > 0 and for Im λ < 0.
Further Im M∞ > 0 for Im λ > 0 and if M∞(λ) has zeros or poles on
the real axis, they are all simple.

PROOF: For fixed b the center and radius of Cb are continuous functions
of λ for Im λ > 0, and the circles are nested as b increases. Therefore if
λ is restricted to a bounded set Γ in the upper half plane the functions
M(λ, b, β) are analytic in λ and uniformly bounded as b → m. Thus
the functions M(λ, b, β) are equicontinuous so Mb → M∞ uniformly.
The uniform limit of a sequence of analytic functions is analytic. The
rest follows from the identity

∫ m

c
|v0|2k dx =

Im M∞
Imλ

.

Q.E.D.

140



Recall that I = {ℓ,m}.

Theorem 77 Let A be a self-adjoint operator obtained from τ by imposition
of separated boundary conditions. Suppose Im λ 6= 0. Then there is exactly
one solution u(x, λ) of (τ −λ)u = 0, square integrable at ℓ and satisfying the
boundary conditions at ℓ, and exactly one solution v(x, λ) of (τ − λ)v = 0,
square integrable at m and satisfying the boundary conditions at m. Further
u and v are linearly independent.

PROOF: Since Im λ 6= 0 and A is self-adjoint, λ doesn’t belong to the
spectrum of A. We break the proof up into cases, depending on the boundary
conditions at ℓ and at m:

1. limit point - limit point. Then there is exactly one square integrable so-
lution u at ℓ and one square integrable solution v at m and no boundary
conditions.

2. limit point - limit circle. There must be one boundary condition B at
m, none at ℓ. There is exactly one solution u at ℓ, square integrable.
All solutions at m are square integrable and there exists a square in-
tegrable solution v at m such that B(v) = 0. If there are two linearly
independent solutions at m satisfying the boundary conditions then
v ∈ H and B(v) = 0, so v ∈ DA and v is an eigenvector of A with
eigenvalue λ. Impossible!

3. limit circle - limit point. Same proof as case 2.

4. limit circle - limit circle. The proof is similar to case 2, but boundary
conditions have to be applied at both endpoints.

Q.E.D.

Corollary 30 The conclusions of the theorem hold in the limit circle - limit
circle case if λ is real but not an eigenvalue.

PROOF: This follows from Weyl’s first theorem. Q.E.D.

Let A be a self-adjoint operator on I = {ℓ,m}, defined by separated
boundary conditions. Suppose τ is limit circle at m, and let B(w) = 0 be
the boundary condition at m corresponding to A. The following remarks are
pertinent:
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1. There exists a v ∈ D+ ⊕D− such that

B(w) = [w, v]m =< w, ṽ > .

2. Suppose w1, w2 ∈ DA1 such that w1 ≡ w2 ≡ 0 in a neighborhood of ℓ.
Then

(τw1, w2)− (w1, τw2) = [w1, w2]m − [w1, w2]ℓ = [w1, w2]m

since [w1, w2]ℓ = 0. Therefore B(w1) = B(w2) = 0 so w1, w2 ∈ DA,
which implies [w1, w2]m = 0.

3. If w1, w2 ∈ DA1 and B(w1) = B(w2) = 0 then [w1, w2]m = 0.

4. Let Im λ 6= 0. By the theorem, there exists exactly one solution u of
(τ − λ)u = 0 which is square integrable near m and satisfies B(u) =
0 = [u, v]m.

5. From comment 3, if B(w) = 0 then [w, u]m = 0. In particular, [u, u]m =
0 implies u = φ+M(λ)ψ where M(λ) lies on the unit circle.

6. We have shown that B(w) = [w, v]m = 0 =⇒ [w, u]m = 0. Now u
defines a nonzero boundary value B1(w) = [w, u]m =< w, ṽ1 > on
DA1 with v1 ∈ D+ ⊕ D−. We have shown that < w, ṽ >= 0 implies
< w, ṽ1 >= 0, so ṽ = αṽ1, α ∈ C. Therefore, the boundary condition
B(w) = 0 is equivalent to the boundary condition B1(w) = [w, u]m = 0.

CONCLUSION: All separated boundary conditions defining self-adjoint
operators are of the form

B(w) = [w, u]m = 0

where
[u, u]m = 0, u = φ+ M̃ψ, τu = λu,

and M̃ lies on the boundary of the limit circle.

7.
B(u) = [u, u]m = p(x)W (x) = 0.

Therefore, if w ∈ DA and B(w) = 0 then 0 = [u, w]m = −[w, u]m. It
follows that if B(w) = 0 then B(w) = 0, i.e., if w ∈ DA then w ∈ DA.
We say that the boundary condition B is real.
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4.3.1 Separated boundary conditions in the limit circle

- limit circle case

Again let I = {ℓ,m} and choose c ∈ (ℓ,m). Let Im λ 6= 0 and φψ be a basis
for solutions of (τ − λ)u = 0 as before. Denote by C∞ the limit circle at m
and C−∞ the limit circle at ℓ. Let

u1 = φ+ M̃1ψ, M̃1 ∈ C−∞,

u2 = φ+ M̃2ψ, M̃2 ∈ C∞.

Note that u1, u2 6= 0 must be linearly independent, since if u1 = u2 then

∫ m

ℓ
|u1|2k dx = [u, u]m − [u, u]ℓ = 0,

which is impossible. Let

DA = {w ∈ DA1 : [w, u1]ℓ = 0, [w, u2]m = 0} .

Define Aw = τw for w ∈ DA. We will show that A is symmetric, hence
self-adjoint. To do this we first solve the equation (A−λE)u = f for u ∈ DA

where f is any element of H = L2
c(I, k).

Normalize u1, u2 so that [u1, u2](x) = p(x)W (x) ≡ 1. Then, using the
method of variation of parameters to solve the second order ODE we find

u(x) = au1(x) + bu2(x) +
∫ x

ℓ
(u1(x)u2(t)− u2(x)u1(t)) f(t)k(t)dt.

Differentiating once we have

u′(x) = au′1(x) + bu′2(x) +
∫ x

ℓ
(u′1(x)u2(t)− u′2(x)u1(t)) f(t)k(t)dt.

From these expressions we see that

[u, u1]ℓ = b[u2, u1]ℓ = 0

for u ∈ DA.

Lemma 35 [u2, u1]ℓ 6= 0, [u2, u1]m 6= 0.
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PROOF: It is straightforward to verify the identity

[u1, u1](x) [u2, u2](x)− |[u1, u2](x)|2 = |[u1, u2](x)|2.

However, [u1, u2](x) = 1 for all x. Since [u1, u1](x) → 0 as x → ℓ and
[u2, u2](x)→ 0 as x→ m it follows that [u2, u1]ℓ 6= 0, [u2, u1]m 6= 0. Q.E.D

Since [u2, u1]ℓ 6= 0 we must have b = 0. Similarly the boundary condition
for u at x = m gives

[u, u2]m = a[u1, u2]m + [u1, u2]m

∫ m

ℓ
u2(t)f(t)k(t)dt = 0

where [u1, u2]m = 1. Thus we can solve for a and finally obtain the result

u(x) =
∫ m

ℓ
g(x, t;λ)f(t)k(t)dt = Gf,

where

g(x, tλ) =

{

−u2(x)u1(t) ℓ < x < t < m
−u1(x)u2(t) ℓ < t < x < m.

Note that u ∈ DA and

∫ m

ℓ

∫ m

ℓ
|g(x, t, λ)|2dx dt <∞,

i.e., G is a Hilbert-Schmidt operator, which implies that G is completely
continuous, but not symmetric. We conclude that G = (A − λE)−1 is a
bounded operator with DG = H and RG = DA.

REMARKS:

1. A is symmetric, hence self-adjoint. Indeed, if v1, v2 ∈ DA there are
f1, f2 ∈ H such that v1 = Gf1, v2 = Gf2. Thus

[v1, v2]m = [Gf1, Gf2]m = 0, [v1, v − 2]ℓ = [Gf1, Gf2]ℓ = 0,

by explicit computation. Therefore

(Av1, v2)− (v1, Av2) = [v1, v2]m − [v1, v2]ℓ = 0.

Q.E.D.
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2. There exists a real number λ0 that is not an eigenvalue of A. Indeed,
A and G = (A−λE)−1 have the same eigenvalues. But G is completely
continuous so it has only a countable number of eigenvalues. Thus there
must exist a real number λ0 that is not an eigenvalue of G. Q.E.D.

3. Repeating the same construction as above, but for the real number λ0

rather than the complex number λ with Im λ 6= 0 we can obtain a
function

g(x, t, λ0) =

{

−v2(x)v1(t) t < x
−v1(x)v2(t) x < t

such that

[v1, u1]ℓ = [v2, u2]m = 0, (τ − λ0)vj = 0, j = 1, 2,

so that the associated operator (A − λ0)
−1 is a symmetric (since λ0

is real), completely continuous Hilbert-Schmidt operator. Thus A has
a countably infinite number of eigenvalues λn such that λn → ∞ as
n → ∞ (no finite limit point) and corresponding ON eigenvectors φn

that form a basis for H. Thus

Aφn = λnφn, n = 1, 2, · · · ,

and for every u ∈ H we have

u =
∞∑

n=1

(u, φn)φn.

If u ∈ DA then the series

u(x) =
∞∑

n=1

(u, φn)φn(x).

converges uniformly in any bounded subinterval of I.

EXAMPLE: The Legendre equation

τu = −[(1− x2)u′]′, I = (−1, 1).

Here, p(x) = 1 − x2, k(x) = 1 and the eigenvalue equation is τu = λu. let
us solve the equation τu = 0, i.e., λ = 0. If we can show that all solutions of
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this equation are square integrable, it will follow that this is the limit circle
- limit circle case. The equation to solve is

−(1− x2)u′′ + 2xu′ = 0.

Set v = u′. Then the equation is

v′ =
2x

1− x2
v =⇒ dv

v
=
(

1

1− x −
1

1 + x

)

dx,

so
lnu′ = − ln |1− x| − ln |1 + x|+ ln c

or u′ = c/(1− x2). Thus the general solution is

u(x) = c1 ln
(

1 + x

1− x
)

+ c2.

A basis for the solution space is

u1(x) = 1, u2(x) = ln
(

1 + x

1− x
)

.

Both these solutions are square integrable in I, so by Weyl’s first theorem,
this is the limit circle - limit circle case.

Now let us solve the general equation τu = λu. We will try a power
series solution u(x) =

∑∞
n=0 anx

n. Substituting into the differential equation
we find

−(1− x2)
∑

n(n− 1)anx
n−2 + 2x

∑

nanx
n−1 − λ

∑

anx
n = 0.

Equating coefficients of xn on both sides of this identity we obtain the con-
ditions

−(n + 2)(n+ 1)an+2 + n(n− 1)an + 2nan − λan = 0, n = 0, 1, · · · ,

or

an+2 =
(n+ 1)n− λ

(n+ 2)(n+ 1)
an.

1. One solution is obtained by setting a0 = 1, a1 = 0. We see that this is
an even solution and contains only even powers of x. By the ratio test,
the series converges for |x| < 1. We denote this solution as u1(x, λ).
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2. The second solution is obtained by setting a0 = 0, a1 = 1. This solution
contains only odd powers of x. By the ratio test, the series converges
for |x| < 1. We denote this solution as u2(x, λ).

We assume that u1, u2 are normalized such that ||uj|| = 1, j = 1, 2.
Note that one of these solutions is a polynomial in x if and only if λ =

k(k = 1), k = 0, 1, 2, · · ·. Now let’s look for solutions of the form
∑
bn(x−1)n,

i.e., solutions expanded about x = 1. The result is as follows: There are
solutions

Pµ(x) =
∞∑

n=0

cn(
1− x

2
)n

where

c0 = 1, cn =
(µ+ 1)(µ+ 2) · · · (µ+ k) · (−µ)(−µ+ 1) · · · (−µ+ k − 1)

(n!)2

and λ = µ(µ+ 1). The series converges for |x− 1| < 2. Note that

Pµ(1) = 1, P ′
µ(1) =

µ(µ+ 1)

2
.

It can be shown that there is an independent solution that behaves like
ln( 1−x

1+x
) near x = 1,i.e., has logarithmic behavior. Similarly, near x = −1

there is the solution Pµ(−x) and an independent solution that acts like
ln( 1+x

1−x
) .

The following facts can be obtained from special function theory:

1. Pµ(x), Pµ(−x) are linearly independent unless µ is an integer.

2.

lim
x→−1+0

Pµ(x)

ln( 1−x
1+x

)
= −sin πµ

π
,

3.

lim
x→−1+0

(1− x2)P ′
µ(x)

sin πµ

π
,

4.
Pµ(x) = P−µ−1(x).
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Thus, if µ is not an integer, we have

u1(x, λ) = Aµ (Pµ(x) + Pµ(−x)) , u2(x, λ) = Bµ (Pµ(x)− Pµ(−x)) ,

where Aµ, Bµ > 0.
From these results we can write down an explicit basis for the boundary

values at x = 1 and x = −1:

B1(w) = [w, 1]1 = lim
x→+1

(x2−1)w′(x), B2(w) = [w, 1]−1 = lim
x→−1

(x2−1)w′(x),

B3(w) = [w, ln(
1 + x

1− x)]1 = lim
x→+1

(1− x2)
(

w(x)
2

1− x2
− ln(

1 + x

1− x)w′(x)
)

,

B4(w) = [w, ln(
1 + x

1− x)]−1 = lim
x→−1

(1− x2)
(

w(x)
2

1− x2
− ln(

1 + x

1− x)w′(x)
)

.

What does DA1 look like? Note that B1(ln
1+x
1−x

) = B2(ln
1+x
1−x

) = 2. let
f ∈ RA1 where

DA1 = {u : τu = f, f ∈ L2
c(I, 1)}.

By the method of variation of parameters we have the general solution

u = c1 + c2 ln(
1 + x

1− x) +
∫ x

−1

1

2
[ln(

1 + t

1− t)− ln(
1 + x

1− x)]f(t) dt

= [c1 +
1

2

∫ x

−1
ln(

1 + t

1− t)f(t) dt] + ln(
1 + x

1− x)[c2 −
1

2

∫ x

−1
f(t) dt].

Note that u ∈ H and

u′(x) =
2

1− x2
[c2 −

1

2

∫ x

−1
f(t) dt].

Thus, B1(u) = B2(u) = 0 ⇐⇒ c2 =
∫ 1
−1 f(t) dt = 0 ⇐⇒ u(x) is bounded at

−1 and +1.
Let

DA = {u ∈ DA1 : B1(u) = B2(u) = 0}
and Au = τu, for all u ∈ DA. Then A is symmetric because for u, v ∈ DA

we have

(Au, v)− (u,Av) =
[

(1− x2)(u(x)v′(x)− v(x)u′(x))
]1

−1
= 0.

148



Note:

[u, v](x) =
1

2
[u, 1](x)[v, ln

1 + x

1− x ](x)− 1

2
[v, 1](x)[u, ln

1 + x

1− x ](x).

The normalized eigenvectors of A are

vn(x) =

√

n +
1

2
Pn(x), λn = n(n + 1), n = 0, 1, 2, · · ·

where the Pn(x) are the Legendre polynomials. (A simple expression for
these polynomials is Pn(x) = 1

2nn!
dn

dxn (x2 − 1)n.) If u ∈ DA then u(x) =
∑∞

n=0(u, vn)vn(x) and the series converges uniformly on [−1, 1].
To describe the general self-adjoint extension we need to consider the case

λ = µ(µ+ 1) = i. Thus

u1(x, i) = Aµ(Pµ(x) + Pµ(−x)), u2(x, i) = Bµ(Pµ(x)− Pµ(−x)).

Each self-adjoint extension is defined by a 2 × 2 unitary matrix θ = (θjk).
The domain for the self-adjoint operator Aθ is

DAθ
= DA0

⊕ S.

A basis for S is

w1(x) = u1(x, i) + θ11u1(x.i) + θ12u2(x.i),

w2(x) = u2(x, i) + θ21u1(x.i) + θ2u2(x.i).

The boundary conditions describing Aθ are

B1(u) = [u, w1]
1
−1 = 0, B2(u) = [u, w2]

1
−1 = 0.

Then particular extension DA is the case

θ =

(

1 0
0 1

)

.

See the book of Akheiser and Glazman for more details.
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Example 18 Bessel’s equation. Before proceeding with our theoretical de-
velopment we look at Bessel’s equation

−(xu′)′ +
ν2

x2
u− λxu = 0, ν ≥ 0

as an important example of one equation that leads to several very distinct
spectral problems. Here the formal differential operator action is

τu = −(xu′)′

x
+
ν2

x2
u.

Thus, in terms of our usual notation, k(x) = x, p(x) = x, q(x) = ν2/x2.
Since x = 0 is a singular point for this operator were must choose our in-
terval I such that it does not contain x = 0 as an interior point. There are
essentially three distinct cases:

Case 1: I1 = (0, b), b > 0.

Case 2: I2 = (0,+∞).

Case 3: I3 = (b,+∞), b > 0.

To determine the nature of the conditions at the boundary points we set λ = 0
in the eigenvalue equation τu = λu:

−xu′′ − u′ + ν2u

x
= 0.

Substituting a trial solution u = xn into this equation we find the condition

−n(n− 1)− n+ ν2 = 0 =⇒ n = ±ν.
Thus for ν 6= 0 we have a basis of solutions u1(x) = xν , u2(x) = x−ν . (If
ν = 0 there is a basis u1(x) = 1, u2(x) = lnx.)

Case 1: I1 = (0, b). At b we are clearly in the limit circle case. Clearly u1

belongs to the Hilbert space for ν > 0. As for u2, near x = 0 we have

∫ 1

ǫ
x−2ν+1dx =

1− ǫ−2ν+2

2ν + 2
=⇒ x−ν square integrable ⇐⇒ ν < 1.

For ν > 0 we are in the limit circle - limit circle case provided ν < 1.
(In this case the spectral expansion is in terms of Fourier - Bessel
series.) If 1 ≤ ν we are in the limit point - limit circle case. Finally,
if ν = 0 we are again in the limit circle - limit circle case.
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Case 2: I2 = (0,+∞). Here +∞ is in the limit point case, so we have limit
circle - limit point for 0 ≤ ν < 1 and limit point - limit point for 1 ≤ ν.
The spectral expansion is in terms of the Hankel transform.

Case 3: I3 = (b,+∞), b > 0. This is a limit circle - limit point case.

4.3.2 Separated boundary conditions and spectral res-

olutions in the limit point - limit circle case

We now consider a self-adjoint eigenvalue problem where the interval is of
the form I = [ℓ,m), we have the (regular) limit circle case at ℓ and the limit
point case at m. By introducing an appropriate change of variable we can
assume I = [0,∞) with the limit point case at∞. Assume that the boundary
condition at ℓ = 0 is

B0(u) = sinα u(0)− cosα p(0)u′(0) = 0

for a constant α such that 0 ≤ α < π. To start with, we consider the regular
eigenvalue problem

τu = λu, B0(u) = 0, Bb(u) = cosβ u(b) + sinβ p(b)u′(b) = 0

on the finite interval [0, b], where 0 ≤ β < π. We argue as follows:

1. There exists a sequence {λbn} of real eigenvalues and an ON set of
corresponding eigenfunctions {θbn}. Note that B0(θbn) = Bb(θbn) = 0.

2. For any complex number λ let φ(x, λ), ψ(x, λ) be solutions of τu = λu
such that

φ(0, λ) = sinα, p(0)φ′(0, λ) = − cosα,

ψ(0, λ) = cosα, p(0)ψ′(0, λ) = sinα.

Then B0(ψ) = 0.

3. Therefore there exist constants rbn such that θbn(x) = rbnψ(x, λbn).

4. Let f(x) be a continuous function on I which vanishes outside the
interval 0 ≤ x ≤ c, where 0 < c < b. Then by Parseval’s equality

∫ b

0
|f(x)|2k(x) dx =

∞∑

n=1

|rbn|2
∣
∣
∣
∣
∣

∫ b

0
f(x)ψ(x, λbn)k(x) dx

∣
∣
∣
∣
∣

2

.
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5. Let
g(λ) =

∫ ∞

0
f(x)ψ(x, λ)k(x) dx

and let ρb(λ) be a monotone increasing function of λ such that

a. ρb has a jump of |rbn|2 at each eigenvalue λbn, and is otherwise
constant.

b. ρb(λ+ 0) = ρb(λ).

c. ρb(0) = 0.

Then ∫ ∞

0
|f(x)|2k(x) dx =

∫ ∞

−∞
|g(λ)|2 dρb(λ).

here ρb(λ) is the spectral function.

Now we are ready to state our principal result. Let σ be a monotone
increasing function on (−∞,+∞). Further, let L2

c(σ) be the space of all
complex valued functions h, measurable with respect to σ and such that

∫ +∞

−∞
|h(λ)|2 dσ(λ) <∞.

We consider the eigenvalue problem Au = τu where

DA =
{

u ∈ L2
c([0,∞), k) = H : u′ abs.cont., τu ∈ H, and B0(u) = 0

}

.

Theorem 78 Suppose τ is in the limit point case at +∞. Then

1. There exists a monotone increasing function ρ on (−∞,+∞) such that

ρ(λ)− ρ(µ) = lim
b→∞

(ρb(λ)− ρb(µ)).

2. If f ∈ L2
c(I, k) there exists g ∈ L2

c(ρ) such that

lim
a→+∞

∫ +∞

−∞

∣
∣
∣
∣g(λ)−

∫ a

0
f(x)ψ(x, λ)k(x) dx

∣
∣
∣
∣

2

dρ(λ) = 0,

i.e.,

g(λ) =
∫ +∞

0
f(x)ψ(x, λ)k(x) dx

in L2
c(ρ), and

∫ +∞

0
|f(x)|2k(x) dx =

∫ +∞

−∞
|g(λ)|2 dρ(λ)

in L2
c(I, k).
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3. Let m∞(λ) be the limit point at +∞. Then m∞ is an analytic function
of λ for Im λ > 0 and Im λ < 0, and

ρ(λ)− ρ(µ) = lim
ǫ→0+

1

π

∫ λ

µ
Im m∞(ν + iǫ) dν

at points of continuity λ, µ of ρ.

4.

m∞(ℓ)−m∞(ℓ0) =
∫ +∞

−∞

(
1

λ− ℓ −
1

λ− ℓ0

)

dρ(λ) + c(ℓ− ℓ0)

where the constant c ≥ 0 (actually we will show c = 0) and Im ℓ+0 6= 0.

Before getting to the details of the proof of this important result, let
us restate the theorem in terms of the spectral resolution of a self-adjoint
differential operator. Here,

Au = τu, DA = {u ∈ DA1 : sinα u(0)− cosα p(0)u′(0) = 0}.

A is a self-adjoint operator. Given any f ∈ H = L2
c([0,∞), k) we define the

transform g of f by

g(λ) =
∫ ∞

0
f(x)ψ(x, λ)k(x) dx.

The expansion theorem for f takes the form

f(x) =
∫ +∞

−∞
g(λ)ψ(x, λ) dρ(λ),

where (τ−λ)ψ(x, λ) = 0 but in general ψ(x, λ) 6∈ H. The spectral expansion
is

f(x) =
∫ +∞

−∞
dEλ f(x) =

∫ +∞

−∞
g(λ)ψ(x, λ) dρ(λ),

so

dEλ f(x) = g(λ)ψ(x, λ) dρ(λ), Eλf(x) =
∫ λ

−∞
g(λ)ψ(x, λ) dρ(λ).

If f ∈ DA then

Af(x) =
∫ +∞

−∞
λg(λ)ψ(x, λ) dρ(λ).
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Corollary 31 If g(λ) ∈ L2
c(ρ) then there exists an f ∈ L2

c(I, k) such that g
is the transform of f .

To finish the proof of our theorem we need two theorems that are proved
in real analysis courses:

Theorem 79 (Helly Selection Theorem) Let {hn}, n = 1, 2, · · · be a se-
quence of real monotonically increasing functions on (−∞,+∞) and let H
be a continuous nonnegative function on (−∞,+∞). If |hn(λ)| ≤ H(λ),
n = 1, 2, · · ·, −∞ < λ < +∞, then there exists a subsequence {hnk

} and
a monotonically increasing function h such that limk→∞ hnk

(λ) = h(λ) and
|h(λ)| ≤ H(λ), −∞ < λ < +∞.

Theorem 80 (Integration Theorem) Suppose {hn} is a real, uniformly bounded
sequence of monotonically increasing functions on the interval a ≤ λ ≤ c and
suppose limn→∞ hn(λ) = h(λ), for a ≤ λ ≤ c. If f is continuous on [a, c]
then

lim
n→∞

∫ c

a
f(λ) dhn(λ) =

∫ c

a
f(λ) dh(λ).

PROOF OF THEOREM 78: As in the lead-up to the theorem we consider the
basis functions φ, ψ and the interval [0, b] with boundary conditions B0, Bb at
the left-hand and right-hand boundary points, respectively. We have chosen
ψ so that always B0(ψ) = 0, so the eigenvalues and eigenvectors for this reg-
ular problem are {λbn} and {θbn}, respectively, where θbn(x) = rbnψ(x, λbn).
Now let Im λ > 0 and let mb(λ) = m(b, β, λ) ∈ Cb. Set

χb(x) = φ(x, λ) +mb(λ)ψ(x, λ), [χb, χb](b) = 0, τχb = λχb.

Choose mb(λ) such that Bb(χb) = 0. The completeness theorem for the
regular problem on [0, b] implies

∫ b

0
|χb(x)|2k(x) dx =

∞∑

n=1

|rbn|2
∣
∣
∣
∣
∣

∫ b

0
χb(x)ψ(x, λbn)k(x) dx

∣
∣
∣
∣
∣

2

.

Furthermore,

(λ− λbn)
∫ b

0
χb(x)ψ(x, λbnk(x) dx =

∫ b

0
[τχb(x)]ψ(x, λbn)k(x) dx−

∫ b

0
χb(x)[τψ(x, λbn)]k(x) dx
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= [χb, ψbn](b)− [χb, ψbn](0) = 1,

because [χb, ψbn](b) = 0 (since Bb(χb) = 0, Bb(ψbn) = 0), and

[χb, ψbn](0) = [φb, ψbn](0) +mb(λ)[ψb, ψbn](0) = 1,

(since [φb, ψbn](0) = 1 and [ψb, ψbn](0) = 0). Therefore,

∫ b

0
χb(x)ψ(x, λbn)k(x) dx =

1

λ− λbn

which implies
∫ b

0
|χb(x)|2k(x) dx =

∫ +∞

−∞

dρb(µ)

|λ− µ|2 .

From the Second Weyl Theorem we have

∫ b

0
|χb(x)|2k(x) dx =

Im mb(λ)

Im λ

so
∫ +∞

−∞

dρb(µ)

|λ− µ|2 =
Im mb(λ)

Im λ

We investigate this identity in the limit as b→ +∞. If λ = i, then for b > 1,
C1 ⊃ Cb which implies

∫ +∞

−∞

dρb(µ)

µ2 + 1
< constant = k

for all b > 1. Thus,
∫ a

−a
dρb(µ) < k(1 + a2)

for all a > 0. Since ρb(0) = 0, this implies

|ρb(a)| < k(1 + a2), −∞ < a <∞.

It follows from the Helly Selection Theorem that there exists a limit function

ρ(µ) = lim
bj→+∞

ρbj
(µ), |ρ(µ)| < k(1 + µ2).

This proves the first statement of Theorem 78.
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Suppose f ∈ o

C
2

([0,∞)). Then f ∈ DA and

∫ ∞

0
|τf(x)|2k(x) dx =

∫ ∞

−∞
|
∫ ∞

0
(τf(x))ψ(x, µ)k(x) dx|2 dρb(µ).

Since
g(µ) =

∫ ∞

0
f(x)ψ(x, µ)k(x) dx

is the transform of f we have

∫ ∞

0
(τf)ψ(x, µ)k(x)dx =

∫ ∞

0
f(τψ)k dx = µg(µ).

Therefore,
∫ ∞

0
|τf |2k(x) dx =

∫ ∞

0
µ2|g(µ)|2 dρb(µ).

Now

|
∫ ∞

0
|f |2k dx−

∫ a

−a
|g(µ)|2 dρ(µ)| ≤ |−

∫ a

−a
|g(µ)|2 dρ(µ)+

∫ a

−a
|g(µ)|2 dρb(µ)|

+|
∫ ∞

0
|f |2k dx−

∫ a

−a
|g(µ)|2 dρb(µ)|.

We have

|
∫ ∞

0
|f |2k dx−

∫ a

−a
|g(µ)|2 dρb(µ)| = |(

∫ −a

−∞
+
∫ +∞

a
)|g(µ)|2 dρb(µ)|

=
∫

∆
|g(µ)|2 dρb(µ) −→ 0

as a→ +∞. Furthermore
∫

∆
|g(µ)|2 dρb(µ)a2 ≤

∫

∆
µ2|g(µ)|2 dρb(µ) ≤

∫ ∞

0
|τf |2k dx.

Therefore,

∣
∣
∣
∣

∫ ∞

0
|f |2k dx−

∫ a

−a
|g(µ)|2 dρ(µ)

∣
∣
∣
∣ ≤

1

a2

∫ ∞

0
|τf |2k dx.

Thus we have obtained Parseval’s Theorem
∫ ∞

0
|f |2k dx =

∫ +∞

−∞
|g(µ)|2 dρ(µ). (4.17)
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We could now use standard arguments to prove (4.17) for all f ∈ L2
c(I, k).

This is the completeness proof of statement 2 in Theorem 78.
Once we have Parseval’s Theorem, the proof of the expansion formula

f(x) = lim
µ,ν→∞

∫ µ

−ν
g(λ)ψ(x, λ) dλ

becomes “standard abstract nonsense”. However we give the details.
Let f1, f2 ∈ H with transforms g1, g2 ∈ L2

c(ρ). Then

∫ ∞

0
f1(x)f2(x)k(x) dx =

∫ ∞

−∞
g1(µ)g2(µ) dρ(µ),

since

f1f2 =
1

4

{

|f1 + f2|2 − |f1 − f2|2 + i|f1 + if2|2 − i|f1 − if2|2
}

.

Now let δ = (λ, ν] and set

f∆(x) =
∫

∆
g(µ)ψ(x, µ) dρ(µ)

where g is the transform of f . Let F ∈ H such that F (x) ≡ 0 for x > a
(say), and let G be the transform of F . Then

∫ ∞

0
f∆(x)F (x) k(x) dx =

∫ a

0
f∆(x)F (x) k(x) dx =

∫ a

0

[∫

∆
g(µ)ψ(x, µ) dρ(µ)

]

F (x) k(x) dx =
∫

∆
g(µ)G(µ) dρ(µ).

Also,
∫ ∞

0
f(x)F (x)k(x) dx =

∫ +∞

−∞
g(µ)G(µ) dρ(µ).

Now let ∆c = (−∞,+∞)−∆. Then

∫ ∞

0
(f(x)− f∆(x))F (x) k(x) dx =

∫

∆c
g(µ)G(µ) dρ(µ)

so
|
∫ ∞

0
(f − f∆)F k dx|2 ≤

∫

∆c
|g(µ)|2 dρ(µ)

∫

∆c
|G(µ)|2 dρ(µ)

≤
∫

∆c
|g(µ)|2 dρ(µ)

∫ ∞

0
|F (x)|2k(x) dx.
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Let

F (x) =

{

f(x)− f∆(x) if 0 ≤ x ≤ a
= 0 if x > a

Then ∫ a

0
|f − f∆|2 k(x) dx ≤

∫

∆
|g(µ)|2 dρ(µ).

Letting a→ +∞ we have

∫ ∞

0
|f − f∆|2 k(x) dx ≤

∫

∆
|g(µ)|2 dρ(µ).

Thus,

∫ ν

λ
g(µ)ψ(x, µ) dρ(µ) = f∆ −→ f ∈ H as ∆ −→ (−∞,+∞).

This finishes our verification of the expansion formula.
We turn to the proofs of the fourth and third statements of the Theorem.

We know that

∫ +∞

−∞

dρb(µ)

|λ− µ|2 =
Im mb(λ)

Im λ
, Im λ > 0.

For any fixed λ with Im λ > 0 there exists a constant c > 0 such that

∫ +ν

−ν

dρb(µ)

|λ− µ|2 ≤ c

for all b > 1 and µ ≥ 0. Then if we let b → +∞, it follows from the
Integration Theorem that

∫ +ν

−ν

dρ(µ)

|λ− µ|2 ≤ c.

Recall that
∫ +∞

−∞

dρb(µ)

µ2 + 1
< k

for all b > 1. This implies for all b > 1 that there exists a q > 0 such that

∫ +∞

ν

dρ(µ)

µ3
<
q

ν
if ν > 1.
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Similarly, there exists p > 0 such that
∣
∣
∣
∣
∣

∫ −ν

−∞

dρb(µ)

µ3

∣
∣
∣
∣
∣
<
p

ν
if ν > 1

uniformly for all b > 1.
Now if Im λ 6= 0, Im λ0 6= 0 then

∫ +∞

−∞

(

1

|µ− λ|2 −
1

|µ− λ0|2
)

dρb(µ) =
Im mb(λ)

Im λ
− Im mb(λ0)

Im λ0
. (4.18)

As b→ +∞, ν → +∞ the left-hand side of (4.18) behaves as

(∫ −ν

−∞
+
∫ +ν

−ν
+
∫ +∞

+ν

)(

1

|µ− λ|2 −
1

|µ− λ0|2
)

dρb(µ)

−→
∫ +∞

−∞

(

1

|µ− λ|2 −
1

|µ− λ0|2
)

dρ(µ),

whereas the right-hand side of (4.18) behaves as

Im mb(λ)

Im λ
− Im mb(λ0)

Im λ0

−→ Im m∞(λ)

Im λ
− Im m∞(λ0)

Im λ0

.

Thus,
∫ +∞

−∞

dρ(µ)

|λ− µ|2 + c =
Im m∞(λ)

Im λ
, Im λ > 0.

We can show that c ≥ 0. Note that Im m∞(λ)/Im λ > 0. Now suppose
c < 0. Let Re λ = 0 and choose Im λ so large that

∫ +∞

−∞

dρ(µ)

|λ− µ|2 <
|c|
2
.

Then

−c
2

+ c =
|c|
2

+ c > 0,

which is a contradiction. Thus c ≥ 0. ( Actually it can be shown that c = 0.)
We turn to the third statement of the Theorem. Let λ, ν be points of

continuity for ρ. We have

lim
ǫ→+0

∫ λ

ν
Im m∞(µ+ iǫ) dµ = lim

ǫ→+0

∫ λ

ν
dµ

∫ +∞

−∞

ǫ dρ(σ)

(σ − µ)2 + ǫ2
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= lim
ǫ→+0

∫ +∞

−∞

[

arctan(
λ− σ
ǫ

)− arctan(
ν − σ
ǫ

)

]

dρ(σ)

= π
∫ λ

ν
dρ(σ) = π (ρ(λ)− ρ(σ)) ,

because

lim
ǫ→0+

[

arctan(
λ− σ
ǫ

)− arctan(
ν − σ
ǫ

)

]

=







π if λ > σ > ν
π/2 if σ = ν
−π/2 if σ = λ
0 otherwise.

Therefore

lim
ǫ→+0

1

π

∫ λ

ν
Im m∞(µ+ iǫ) dµ = ρ(λ)− ρ(ν).

This concludes the proof of Theorem 78.

Corollary 32 The map f ∈ H −→ g ∈ L2
c(ρ) is unitary.

REMARK: If τ is limit circle at ∞, Theorem 78 still holds if we pick out a
unique m∞(λ) ∈ C∞ by means of a boundary condition at ∞:

B(u) = [u, v, ]∞, v ∈ D+.

The corresponding boundary condition at b is Bb(u) = [u, v](b).
We describe how to compute m∞(λ), Im λ 6= 0, in the limit point case at

∞:

m∞(λ) = lim
b→∞

m(b, β, λ) = − lim
b→∞

cosφ(b, λ) + p(b)φ′(b, λ) sinβ

cosψ(b, λ) + p(b)ψ′(b, λ) sinβ
.

The limit is independent of β so we can set β = 0 for simplicity:

m∞(λ) = − lim
b→∞

φ(b, λ)

ψ(b, λ)
.

Example 19 Take

τ = − d2

dx2
, I = [0,∞).

Here the equation τu = 0 has a basis of solutions u1(x) = 1, u2(x) = x, so
the problem is limit circle at 0 and limit point at∞. We choose the boundary
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condition B0(u) = u′(0) = 0. Then the basis of solutions φ, ψ of τu = λu
such that

φ(0, λ) = 0, φ′(0, λ) = −1, ψ(0, λ) = 1, ψ′(0, λ) = 0

is

φ(x, λ) = −sin
√
λx√
λ

, ψ(x, λ) = cos
√
λx.

Thus for Im λ ≥ 0 we have

m∞(λ) = − lim
b→∞

φ(x, λ)

ψ(x.λ)
= lim

b→∞

tan
√
λb√
λ

= − 1

i
√
λ

=
i√
λ
,

and, for ǫ > 0,

Im m∞(µ+ iǫ) =

{
1√
µ

if µ > 0

0 if µ < 0

Therefore,

ρ(ν)− ρ(λ) =
1

π

∫ ν

λ

1√
µ
dµ =

2

π
(
√
ν −
√
λ),

and we can take

ρ(µ) =

{
2
π

√
µ if µ ≥ 0,

0 if µ < 0.

We conclude that the transform and expansion expressions are

g(µ) =
∫ ∞

0
f(x) cos

√
µx dx, f(x) =

1

π

∫ ∞

0
g(µ) cos

√
µx

dµ√
µ
.

4.3.3 Separated boundary conditions and spectral res-

olutions with singular behavior at each endpoint

Now we consider the case where there is singular behavior at both endpoints
ℓ and m. Without loss of generality, we can assume ℓ = −∞ and m = +∞,
so I = (−∞,+∞).

Let φ1, φ2 be solutions of τφ = λφ such that

φ1(0, λ) = 1, p(0)φ′
1(0, λ) = 0,

φ2(0, λ) = 0, p(0)φ′
2(0, λ) = 1,
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for all complex λ. Let a, b be finite numbers such that a < 0 < b and consider
a regular eigenvalue problem on the finite interval δ = [a, b]. The problem is
τu = λu with boundary conditions

Ba(u) = cosα u(a) + sinα p(a)u′(a) = 0,

Bb(u) = cosβ u(b) + sin β p(b)u′(b) = 0, 0 ≤ α, β < π.

Then there exist a sequence of eigenvalues {λδn} and ON eigenvectors {hδn}
such that τhδn = λδnhδn, and for all f1, f2 square integrable on δ, we have
Parseval’s equality

∫ b

a
f1(x)f2(x) k(x) dx =

∞∑

n=1

∫ b

a
f1(x)hδn k(x) dx

∫ b

a
f2(x)hδn k(x) dx. (4.19)

Now there exist constants {rδn1}, {rδn2} such that

hδn = rδn1φ1(x, λδn) + rδn2φ2(x, λδn)

for n = 1, 2. (We can assume that the r’s are real.) Thus for any f ∈ L2
c(I, k)

we can write
∫

δ
|f(x)|2 k(x) dx =

∫ +∞

−∞

n∑

j,k=1

gδj(µ)gδk(µ) dρδjk(µ),

where
gδk(µ) =

∫

δ
f(x)φk(x, λδn) dx

and ρδ = (ρδjk) is the spectral matrix. The matrix elements are step
functions with their only discontinuities at {λδn}. Here

ρδjk(λ+ 0)− ρδjk(λδn − 0) =
∑

m

rδmjrδmk

and the sum is over allm such that λδm = λδn. We require that ρδjk(λδn+0) =
ρδjk(λδn) and ρδjk(0) = 0. Note: ρδ is a Hermitian matrix.

In the folowing we assume Im λ 6= 0. Let χa = φ1 +maφ2 be a solution of
τχa = λχa such that Ba(χa) = 0.Thus ma ∈ Ca and [χa, χa](a) = 0. Further,
let χb = φ1 +mbφ2 be a solution of τχb = λχb such that Bb(χb) = 0, which
impliesmb ∈ Cb and [χb, χb](b) = 0. Note that χa, χb are linearly independent
and

W (χa, χb) = [χa, χb](x) ≡ [χa, χb](0) = mb(λ)−ma(λ).
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Now we apply the Parseval equality (4.19) to

f1(x) =

{

χa(x, λ) a ≤ x ≤ 0
0 o < x ≤ b,

f2(x) =

{

0 a ≤ x < 0
χb(x, λ) o ≤ x ≤ b,

We consider three cases.

1.
∫

δ
|f1(x)|2 k(x) dx =

∫ 0

a
|χa|2 k dx =

∞∑

n=1

∣
∣
∣
∣

∫ 0

a
χahδn k dx

∣
∣
∣
∣

2

.

To evaluate the left-hand side of this equation we observe that

2i Im λ
∫ 0

a
|χa|2 k dx =

∫ 0

a
(τχa)χa k dx−

∫ 0

a
χa(τχa) k dx

= [χa, χa](0)− [χa, χa](a) = [χa, χa](0) = −2i Im ma(λ).

To evaluate the right-hand side of the equation we note that

(λ− λδn)
∫ 0

a
χahδn k dx = [χa, hδn](0)− [χa, hδn](a) = [χa, hδn](0)

= [φ1 +ma(λ)φ2, rδn1φ1 + rδn2φ2](0) = rδn2 − rδn1ma(λ),

because
[φ1, φ1] = [φ2, φ2] = 0, [φ1, φ2] = 1.

Thus the identity becomes

−Im ma(λ)

Im λ
=
∑

n

|rδn2|2 + |rδn1|2|ma(λ)|2 − rδn2rδn1ma(λ)− rδn2rδn1ma(λ)

|λ− λδn|2
.

2.
∫

δ
|f2(x)|2 k(x) dx =

∫ b

0
|χb|2 k dx =

∞∑

n=1

∣
∣
∣
∣
∣

∫ b

0
χbhδn k dx

∣
∣
∣
∣
∣

2

.

To evaluate the left-hand side of this equation we observe that

2i Im λ
∫ b

0
|χb|2 k dx = [χb, χb](b)−[χb, χb](0) = −[χb, χb](0) = 2i Immb(λ).

To evaluate the right-hand side of the equation we note that

(λ− λδn)
∫ b

0
χbhδn k dx = [χb, hδn](b)− [χb, hδn](0) = −[χb, hδn](0)
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= −[φ1 +mb(λ)φ2, rδn1φ1 + rδn2φ2](0) = −rδn2 + rδn1mb(λ),

Thus the identity becomes

Im mb(λ)

Im λ
=
∑

n

|rδn2|2 + |rδn1|2|mb(λ)|2 − rδn2rδn1mb(λ)− rδn2rδn1mb(λ)

|λ− λδn|2
.

3.

∫

δ
f1(x)f2(x) k(x) dx = 0 =

∞∑

n=1

∫ 0

a
χahδn k dx

∫ b

0
χbhδn k dx.

From the computations above we thus find

0 =
∑

n

(rδn2 − rδn1ma(λ))(−rδn2 + rδn1mb(λ))

|λ− λδn|2
=

∑

n

−|rδn2|2 + rδn2rδn1ma(λ) + rδn1rδn2mb(λ)− |rδn1|2ma(λ)mb(λ)

|λ− λδn|2
.

We can express these three identities in terms of the spectral matrix
ρδ = (ρδjk. Indeed, noting that ρδ12 = ρδ21, we can write the identities as

1.

−Im ma(λ)

Im λ
=
∫ +∞

−∞

dρδ22(µ) + dρδ11(µ)|ma(λ)|2 − dρδ12(µ)(ma(λ) +ma(λ))

|λ− µ|2 ,

2.

Im mb(λ)

Im λ
=
∫ +∞

−∞

dρδ22(µ) + dρδ11(µ)|mb(λ)|2 − dρδ12(µ)(mb(λ) +mb(λ))

|λ− µ|2 ,

3.

0 =
∫ +∞

−∞

−dρδ22(µ)− dρδ11(µ)ma(λ)mb(λ) + dρδ12(µ)(ma(λ) +mb(λ))

|λ− µ|2 .
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Note that we have three linear equations for the three measures dρδ11, dρδ12, dρδ22.
Straightforward elimination yields the results

∫ +∞

−∞

dρδ11(µ)

|λ− µ|2 =
Im Mδ11(λ)

Im λ
, Mδ11(λ) =

1

ma(λ)−mb(λ)
, (4.20)

∫ +∞

−∞

dρδ22(µ)

|λ− µ|2 =
Im Mδ22(λ)

Im λ
, Mδ22(λ) =

ma(λ)mb(λ)

ma(λ)−mb(λ)
, (4.21)

∫ +∞

−∞

dρδ12(µ)

|λ− µ|2 =
∫ +∞

−∞

dρδ21(µ)

|λ− µ|2 =
Im Mδ12(λ)

Im λ
, Mδ12(λ) =

1

2

ma(λ) +mb(λ)

ma(λ)−mb(λ)
.

(4.22)
Note that a consequence of (4.20) is the inequality

Im (mb −ma)

Im λ
=
∫ +∞

−∞

|ma −mb|2 dρ(µ)

|λ− µ|2 ≥ 0.

This implies that ma(λ) and mb(λ) are in opposite half planes for Im λ 6= 0.
Just as in the limit circle - limit point case we can let δ = [a, b] →

(−∞,+∞) and use the Helly selection Theorem to show that there exists a
sequence of intervals δn = [an, bn] −→ (−∞,+∞), and corresponding bound-
ary conditions Ban , Bbn such that ρδnjk(µ) −→ ρjk(µ) for j, k = 1, 2. Further
we can show that the matrix function ρ(µ) = (ρjk(µ)) is

a. Hermitian (Indeed we can assume that it is real and symmetric.)

b. The symmetric spectral matrix satiesfies ρ(λ)− ρ(µ) ≥ 0 if λ > µ.

c. Each ρjk is of finite total variation on any finite µ - interval.

In the limit point case at −∞ and +∞, ρ is unique, since Can → pt.
and Cbn → pt. as n → ∞. If there is a limit circle endpoint (say +∞)
then to define a unique extension we need a boundary condition B∞(u) =
[u, v]∞, v ∈ D+. Now take Bbn(u) = [u, v](bn) and define mbn(λ) ∈ Cb(λ) by
Bbn(χbn) = 0, χbn = φ1 +mbnφ2.

We conclude that in all cases we obtain a limit spectral matrix ρ(µ) such
that

ρjk(ν)− ρjk(λ) = lim
ǫ→0+

∫ ν

λ
Im Mjk(µ+ iǫ) dµ (4.23)

where

M11(λ) =
1

m−∞(λ)−m∞(λ)
, M22(λ) =

m−∞(λ)m∞(λ)

m−∞(λ)−m∞(λ)
, (4.24)

165



M12(λ) = M21(λ) =
1

2

m−∞(λ) +m∞(λ)

m−∞(λ)−m∞(λ)
. (4.25)

Note: In the limit point - limit point case we have

m−∞(λ) = − lim
a→−∞

φ1(a, λ)

φ2(a, λ)
, m+∞(λ) = − lim

b→−+infty

φ1(b, λ)

φ2(b, λ)
.

The derivation and proof of the expansion therem follows by analogy with
the limit circle - limit point case, and we just present the results. Let L 2

c(ρ)
be the Hilbert space of all vectors g(µ) = {g1(µ), g2(µ)} such that

||g||2 =
∫ ∞

−∞

2∑

j,k=1

gj(µ)gk(µ) dρjk(µ) <∞,

where

(g, h) =
∫ ∞

−∞

2∑

j,k=1

gj(µ)hk(µ) dρjk(µ).

Note that ||g|| ≥ 0. Now let f ∈ H = L2
c(I, k). We define the transforms

g = {g1, g2} of f by

gj(µ) = lim
a→−∞, b→+∞

∫ b

a
f(x)φj(x, µ) k(x) dx

where the convergence is in the Hilbert space norm. The limit exists and g ∈
L2

c(ρ). Furthermore, for f (1), f (2) ∈ L2
c(I, k), we have the Parseval equality

∫ ∞

−∞
f (1)(x)f (2)(x) k(x) dx =

∫ ∞

−∞

2∑

j,k=1

g
(1)
j (µ)g

(2)
k (µ) dρjk(µ),

i.e., the map f ∈ H −→ g = {g1, g2} ∈ L2
c(ρ) is unitary. The expansion

theorem is

f(x) =
∫ ∞

−∞

2∑

j,k=1

φj(x, µ)gk(µ) dρjk(µ),

where the convergence is in H.

Example 20 Consider the eigenvalue problem τu = λu where

τu = −u′′ + ν2 − 1
4

x2
u, I = (0,+∞), 0 < ν.
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If we set u =
√
xv(x) then the equation τu = λu becomes

−v′′ − v′

x
+
ν2

x2
v = λv

or

−1

x
(xv′)′ +

ν2

x2
v = λv,

which is Bessel’s equation.
Set λ = 0 and look for solutions of τu = 0 of the form u = xα. Such

solutions exist provided α = 1/2 ± ν. From this resilt we conclude that our
problem is limit circle at 0 if 0 < ν < 1 and limit point at 0 if ν ≥ 1. It is
limit point at +∞ for all ν > 0.

Now we compute a basis of solutions of τu = λu near x = 0. We use the
trial solutions

u(x) =
∞∑

n=0

anx
n+α, α = 1/2 + ν, 1/2− ν.

From this we find the two solutions

u1(x) =
√
xJν(
√
λx), u2(x) =

√
xJ−ν(

√
λx),

where

Jν(x) =
∞∑

n=0

(−1)n

Γ(ν + n + 1)

(
x

2

)2n−ν

and the series converges for 0 < |x| <∞.

Note: The Gamma function is defined by

Γ(β) =
∫ ∞

0
e−ttβ−1 dt, Re β > 0,

and extended by analytic continuation for all complex ν 6= 0,−1,−2, · · ·. It
obeys the identities

Γ(β + 1) = βΓ(β), Γ(β)Γ(1− β) =
π

sinπβ
.

In the special case β = n + 1 where n = 0, 1, 2, · · · the first identity becomes
Γ(n + 1) = n!. Clearly, u − 1, u− 2 are linearly independent unless ν is an
integer. Then J−n(x) = (−1)nJn(x).
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We need to find solutions that form a basis for all ν. Note that

Jν(x) =
(x/2)ν

Γ(ν + 1)

(

1 +O(x2)
)

, J ′
ν(x) =

(x/2)ν−1

2Γ(ν)

(

1 +O(x2)
)

.

Thus the Wronskian is given by xW (Jν(x), J−ν(x)) ≡ C or

W (Jν , J−ν)(x) = −2 sin νπ

πx
+O(x) =

C

x
,

or W (Jν, J−ν)(x) = −2 sin νπ
πx

. We define the Neumann function by

Yν(x) =
Jν(x) cos νπ − J−ν(x)

sin νπ
.

Using the L’Hôpital theorem we can verify that the Yn(x) = limν→n Yν(x)
exists and defines a solution of Bessel’s equation for ν = n. Further, we
have Lommel’s formula

W (Jν(x), Yν(x)) =
cos νπ

sin νπ
W (Jν , Jν)−

1

sin νπ
W (Jν , J−ν) = − 1

sin νπ
W (Jν, J−ν) =

2

πx
,

so {Jν , Yν} is a basis of solutions of Bessel’s equation for all ν 6= 0,−1, · · ·. A
second important basis is {H(1)

ν , H(2)
ν } where the Hankel functions are defined

by

H(1)
ν (x) = Jν(x) + iYν(x) =

J−ν(x)− e−νπiJν(x)

i sin νπ
,

H(2)
ν (x) = Jν(x)− iYν(x) =

J−ν(x)− e+νπiJν(x)

−i sin νπ .

Now fix a finite number c, 0 < c and construct the associated basis of solutions
of τu = λu at c:

φ2(x, λ) = −π
2

√
xc
(

Jν(
√
λx)Yν(

√
λc)− Yν(

√
λx)Jν(

√
λc)

)

,

φ1(x, λ) =
π

2

√
xcλ

(

Jν(
√
λx)Y ′

ν(
√
λc)− Yν(

√
λx)J ′

ν(
√
λc)

)

− 1

2c
φ2(x, λ).

Then a straightforward calculation making use of the Wronskian formulas
yields

φ2(c, λ) = 0, φ′
2(c, λ) = 1, φ1(c, λ) = 1, φ′

1(c, λ) = 0.
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Now assume ν ≥ 1, i.e., 0 is limit point. Then

∫ c

0
|√xJ−ν(

√
λx)|2 dx =∞,

∫ c

0
|√xJν(

√
λx)|2 dx <∞.

We find

m0(λ) = lim
c→0
−φ1(x, λ)

φ2(x, λ)
=

√
λJ ′

ν(
√
λc)

Jν(
√
λc)

+
1

2c
,

and, also,

φ1(x, λ) +m0(λ)φ2(x, λ) =

√
x

c

Jν(
√
λx)

Jν(
√
λc)

.

One can show that

H(1)
ν (x) ∼ (

2

πx
)1/2 e

i(x−νπ/2−π/4)

Γ(ν + 1/2)
, x −→ +∞.

Therefore
∫ ∞

c
|√xH (1)

ν (
√
λx)|2 dx <∞

if Im λ > 0, and
√
xH (1)

ν (
√
λx) is the only solution that is square integrable

at +∞. Thus

φ1(x, λ) +m∞(λ)φ2(x, λ) = K
√
xH (1)

ν (
√
λx). (4.26)

To evaluate the constant K we set x = c and find 1 = K
√
cH (1)

ν (
√
λc). Then

differentiating (4.26) with respect to x and setting x = c we obtain

m∞(λ) =

√
λH(1)

ν

′
(
√
λc)

H
(1)
ν (
√
λc)

+
1

2c
.

Now we can compute the spectral measures for this limit point - limit point
case. We have

M11(λ) =
1

m0(λ)−m∞(λ)
=

Jν(
√
λc)H(1)

ν (
√
λc)√

λW (H
(1)
ν (
√
λx), Jν(

√
λx))

=
iπc

2
Jν(
√
λc)H(1)

ν (
√
λc),

since

H(1)
ν (x) =

J−ν(x)− e−νπiJν(x)

i sin νπ
−→W (H(1)

ν , Jν) =
2

iπc
√
λ
.
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Now we let λ in the upper halfplane become real and positive µ:

π dρ11(µ) = lim
ǫ→0+

M11(µ+ iǫ) =
πc

2
J2

ν (
√
µc).

If λ in the upper halfplane become real and positive µ, then we find dρ11(µ) =
0. We obtain similar results forthe other spectral measures. There is no
spactrum for µ < 0, but for µ > 0 we find

π dρ22(µ) = lim
ǫ→0+

M22(µ+ iǫ) = m2
0(µ) Im M11(µ),

π dρ12(µ) = π dρ21(µ) = lim
ǫ→0+

M12(µ+ iǫ) = m0(µ) Im M11(µ).

These (apparantly c-dependent) results will simplify greatly once we work
out the expansion theorem. In particular the dependence on c will drop out,
as it must. Let f, h ∈ H. then

∫ ∞

0
f(x)h(x) dx = (f, h) =

∫ ∞

−∞

2∑

j,k=1

∫ ∞

0
f(x)φj(x, µ) dx

∫ ∞

0
h(t)φk(t, µ) dt dρjk(µ)

=
∫ ∞

−∞

∫ ∞

0
f(x) [φ1(x, µ) +m0(µ)φ2(x, µ)] dx

∫ ∞

0
h(t) [φ1(t, µ) +m0(µ)φ2(t, µ)] dt dρ11(µ)

=
∫ ∞

0

∫ ∞

0
f(x)
√
xJν(
√
µx) dx

∫ ∞

0
h(t)
√
tJν(
√
µt) dt dµ.

At this point we recognise the Hankel transform: Let f ∈ H and define the
Hankel transform of f as

g(µ) =
∫ ∞

0
f(x)
√
xJν(
√
µx) dx.

The expansion formula is

f(x) =
∫ ∞

0

2∑

j,k=1

∫ ∞

0
f(t)φj(t, µ) dt φk(x, µ) dρjk(µ)

=
∫ ∞

0

[∫ ∞

0
f(t)(φ1(t, µ) +m0(µ)φ2(t, µ)) dt

]

[φ1(x, µ) +m0(µ)φ1(x, µ)] dρ11(µ)

=
1

2

∫ ∞

0
g(µ)
√
xJν(
√
µx) dµ.
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Example 21 Hermite functions. We will go into enough detail in this ex-
ample to indicate how the spectrum is calculated, but not write down the full
expansion theorem. Consider the operator

τu = −u′′ + x2u, I = (−∞,+∞).

We are interested in the eigenvalue problem τu = λu. If we set λ = 0 then
the equation is −u′′+x2u = 0 This is clearly the limit point - limit point case.
Indeed, consider the solution u(x) of this equation such that u(1) = u′(1) = 1.
Since u′′(x) = x2u(x) we see that the second derivative is positive, so that
the first derivative is increasing. Thus this solution grows monotonically as
x→ +∞ and is not square integrable. A similar argument works for negative
x→ −∞: choose the solution such that u(−1) = 1, u′(−1) = −1.

We choose φ1, φ2 such that τφj = λφj, j = 1, 2 and such that

φ1(0, λ) = 1, φ′
1(0, λ) = 0, φ2(0, λ) = 0, φ′

2(0, λ) = 1.

Note: If u(x) is a solution of τu = λu then so is u(−x). Therefore φ1(−x, λ)
is a solution such that φ1(0, λ) = 1, φ′

1(0, λ) = 0 so φ1(−x, λ) ≡ φ1(x, λ).

Similarly, φ2(−x, λ) is a solution such that φ2(0, λ) = 0, d
dx
φ2(−x, λ)

∣
∣
∣
x=0

=

−1, so φ2(−x, λ) ≡ −φ2(x, λ). Therefore, since

m∞(λ) = lim
b→∞
−φ1(x, λ)

φ2(x, λ)
,

and the numerator is even whereas the denominator is odd, we have

m−∞(λ) = lim
a→−∞

−φ1(x, λ)

φ2(x, λ)
= −m∞(λ).

Now we construct a square integrable solution of our differential equation,
using a contour integral. Set

u(x, λ) = e−x2/2
∫ (0+)

∞
e−xz−z2/4z−(λ+1)/2 dz

where the coutour in the complex z-plane goes along the line z = x+ iǫ1 just
above the positive real axis from x +∞ until it reaches the circle z = ǫeiθ

of radius ǫ. Then it moves counterclockwise around the circle and goes back
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along the line z = x − ıǫ1 just below the positive real axis to +∞− iǫ. We
interpret the many-valued function z−(λ+1)/2 in the integrand as

z−(λ+1)/2 = exp[−1

2
(λ+ 1) ln z]

where ln z is the branch of the complex logarithm that is real for positive z.
Now differentiating under the integral sign, which is permitted due to the
rapid decay of the integrand along the contour, we find

(τ−λ)u(x, λ) = e−x2/2
∫ (0+)

∞
(−x2+1−2xz−z2−λ+x2)e−xz−z2/4z−(λ+1)/2 dz

= 2e−x2/2
∫ (0+)

∞

d

dz
(e−xz−z2/4z−λ+1/2) dz = 0.

The u(x, λ) is a solution of the differential equation. Furthermore, for fixed
λ it is straightforward analysis to get the bound

|u(x, λ)| ≤ Ce−x2/2+x

as x→∞. It follows that

∫ ∞

0
|u(x, λ)|2 dx <∞.

Since we are limit point at +∞ it follows that, to within a constant multiple,
u(x, λ) is the only solution square integrable at +∞. We conclude that there
is a nonzero constant K such that

u(x, λ) = K (φ1(x, λ) +m∞(λ)φ2(x, λ)) .

Now, u(0, λ) = K and u′(0, λ) = Km∞(λ). Therefore,

m∞(λ) =
u′(0, λ)

u(0, λ)
= −

∫ (0+)
∞ e−xz−z2/4z−λ+1/2 dz
∫ (0+)
∞ e−xz−z2/4z−λ−1/2 dz

.

Proceeding in this way it is straightforward, but tedious, to compute the com-
plete spectral resolution and expansion theorem.

Example 22 In order to show that our spectral machinery yields correct
results in familiar cases, and to improve understanding of the method, we
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conclude with a regular self-adjoint boundary value problem where we already
know the spectral expansion. Consider the problem

τu = −u′′, I = [0, π], B0(u) = u(0) = 0, Bπ(u) = u(π) = 0.

This is clearly the limit circle - limit circle case. Here we take a basis of
solutions for the differential equation as

φ1(x, λ) = φ(x, λ) = cos(
√
λx), φ2(x, λ) = ψ(x, λ) =

sin(
√
λx)√
λ

.

We will adopt the method of the proof of Theorem 78 to restudy this problem.
Let χb(x, λ) be the solution χb(x, λ) = φ1(x, λ) + mb(λ)φ2(x, λ), such that
Bb(χb) = 0. Then

Bb(χb) = 0 = φ1(b, λ) +mb(λ)φ2(b, λ)

so

mb(λ) = −φ1(b, λ)

φ2(bλ)
= −
√
λ cos(

√
λb)

sin(
√
λb)

.

Therefore,

mπ(λ) = lim
b→π
−φ1(b, λ)

φ2(b, λ)
= −
√
λ cos(

√
λπ)

sin(
√
λπ

.

It follows that the spectral measure is given by

ρ(ν)−ρ(γ) = lim
ǫ→0+

1

π

∫ ν

γ
Im mπ(µ+iǫ) dµ = −1

π

∫ ν

γ
Im

(√
µ+ iǫ cos(

√
µ+ iǫπ)

sin(
√
µ+ iǫπ)

)

dµ.

Note that mπ(µ) is real and that

mπ(λ) = −
√
λ cos(

√
λπ)

sin(
√
λπ)

is analytic in the λ-complex plane, except for simple poles at the points λ =
1, 22, 33, · · · , n2, · · · with residue −2n2/π. This follows from the fact that

d

dλ

(

sin
√
λπ√
λ

)

|λ=n2 =

(

π

2

cos
√
λπ

λ
− 1

2

sin
√
λπ

λ3/2

)

|λ=n2 =
(−1)nπ

2n2
.

From this we can see that ρ(µ) has a jump +2n2/π at the points µ = n2,
n = 1, 2, · · ·, and is otherwise constant. Thus from the proof of Theorem
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78 we get the following expansion result. Given any f ∈ H we define the
transform of f by

g(µ) =
∫ π

0
f(x)ψ(x, µ) dx =

∫ π

0
f(x)

sin(
√
λx)√
λ

dx.

Then the expansion theorem says

f(x) =
∫ ∞

0
g(µ)

sin(
√
λx)√
λ

dρ(µ) =
∞∑

n=1

g(n2)
2n2

π

sin(nx)

n
=

2

π

∞∑

n=1

h(n) sin(nx),

where
h(n) =

∫ π

0
f(x) sin(nx) dx.

This is just the Fourier sine series for f .
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