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Chapter 1

Sturm-Liouville Operators

In the following we assume that H is a separable Hilbert space with inner
product (-, -).

1.1 Definitions from operator theory

Definition 1 We say that A is a linear operator on H if there is a sub-
space Dy C 'H such that for every u € Dy there is a unique vector Au € H.
Furthermore,

A(au + pv) = cAu + fAv

for all scalars o, B and all u,v € Dy. We say that D, is the domain of A.
The set
RAI{AUZUGDA}

is called the range of A. The set
Na={u€eDy:Au= 06}

is called the null space of A.

Lemma 1 R, and N are subspaces of H.

Note that the domain of A may be a strict subspace of H so that Aw
won’t make sense for all v € H, just for v € D4.

Definition 2 Let A and B be linear operators on H.



e We say A equals B (A= B) provided Dy = Dp and Au = Bu for all
u € Dy.

o We say A is an extension of B (A2 B) if Dy O D and Au = Bu
for all u € Dp.

We can construct sums, scalar multiples, and products of linear operators,
but we have to be careful about their precise domains of definition:

Definition 3 Let A and B be linear operators on on H. The following are
also linear operators.

o A+ B:

(A+ B)u = Au + Bu, Darp=DsNDp
o aA:

(aA)u = a(Au), Dos =Dy
o AB:
(AB)u = A(Bu), Dap ={u € Dp:Bu€ Dy}

o O:

Ou =20, for all u € H, the zero operator
o [:

Iu = u, for all w € H, the identity operator.

If AB = BA, the operators are said to commute.

We say that A is one-to-one (1-1) provided whenever Au = Av with
u,v € Dy we have u = v, i.e., provided Ny = {0}. If Ais 1-1 it is invertible,
that is there exists an operator A~! on H such that Dy-1 = R4, Ra-1 = Dy
and defined as follows:

A7y = v —— Av = u.
If A is 1-1 then
AA M = u, forallu € Ry =Dy,

A~ Av = v, forallve Dy =Ry-1.

Thus
AA™! = Iz,, A7TA = Ip,.



Definition 4 We say that A is a symmetric operator on H if

1. Dy = H, i.e., every u € H is the limit of some Cauchy sequence of
vectors in Dy, so Dy is dense in H.

2. (au,v) = (u, Av) for all u,v € Dy.

Definition 5 The complex number X is an eigenvalue of the linear operator
A if there is a nonzero u € Dy such that Au = Au. Here u is called an
eigenvector. The set

Sy, = {A: A is an eigenvalue of A}
1s the point spectrum of A.

Lemma 2 A linear operator A has an inverse if and only if 0 is not an
eigenvalue of A.

PROOF: A™! exists «— A is 1-1 «— N4 = {6} +— 0 is not an eigenvalue
of A. Q.E.D.

Definition 6 An operator B on 'H is bounded if there exists a finite num-
ber M > 0 such that ||Bul| < M||u|| for all w € Dg. (Recall that ||u||* =
(u,u).) We say the B is bounded below if there exists a real number «
such that (Au.u) > a||u||* for all u € Dp.

1.2 Regular Sturm-Liouville operators on an
interval

The ingredients of the regular Sturm-Liouville eigenvalue problem on a
finite interval [¢,m], ¢ < m of the real line are the following. The equation
to be solved is of the form

(p(2)u) + (Me(z) — q(x))u =0, x € [¢,m] (1.1)
subject to the conditions

1. p,p',q,k real valued and continuous in [¢,m]. (In some cases we drop
the continuity requirement.)



2. p>0,k>0in [¢{,m]. (If only p > 0, k > 0 we have the singular S-L
problem).

3. A a complex number.
4. The matrix of real numbers
( a1, Qi2, 13, Qi4 )
Qo1, Qig2, (lo3, (4
is of rank 2.

5. The boundary conditions are

anu(l) + apu' () + agzu(m) + aqu’(m) = Biu =0, (1.2)
anu(l) +  agnu'(f) + aggu(m) + agqu’'(m) = Bau = 0.

The S-L problem is to find all values of A such that equation (1.1) has a
nonzero solution u satisfying the boundary conditions (1.2).

NOTE: The motivation for this problem is the equations that arise from
applying the method of separation of variables to the partial differential
equations of mathematical physics.

Now we will formulate the S-L. problem in terms of operator theory. let
H = L%([¢,m], k), the space of complex-valued Lebesgue square-integrable
functions on the bounded interval [/, m], with weight function k. Here the
complex inner product is

(u,v) = /Zm u(z)v(z)k(z) dr, u,v € L2([¢, m], k).

The generalized Sturm-Liouville operator A is defined by

1 N,
Au = ) [—(p(x)w) + q(z)u],  weDy (1.3)

where
Dy = {u e C?*[¢{,m]: Bju = Byu=0} (1.4)

and C?[¢,m] is the space of complex functions with 2 continuous derivatives
on the closed interval [¢, m].

NOTE:



e D, is dense in H.

e [f the boundary conditions take the separated form
Biu = apju(l) + apu'(£), Bou = asju(m) + agu'(m), (1.5)
then A is an ordinary Sturm-Liouville operator.

Definition 7 An operator B in L? is real if u € Dg — u € Dy and
Bt = Bu.

We see that the S-L operator A is real.
Now we write equation (1.1) in the form

p/

Ak
u + =u + u=Du=0, (<z<m. (1.6)
p
By the standard theory of second order ordinary differential equations we
know the following;:

e Given 2 complex numbers a,b and any zy € [¢,m] there is a unique
solution u(z, A) of (1.6) with u(xo, A\) = a,u'(xg, A) = b.

e The solutions u of Du = 0 form a 2-dimensional complex vector space.
There exist 2 linearly independent solutions w1 (z, A), us(z, A) that form
a basis for the solution space, and wuq,us are entire functions of the
complex variable A.

e The determinant

u(z) us(w) | _ W(x)
ui(z)  uh(x)

is called the Wronskian of the 2 solutions w1, us. It has the prop-
erty that p(z)W (x) is constant on [¢, m]. Here the solutions u, us are
linearly independent if and only if this constant is nonzero.

Theorem 1 Let A be an S-L operator and {uy,u—2} a basis for the solution
space of Du = 0. Then



1. X is an eigenvalue of A in 'H if and only if A(X\) =0, where

Biuy  Baug

A()\) - ‘ Bgul BQUQ

PROOF: X is and eigenvalue of A with eigenfunction w if and only
if there exist complexr constants cq,co, not both zero, such that u =
cluy + couy and

Blu = clBlul + 0231U2 = 0,

BQU = ClBQ’Ul + CQBQUQ = O,
and these equations can hold if and only if A(X) =0. Q.E.D.

2. The eigenvalues of A are either a) all complex numbers, or b) a count-
able number of eigenvalues with no finite accumulation point.

PROOF: This follows from a standard result in complex variable theory.
Indeed, A(X) is an entire function of X. If it had an uncountable number
of zeros or a finite accumulation point, then this analytic function would

be identically zero. Q.E.D.

Theorem 2 Let A be an S-L operator, ;v a complex number, and set A=
A —ul. Then

1. A7! exists if and only if u is not an eigenvalue of A.
2. If A= = (A — pul)™" exists then
Djr=Ri={f(z): f € CO[t,m])}

(where C°([¢,m]) is the space of continuous functions on the interval)
and there ezists a function g(x,y, p), the Green’s function, such that

(A=) @) = [ gy, k() dy

PROOF: We start by trying to solve the equation (A — pl)u(z) = f(x)
for some continuous function f, subject to the boundary conditions Riu =
Rou = 0. Thus the differential equation to be solved is

/ —
o'+ oy ik T = —Ef. (1.7)
p p p



Now let u; (z, i), uz(x, 1) be a basis for the solution space of the homogeneous
equation (A — pl)u = 0, (without the boundary conditions). Then using the
standard method of variation of parameters we can derive the solution h(x)
of (1.7) given by

o (w, p)us(y, i) — ua(z, wua(y, 1) (k(y)f(y)
h(x)_/e W (y, u) ( p(y) ) W

_ /e " by kW) £ () dy,

where
0 ify>ux
h(xa Y, M) = wlmpue(y,p)—us(@,m)ul (y,p)
W (y,1)p(y)

if v >vy.
Note that h(¢) = h'(¢) = 0.
REMARKS:

1. h(x,y,u) satisfies the homogeneous equation (1.6) in the variable z, if

x #y.

2. Let ok 9k
Z (T — T -
o W) = lim o (y by, ),
oh, _ ) oh
%(y >ynu’) _t—l>%)r,?>0%(y_t’y"u)
Then
oh, | oh

_ 1
a_l,(y aya/'b)_a_x(y ayau)__@a £<y<m>

i.e., there is a discontinuity in %(x, Y, 1) at z = y.
3. h(z,y, p) is continuous in x and y.

Now set u(z) = cyug(x, p) + caua(x, ) + h(z, ) for constants ¢y, c. Then
we have our desired solution u if and only if ¢q, ¢o can be chosen so that

Blu = clBlul + CgBllLQ + Blh = O,

BQU = ClBgul + CQBQUQ + th = O,



and this is possible if and only if A(x) # 0. Thus, either y is not an eigenvalue
and there is a unique solution u to (A — pul)u = f, u € Dy, or u is an
eigenvalue and the inverse operator doesn’t exist.

Now, for ; not an eigenvalue we set

g(z,y, 1) = h(z,y, p) + bi(y)ui(, ) + ba(y)ua(z, 1)

and determine by, b, such that, in the variable x, B1g = Bog = 0. This leads
to the equations

—Blh = blBlul + bQBlUQ, —th = b132u1 + bQBQUQ
that, since A(u) # 0 have the unique solution

—Blh BlUQ

A(u)bl - ‘ —th BQUQ

o Blul —Blh
A('u)b2 N ‘ Bgul —th ‘

Therefore
1| wl@ ) us(z, ) (@, y,s p)
9(z,y, ) = Alp) Biuy Byugy Bih
K Bouy Bousy B>h
Note that
1. g satisfies the homogeneous equation (1.6) in variable z, if x # y.
2. %(er’y’/‘L)_%(yivynu):_p(y)7 €<y<m.

3. g is continuous in z and y.

4. g is the unique function with these properties.

Thus
u@) = [ gla, v ) f@)k() dy (18)
— [ ha gkt dy i) [ ba@kS dy+ ) [T (ks dy

if and only if (A — pul)u = f for u € Dy. Q.E.D.
These results simplify considerably for the ordinary Sturm-Liouville prob-
lem. In that case the boundary conditions separate, so that

Biu = aju(l) + agu'(€),  Bayu = Byu(m) + Bou/(m).
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To take advantage of this fact we choose our basis functions uy, us such that
uy(z, u) satisfies Du; = 0 and the left-hand boundary condition Bju; = 0,
and wus(x, ) satisfies Duy = 0 and the right-hand boundary condition Bougy =
0. (Exercise: Show that this works if x4 is not an eigenvalue.) Then

0 ify>ux
h(2, Y, 1) = 9§ ua(a)us (yn)—us (1) us (y,)
W (y,1)p(y)

if v >y,

and

Bauy )us(y, 1)

Wy, mp(y)

Now A(p) = —(Bjug)(Bauy) and the Green’s function takes the simple form

Blh == O, th == (

Ul(l', M) UQ(Z‘, M) h(xa Y, :u)

1
g(xayvu) = 0 Blu2 0
A(p) (Byur us (y.)
Bauy 0 W (y,1)p(y)
_ ui(z,p)ua(y,p)
_ { Wrly) = (1.9)
_ ug(z,p)ur (yop
Wiy mply)  © =

1.3 Symmetric and self-adjoint operators on
Hilbert space

Let A be a linear operator on the separable Hilbert space ‘H, with domain
Da.

Definition 8 A is a symmetric operator if Dy = H and
(Au,v) = (u, Av) for all u,v € Dy.

Recall that real symmetric matrices and complex hermitian matrices have
very nice spectral properties and, if H is finite dimensional, the matrix of
A with respect to an ON basis would be either real symmetric or complex
hermitian. FEach such matrix has an associated ON eigenbasis. However, if
‘H is infinite dimensional then things become much more complicated. The
best analogy to these diagonalizable matrices is the self-adjoint operator,
an extension of a symmetric operator. For appropriate choices of boundary
conditions and domains, S-L. operators provide examples of these abstract
objects. We begin this exploration, by presenting a few nice properties of
symmetric operators.

11



Theorem 3 let A be a symmetric operator on H. Then the following hold:

1. (Au,u) = (Au,u) for all u € Dy, i.e., (Au,u) is real.
2. If X is an eigenvalue of A, then \ is real.

3. If u, A are distinct eigenvalues of A with corresponding eigenvectors
u, v, respectively, then (u,v) = 0.

PROOF: 1) (Au,u) = (u, Au) = (Au,u). 2) If X is an eigenvalue of A with
eigenvector u, then Au = A\u and

Mu,u) = (Au,u) = (u, Au) = XMu, u)

so A = . 3) If u,v are eigenvectors corresponding to distinct eigenvalues
A, i then
AMu,v) = (Au,v) = (u, Av) = p(u,v)

so (A — p)(u,v) = 0 which implies (u,v) = 0. Q.E.D.
Theorem 4 Suppose H is a complex Hilbert space and A is a linear operator

with Dy = H. Then A is symmetric if and only if (Au,u) is real for all
u € Da. (Note that this result holds only for complex Hilbert spaces.)

PROOF: =: Follows from the preceding theorem.
<=: It is straightforward to verify the following identities for all u,v € D 4:

4(Au,v) =

(A(u+v),u+v)—(A(u—v),u—v)+i(A(u+v), u+iv) —i(A(u—iv), u —iv),
4(u, Av) =
(u+v, A(u+v))—(u—v, A(lu—0))+i(u+iv, A(u+iv)) —i(u—iv, A(u—iv)).

Since (Aw,w) is real for all w € D4 we have (Aw,w) = (Aw,w) = (w, Aw),
so, by the identities, (Au,v) = (u, Av). Q.E.D.

We have already defined the adjoint of a bounded operator. The definition
of the adjoint of a general linear operator is more delicate. Suppose A is an
operator with D4 = H.

12



Definition 9 Denote by D4+ the set of all v € H such that the linear func-
tional f,(u) = (Au,v) is bounded on Dy. For v € Dy« let f, be the unique
bounded extension of f, to H. By the Riesz representation theorem there
exists a unique vector v* € H such that f,(u) = (u,v*), for all u € H. This
mapping v — v* of Da« to H defines A*. We write A*v = v*. Then

(Au,v) = (u, A*), for all u € D, v € Dy-.

Lemma 3 Dy« is a subspace of H and A* is a linear operator on D y«.

PROOF: Let u,v € Dy+ and «, # complex scalars. Then for every w € Dy
we have

(Aw, au + Bv) = a(Aw,u) + B(Aw,v)
= a(w, A*u) + B(w, A*) = (w,aA*u + SA* V),

so by the Cauchy-Schwarz inequality
|(Aw, au + Bo)| < [|w]] - ||au + Bol|, for all w € Da4.

Thus au + fv € Dy and A*(au + fv) = aA*u + fA*v. Q.E.D.
In general the domain of A* need not be dense in H. However, if A is
symmetric then D 4+ is dense. Indeed it is easy to show the following.

Theorem 5 Let A be a linear operator with Dy = H. Then A is symmetric
if and only if A C A*.

Definition 10 Let A be a linear operator with Dy = H. A is said to be
self-adjoint if A = A*.

Clearly, every self-adjoint operator is symmetric. However, we will see
that not every symmetric operator is self-adjoint. In general all we can say
is that a symmetric operator A is contained in its adjoint, i.e., that A* is an
extension of A. The following, however, is easy to prove.

Lemma 4 If A is a bounded symmetric operator with Dy = H then A is
self-adjoint.

To understand in more detail the relation between A and A* we need the
concept of closure of an operator. As usual, we assume that A has dense
domain.

13



Definition 11 The operator A is closed if whenever {u,} is a Cauchy se-
quence in Dy converging to u, (u, — w) such that {Au,} is also a Cauchy
sequence with Au, — v, then u € Dy and Au = v.

Definition 12 An operator A in H is called the closure of A if

Dy = {’U € H : there is {u,} € D, such that u,, — v, Au,, — w and Av = w}

Definition 13 An operator A is closable if it has a closure A.

NOTE: A is closable if and only if whenever {u,} and {v,} are sequences in
D4 with Au,, — w and Av,, — z then w = 2. Setting u,, — v, = y,, we see
finally that A is closable if and only if whenever there is a sequence {y,} in
D, with y, — 0 and Ay, — x we always have xz = 0.

Lemma 5 A bounded operator is closable.

PROOF: Let A be a bounded operator with bound M. Suppose {u,} is a
sequence in Dy with u, — 0 and Au,, — v. But, ||Au,|| < M||u,|| — 0 so
llv]| =0 and v = 6. Thus A is closable. Q.E.D.

The following is straightforward to verify.

Lemma 6 If A is bounded and Dy = H, then A is bounded and D5 = H.

The next result is deeper and uses the axiom of choice; its proof can be
found in .

Theorem 6 A closed operator A with closed domain Dy is bounded on its
domain.

Theorem 7 Let A be an operator with Dy = H. Then A* is closed.

PROOF: Let {u,} be a sequence in D4« such that u, — u and A * u, — v.
Then for all w € D4 we have

(w, A%uy) = (Aw, u,)

so in the limit as n — oo we have (w,v) = (Aw, u). This shows that u € D 4-
and A*u =v. Q.E.D.

14



Corollary 1 If A is symmetric then it is closable.

PROOF: If A is symmetric then A C A*. Since A* is closed, A must be
closable. Q.E.D.

Lemma 7 If A C B then B* C A*.

PROOF: Let w € Dg«. Then for all © € D4 we have
(Au,w) = (Bu,w) = (u, B*w).
The right-hand side is a bounded linear functional of u, so w € D 4« and

A*w = B*w. Q.E.D.

1.3.1 The graph of an operator

We digress to discuss the concept of the graph of an operator, a very useful
tool in the study of extensions of symmetric operators.

Suppose Hy, Hs are Hilbert spaces with inner products (-,-)q, (-, )2, re-
spectively.

Definition 14 The direct sum H, & Hs of two Hilbert spaces is the set of
all ordered pairs [v1,vs], vj € H;, with inner product

([ur, ug), [v1, v2]) = (w1, v1)1 + (ug, v2),

and norm
o1, va]|[* = [Jva ]I + [|val[3.

It is straightforward to verify that H; @ Hs is itself a Hilbert space.
Definition 15 Let T be a linear operator on the Hilbert space H, with dense
domain. The graph I'(T) of T is the set of all ordered pairs [u, Tu] € H®H
with u € Dy

Note the following important properties of the graph:

1. I'(T) is a subspace of H & H.

15



2. T is a closed operator in H if and only if I'(7) is a closed subspace of
HOH.

PROOQOF': This follows immediately from the identity

1 [us, T] = [, T ]|[[* = (s — s |* + || Tw; — T | 2.

The primary utility of the graph of T' is in property 2. The awkward
definition of a closed operator is replaced by the simple concept of a closed
subspace.

Lemma 8 The inverse of a closed operator is closed.

PROOQF": Let T' be an invertible operator on H and define the bounded in-
vertible operator S on ‘H & H by S[u.v] = [v,u]. Then I'(T~') = ST(T),
since

I(T) = {[u,v] : w € Dy and v = T'u}
D(T™Y) = {[v,u] : v € Dp-1 and u = T'v}.

Thus the subspace I'(T"~!) is closed if and only if the subspace I'(T') is closed.
Q.E.D.

The concept of a closable operator is also transparent when viewed from
the graph perspective. We can always close the graph of the operator T to
get the closed space T'(T). The question is now if this closure is itself the
graph of some operator T, i.e., if ['(T) = I'(T'). The reader can verify that

the closure is a graph if and only if 7" is closable and T is the closure of 7.

Theorem 8 T is a closed operator.

ALTERNATE PROOF: Let B: H®&H — H ®H such that Blu,v] = [v, —u].
Note that B preserves inner product. Then I'(T*) = [BT(T)]*, because
[z, z] € I'(T*) if and only if z = T*z and (T'u,x) — (u,z) = 0 for all u € Dr.
This last expression can be written as

([Tu, —ul, [z, z]) = (Blu, Tul, [z, z]) = 0.
Since [BT(T)]* is a closed space, T* must be a closed operator. Q.E.D.

Theorem 9 The operator T is closable if and only if Dp- = H.

16



PROOF: <= Suppose Dr- is dense in H, and suppose there is a sequence
{u,} in Dr such that w, — 6 and Tw, — v. Then for any w € Dy« we have
(Tup, w) = (U, T*w) and, in the limit as n — oo, (v,w) = 0. Thus v L Dy,
so v =0 and T is closable.

= Suppose there is a nonzero w € Df.. Then [w,6] L T'(T*). Since

[(T*) = [BT(T)]* we have I'(T*)* = BI(T), so [#,w] € ['(T). Thus T is
not closable. Q.E.D.

Theorem 10 Let A be a symmetric operator on H. Then A = A**.

PROOF: Note that A*™ = (A*)* is a closed operator and A is closable. We
have I'(A*) = [BI'(A)]* and T'(A*) = [BI'(A%)]* = BI'(A*)* (since B
preserves inner product), so I'(A) = BI'(4*)* = T'(A*). Q.E.D.

The following deep result (whose proof uses the axiom of choice) is not
necessary for the development in these notes, but is important. A proof can
be found in

Theorem 11 (Closed Graph) A closed operator T with Dy = H is bounded.

Thus non-bounded operators can only have a proper subspace of H as a
domain.

1.3.2 Symmetric Sturm-Liouville operators

Now we investigate the necesary and sufficient conditions that the general
S-L operator A be symmetric. Recall that H = L2?([¢,m], k), with complex
inner product

(u,v) = /Zm u(z)v(z)k(z) d, u,v € L2([¢,m], k),

and
]‘ "/
Au = @) [—(p(x)u") + q(x)u], u € Dy (1.10)
where
Dy = {u € C*[¢,m] : Biu = Byu = 0}, (1.11)
and

anu(l) + apu' () + aggu(m) + agu’(m) = Biu = 0, (1.12)
anu(l) +  agnu'(f) + azgu(m) + agqu’'(m) = Bou = 0.

17



The matrix of real numbers
11, G2, 13, Q14
Qo1, Og2, 23, (g4
is of rank 2.
If u,v € D4 we can integrate by parts twice to obtain

(Au,v) = — /gm(pu')'@ dr + /gm quv dx (1.13)

—m

= [T T ) de + p(a) [u(@) (@) - o (2)0(@)
= (u,Av) + B(u,v)

where the boundary term is defined by

m

B(u,v) = p(x) [u(x)v'(z) — ' (z)v(@)] " (1.14)
Thus A is symmetric if and only if B(u,v) =0 for all u,v € D 4.
Theorem 12 The S-L operator A is symmetric in H if and only if
p(l)(ansans — ansags) = p(m)(anian — apan). (1.15)

Before proving the theorem we consider one of its consequences and some
examples.

Corollary 2 If A is an ordinary S-L operator, then it is symmetric.

PROOF: If A is ordinary S-L then aj3 = ayy = ag; = agy = 0. It follows
from the theorem that A is symmetric. Q.E.D.

Example 1 Let

A=—u", H=L*o,7]1), Biu=u(0)=0, Bou=u(r)=0.

Then A is symmetric and the eigenvalue equation is —u” = Au, u(0) =
u(m) = 0. The eigenvalues are A\, = n? n=1,23,--- and the correspond-
ing normalized eigenfunctions are u,(x0 = \/gsinm:, n=123,---. We

already know from the theory of Fourier sine series that the {u,} form an
ON basis for H
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Example 2 The same formal operator and Hilbert space as in the previous
example, but boundary conditions u(0) = u'(0) = u(n) = u/(7r) = 0. (Note
that these are not of the form Byu = Bou = 0.) Here

Dy={feC0.a): f(0)=f(0)=f(m)=f(x) =0}.

In this case A is symmetric but has no eigenvalues or eigenvectors.

PROOF OF THE THEOREM: The proof is more transparent if we express
the conditions for A to be symmetric in terms of 2 x 2 determinants. Thus the
requirement that B(u,v) = 0 for all u,v in the domain of A can be written
as

p(@)| o,

]m =0. (1.16)

Further, a consequence of the requirements Biu = Bou = Byv = Byv = 0,
always true for u, v in the domain of A, is the determanental identity

apzu(m) + apgu/(m)  agzv(m + aav’(m)
agzu(m) + aggu’(m)  agzv(m) + agqv’(m)

apu(l) + apu'(€)  anv(l) + apv'(f) ‘ _
ag1u(l) + agou/(0) a1 v(l) + aaav!(€)

(Note that each matrix element on the right is the negative of the corre-
sponding matrix element on the left.) We recast this identity in the form

o] Qg9 u(f) @ | a1z an u(m) wv(m)
Qo1 (22 u'(0) v'(L) ‘_ Qo3 Qg uw'(m) o'(m) ‘ (1.17)
Now the requirement (1.16) can be written as
W0 T |_ | ulm) o
p0)| 10 S| = | 1 o (L1

for p(¢)p(m) # 0. The only way that both these equations can hold is if

13 (g 11 Q12

Qo1 (g2

p(f) = p(m) (1.19)

(g3 (g4

Thus, condition (1.18) implies condition (1.19).
Now assume that condition (1.19) holds. Then

Q13 Q4 Q11 Q2

0 =
7& Qg1 (g2

£0

Qo3 (igg
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so we can solve (1.19) for the first determinant and substitute into (1.17) to
obtain condition (1.18). On the other hand the case

Q11 Q19
Qo1 (g9

Q13 Q14
Qo3 oy

Since the matrix of real numbers

a1, 0O12, Q13, Q14

GQo1, Q22, 23, o4
is of rank 2, we can then take linear combinations of boundary conditions
By, By to obtain a new basis of separated boundary conditions

Biu = oqu(l) + By (€), Bou = agu(m) + fou (m).
This implies that for u,v € D4 we must have

u(t) o0 ‘:
uw'(0) v'(0)

Thus condition (1.18) holds. Q.E.D.

We now extend the definition of Sturm-Liouville operators to partial dif-
ferential operators on n variables that act on function spaces on normal
domains in real n-dimensional Euclidean space R,. We denote points in R,
by © = (x1,--+,2,). A normal domain D C R, is an open, simply con-
nected, bounded set with boundary dD (so that D = D U dD), and a real
vector field

V(l’):(l/l(l'),---,l/n(l‘)), ||V||:1’
the bf outer normal vector such that for every function u(z) = u(x —
1,--,x,) € C*(D) we have

x; d :/ i dSa =1,---,n.

/Du (x) dx aDu(l')V (x) i n

Here dx = dx - - - dx,, and dS is the surface element on 0D, i.e.,
dry---dw; - -dz, = +y;(x) dS,

where the plus or minus sign is chosen depending on whether the outer nor-
mal is pointed in the positive x;-direction or the negative z;-direction. In
particular, if v = vw then we have the integration by parts formula

/Dv(:c)wxi(x) dx + /D'Uxi(x)w(x) dx = /aDv(x)w(x)I/i(x) ds. (1.20)
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Our Hilbert space is

H= {u(x), real valued : /D |u(z)?k(z) dz < oo},

(u,v) = /Du(:c)v(x)k(x) dx, u,v € H.

Formally, the Sturm-Liouville operator is

1 n
Au = m |i_ Z (pij(x>uzj>zi + Q(x)u] (1'21)

i.j=1

This formal operator enables us to define three operators, A;, Ay, Az with
domains

Da, = {uECz(ﬁ) :u:OforxeaD}, (1.22)

Dy, = {u c C*(D): Ru= zn: Pij(2)us, (2)ve, (1) =0, z € 8D}(1.23)

ij=1

Dy, = {ueC*D): Ru+o(x)u=0,zcdD o(z) € COD)}, (1.24)
respectively. We require

L. pij(x), k(x), q(x) real and pi; = pj;

2. pij(x) € CY(D), k,q€ C°D)

3. k>0forzeD

4. 3o pig(2)6&5 = co 2oy €2 for all x € D and arbitrary real &;. Here
o is a strictly positive constant.

Theorem 13 S-L operators Ay, As, A3 are symmetric.

PROOF¥F: Clearly, Dy, = Dy, = Dy, = H. Using the integration by parts
formula (1.20) we find

(At 0) = (0, 40) = [ 37 [~ (gt Do + (Pt )l

i.j=1
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= /a > pij(—ug,v + v u)ydS = (uRv — vRu)dS = 0,
D :

i,j=1 oD

for each of the three boundary conditions. Q.E.D.
Recall that A is bounded below if there is a real constant a such that
(Au,u) > al|u||? for all u in the domain of A.

Theorem 14 The operators Ay, Ay and Az (for o(x) > 0) are bounded be-
low.

PROOQOF': Integrating by parts once we find

(Au,u) = /D [— zn: (Dija; )a; + q(:c)u] u dx

i,j=1

:/ {Zpijuzjum—f-qzﬂ
D |5 :

dx — / iilly Vil dS
oD %jpj !

> Co /D ;(Uzi)Qcﬁ + /D quids — /8D uwRu dS.

For A; and A, the boundary term vanishes and it is clear that (Au,u) >
inf,ep %HM . In the case of A3 we have Ru+ o(x)u = 0 on the boundary,

SO
Au,u) > / )2 / 24 / 245.
(Au,u) > ¢ DZ(u dr + awde+ | ou

Set ¢ = inf,eop o(x), 70 = inf{og, co}. Then
(Au,u) > v [/ > (ug,)?dx + u2d51 +/ quidx
D= oD D

> inf MHUHQ
xeD k(l‘)
Q.E.D.
Note that the ordinary S-L operator A on an interval in Ry (with sepa-

rated boundary values) is a special case of A,.

Corollary 3 The ordinary S-L operator on an interval is symmetric and
bounded below.
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1.3.3 The Schrodinger model

Many of the ordinary and partial differential operators studied in these notes
appear in the Schrodinger model for quantum mechanical systems. In this
section we describe, briefly, how these equations arise. In classical mechanics
the state of a system with n degrees of freedom is described by a 2n-tuple
of Hamiltonian variables: qi,---,qn,p1,---,pn. The g; are position vari-
ables and the p; are momentum variables. The states are vectors in the
real 2n-dimensional state space Rs,. The evolution of a state in time is
determined by the Hamiltonian H(qi,- -, Gn,P1, -, Pn). Indeed the time
evolution ¢(y), p(t) of a system in state ¢°, p° at time ¢ = ¢, is obtained by
solving Hamilton’s equations

o0H o0H
- . = k::]_7...7n 125
Opk P oqy (1:20)

with initial conditions gy (o) = ¢}, px(to) = p). Observable quantities for the
system are functions a(q, p, t).

In quantum mechanics the state space is a separable complex Hilbert
space H, subject to the following axioms:

r(t)

1. To every observable quantity a there corresponds a unique self-adjoint
operator A in H.

2. The state of a physical system at time ¢ is represented by a normalized
vector u in H.

3. If a is associated with A, then the bf expectation E,a of the observable a
in the state u is given by (Au, u), (a real number, since A is symmetric.)

4. 1f Oy, P, are the operators associated with the classical observables
qk, pr (in Cartesian coordinates) then these operators satisfy the com-
mutation relations

[Qu, Pr] = QuPr—PiQp = thdy e, [Qr, Q) = [Pr, P] =0 1<k {<n

(1.26)
on some dense subspace of H, where i = h/2m and h > 0 is Planck’s
constant, and i = /—1.

5. The time evolution u(t) of a quantum system in state u° at time ¢ = ¢,
is obtained by solving thetime dependent Schrodinger equation
0

zhau(t) = Hu(t), u(ty) = u’.
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(This formal expression can be made rigorous.) Here H is the Hamil-
tonian operator, or energy operator, the quantum operator corre-
sponding to the classical Hamiltonian energy observable.

There are other statistical axioms that we shall not discuss here.

In the case where H is independent of time, we can partially solve the
time dependent Schrodinger equation. Indeed, suppose u(t) is an eigenvector
of H with eigenvalue A. Then ihu(t) = Au(t). This equation has the solution
u(t) = exp (—iMt/h)u’ where u" is a unit vector in H that is independent of
t and is a solution of the time independent Schrodinger equation

Hu® = M. (1.27)

The most commonly used prescription for passing from the classical de-
scription to the quantum description of a physical system is the Schrodinger
model. Corresponding to a classical system with n degrees of freedom we
have the Hilbert space H = L%(R,,) of complex Lebesgue square integrable
functions in n-dimensional Euclidean space, with weight function k(z) = 1.
The state of the system is given by function u(qy,---,q,) € L?(R,) where
the g; are Cartesian coordinates in R,. The operators @y, P, are defined
formally by Qr = qx, Px = —ih0,,, i.e.,

Qku((_ha Ty qn) = Qku((_h; Ty Qn)a Pku(qh Ty qn) = _ihaqku((_ha Ty QTL)a
(1.28)

for k =1,---,n. These operators formally satisfy the commutation relations
(1.26).

Definition 16 Two symmetric operators A abd B have the Heisenberg
commutation property if

1. Ra €D, Rp S Da

2. ABu—BAu = —ihu, for allu € DoNDpg such that Au € Dg, Bu € Dy4.

Recall that if a is an observable associates with the self-adjoint operator
A, then the expectation E,a = « of a in the state u, (||u|| = 1) is given by

E,(a) = (Au,u).
Definition 17 The dispersion of a in the state u is Dya = E,(a — «)?.
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If the observable (a — a)? is associated with the operator (A — al)?, then
Dya = (u, (A —al)®u) = ||[(A —al)u|]?, if RaC Da.
Note also that
1. Dya =0<= Au = au.
2. Dya = ||(A —al)ul]* = ||Au|)? — 2a(Au, u) + o* = ||Au||* — o

Theorem 15 (Heisenberg uncertainty relation) Let A, B be symmetric op-
erators satisfying the Heisenberg commutation property, and associated with
observables a,b, respectively. Let w € Dy N Dp, |lul| = 1, and set a =
(Au,u) = E,a, = (Bu,u) = E,b. Then Dya - D,b > %.

PROOF: Set A’ = A—al, B = B— 1. Note that A’, B’ are symmetric and
satisfy the Heisenberg commutation property A’B’ — B’ A'u = —ihu. Also

ih = (u,—ihu) = (u,AB'u— B'A'v) = (Av, B'u) — (B'u, A'u)
= (A'u, B'u) — (A'u, B'u)
= 2i3(A'u, B'u)

so (where Sc is the imaginary part of ¢)
Bj2 = S(A'u, B'u) < |(A'w, Bw)| < || Al - || B'ul]
We conclude that
hz ! 2 ! 2
” < ||Au||* - ||B'ul||* = Dya - D,b.
Q.E.D.

This theorem says that if A, B satisfy the Heisenberg commutation prop-
erty then we cannot measure the values of the observables a and b with
arbitrary precision in any state wu.

We conclude this section by examining some implications of the Schrodinger
model for energy operators. Suppose we have a classical system describing
the motion of a single particle of mass m in a potential field V (x 1, x5, z3). In
classical physics the total energy of this system is given by

5(1‘% —+ l’% -+ 33'?)’) —+ V($1,l‘2, .%'3)
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so the Hamiltonian is
1 )
H (21,22, 23,p1,D2,03) = %(Zﬁ ‘Hﬁ +p§) + V(x1, 22, x3), Pk = MTy.
The quantum Hamiltonian is thus

1

In the Schrodinger model H = L2(R3), the state functions are u(wy, z, x3)
and the Hamiltonian operator is

h?
H = _Q—AB + V(l‘ - 1,.%'2,1'3), A3 = 831 + 832 + 833 (129)
m

To make precise sense of these formal manipulations we need to solve the
following problems

1. Find a dense subspace Dy of H such that H is defined and self-adjoint
on DH

2. Find the spectral resolution of H, e.g., find the eigenvalues and eigen-
vectors of H on Dy.

Note that the eigenvalue equation for (1.29) is the time independent Schrédinger
equation Hu = A\u or

h2
—%Agu + V(xq, 29, 3)u = Au. (1.30)

REMARK: In the special case that
V1, 29, 23) = Vi(wy) + Va(az) + Va(x3)

we can use the separation of variables method and try to solve (1.27) formally
through the ansatz u(xq, x9, 3) = w1 (z1)uz(x2)uz(zs). We then obtain three
ordinary differential equations of the form

—uj + fe(zr)ug = Mg, k=1,2,3, —00 <z < 00

Instead of boundary conditions we have the requirement that the solutions
be square integrable:

/ lug (1) |*dry, < oo

This is an example of the Weyl-Stone eigenvalue problem, or singular Sturm-
Liouville problem.

26



1.4 Symmetric quantum mechanical opera-
tors

For quantum mechanical operators obtained from the Schrodinger model it
is typical that they act on Hilbert spaces H = L?(R,, k) with inner product

(u,v) = /n u(z)v(x)k(z) dr, x=(T1, ", Tp).

For these spaces the domain of integration is unbounded and this leads
to complications that were not an issue in our earlier treatment of regular
Sturm-Liouville operators. For example:

1. We have the intuitive notion that square integrable functions u(z) on
an infinite domain go to zero for z large: |u(z)| — 0 as |z| — oo.
This isn’t necessarily true. Consider for example n = 1,k = 1 and the
function

@2

{€+1 if ( <|o| <O+ 7L, £=0,1,---
u(z) =

0 otherwise.
This function is square integrable, but unbounded as |z| grows.

2. If A is a S-L operator and v € C?*(R,) then Au is defined, but it
doesn’t necessarily follow that Au € H. That is Au may not be square
integrable.

We will encounter these delicate issues as we consider the operators of quan-
tum mechanics in detail.
We first consider the momentum operator P in R;. here,

du
=L*(R Pu = —ih—
H Z(Ry), U th——,

Dp:{ueH:ueCl(Rl)andAuEH}.

Theorem 16 P in H is symmetric but not self-adjoint.

PROOF: First we show that P is symmetric. Since all infinitely differentiable
functions with compact support are in the domain of P, it is clear that
Dp ="H. Now let u,v € Dp. Then

oo b
(Pu,v) = —ih/ u(x)v(z) dv=—ih lim lim [ o'(z)v(x)dz

a——00 b—+00 Jq
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a

= thlim hm/ v'(z)dx — ihlim hm u(z)v(z) ||

= (u, Pv) +ih lim u(a)m —ih bginoou(b)@,

a——00

where each of the limits exists separately in the last equality. Settingu = v €
Dp in these expressions we see that the following limits exist: limy_ o [u(D)|* =
B2, lim, .o |u(a)]* = . Thus

Jim ) =8, Ju(a)| = a.
If 8 > 0 then clearly [;°|u(z)|?dz diverges. This is impossible, so 8 = 0.
Similarly o = 0. Therefore, if u € Dp then limy_, oo u(b) = lim, o u(a) =
0. Hence (Pu,v) = (u, Pv).

Now we show that P is not self-adjoint. Let

0, r<l1
w(x)=4 1—2? —-1<z<1
0, x> 1.

Clearly, w is square integrable but, because of the discontinuities in the first
derivative at x = 41, w does not belong to the domain of P. Now for u € Dp
we have

(Pu,w) —zh/ Y1 —2?)dx = —22h/ x)z d.

Therefore,

\(Puw\<2h/ ()| dz < 2v/2h / () 2dz < 23/ [l
1

Thus (Pu,w) is a bounded linear function of u, so w € Dp« and P C P*,
where the inclusion is proper, so P is not self-adjoint. Q.E.D.

REMARK: We will show later that P is self-adjoint.

Now we treat a general class of S-Li operators im R,, that arise in quantum
mechanics. These are formally similar to operators treated earlier, but here
the boundary conditions on finite domains are replaced by square integrabil-
ity requirements on the infinite domain R,,. Our Hilbert space is

H = L3Ry, k) = {u(x) : /R () Ph(z) do < oo} ,
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(u,v) :/ u(z)v(z)k(x) de, u,v € H.

n

Formally, the Sturm-Liouville operator is

Au = ﬁ (—Ezn: D;[(pje(x) Deu] + Q(iv)u) » Dy =10 +b(2). (L.31)

We require
1. pje,bj, k,q real and py; = pje
2. Djoyp,cci(ry)s K, q € CO(Ry)
3. k>0forx e R,

430 pie(2)€& > p(x) X5 ||&] for all z € R, and arbitrary complex
&;. Here p is real valued and p(z) > 0 on R,,.

This formal operator enables us to define two operators, Ay, A; with domains

Dy, = {u €H:uel? (Rn)} , (1.32)

Dy, = {UEH:UECQ(Rn) and AuEH}, (1.33)

o
respectively. Here C? (R,,) is the space of twice continuously differentiable
functions with compact support in R,,.

Theorem 17 S-L operators Ag, and Ay (with some additional technical as-
sumptions, see Hellwig, page 85) are symmetric in H.

PROOF: (sketch) It is clear that D4, = Da, = H. Now, for u.v € Dy,

(Au,v) :/ Au(x)v(x)k(x)dx = lim . Auvtkdz.
- r—00 Jiz|<r

Now we integrate by parts on the ball |z| < r, where

o =af+bad, ) = ko fol =
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Auvkdr = Z D;(pjeDeu)v + quvldz

|z|<r |z|<r

I . T B

= uAvkdr + z/| Z[%pjg(ﬁDgu + uDg)dS.
z[=r 5y T

|z|<r
Let
U(r) = wAv — Aut)dx = —i -|dS.
(=] I ) 1

Then
(Au, v) = (u, Av) — lim U(r).

If u,v € Dy, then |psi(r) = 0 for r sufficiently large. hence Ag is symmetric.
If, however, u,v € Dy, then additional technical assumptions are needed to
show that lim, ., W(r) = 0, see Hellwig, page 85. With these assumptions
Ay is symmetric. Q.E. D.

Theorem 18 Suppose E )) > —K for all x, where K 1is a positive constant.
The Ag is bounded below by —K . If in addition there is a constant ¢; > 0

such that
ijﬁ |2 — Cl|x|2

then A, is bounded below by —K and fRn ijngumdx exists for all u €
Day,.

PROOF
A%ymMM:AJZWmﬂW+WWmH/

x .
|g;|:r[z ﬁpnggﬂ]dS.
If u € Dy, we have

(Au,u) = lim (Au)uk dx = / " pjeDuDju+ qlul?ldx
Ry

r—00 ‘Z‘ST’
2/ D2k de > — K |Ju]|?.
R, k

If w € Dy, then by the previous theorem A; is symmetric, and technical
lemmas give

(Au,w) = [ 1S pieDDyu+ aluflde = —KJul

Q.E.D.
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Example 3 If k = 1 and Au = —Azu + ¢(z)u and q(z) > —K|z|* for
sufficiently large |z|, then Ay is symmetric.

A further essential extension of the theory concerns Schrodinger operators
with singular potential. Here,

H = L*(R,), Au=—Ayu+q(x)u, x= (1, --,2,), qreal,

Da{u € H:ueC? (R,) and Au € H}.
The complication is that ¢ may be singular, e.g., the Coulomb potential

e? e?

Q($1,$2,9€3) = - 5 5 5 .
\/x1+l‘2+x3 r

Theorem 19 Ifu,v € Dy then (Au,v) = (u, Av).

PROOQOF': Integrating by parts twice, we have

(Au,v) :/ [—A,uT + quv|dx

n

— / > u,, vy, + quolde =) = / [—uA,T + quv|dx
R

noj—1 n
= (u, Av).

Q.E.D.

If Dy = H then the above simple argument shows that A is symmetric.
However, for singular ¢ it may not be true that the domain of A is dense in H.
To determine this we need to look at the behavior of ¢ in the neighborhood
of a singularity and, also, the behavior of g as |z| — oo.

As an extremely important example consider the rotationally symmetric
potential q(xy, 72, 73) = ¢ where A is a nonzero constant. (If a is negative,
this is the Coulomb potential.) I claim that in this case

’DA:{uEHIUECCQ (R,)},

i.e., that if u belongs to this space then, necessarily, Au € H. Thus, it is
clear that the domain of A is dense in H.
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To prove this we note that
/ | Au|?dx = / |Asul*dr — / (Asu)qudx — / qulsu dr + / ¢ |uldx
Rg R3 Rg RS R3

< cy+ 01/ \qu|dx —i—/ ¢*|ul*dx,
Rg RS
where ¢y, ¢; are finite positive constants. Now we need to show that the two

o
integrals on the right-hand side are finite, for any v €C? (R,). Note that any
such u is bounded and vanishes outside some ball with center at the origin
and radius ro. Thus there is a positive constant M < oo such that

/ lquldz < M/ [/TO |q|r2dr} dw < o0
R3 So 0

where S is the unit sphere, centered at the origin. Similarly
2 0 2 9
/ \qu|dx§N/ U \q|7"d7"]dw<oo,
R3 So 0
so Au € H.

This operator is also bounded below. The proof is simplest if a > 0. Then

w3
(Au,u) = / / [Z g, |* + g\uP] r2dr dw > 0.
S22 JO j=1 T

Now suppose a = —a < 0 (the case for the Coulomb problem). Note that
for any positive constant b we can fins a positive constant ¢ such that

a b
—<—-+c
r T

for all » > 0. Therefore

2
/ g|u|2dzzc < b/ %d:p—i—c/ lu|*d.
R3 T R3 T R3
Lemma 9 [ ‘:f—';dx <A [, X0 g, Pd.

PROOF: Without loss of generality, we can assume that v is real. Set v =

. . 2
uy/r. Then, using the chain rule, we have Z?:l uij =1 ?:1 ’U:%j —Loyduq 1o
Therefore,

3 1 )1 1 2
/ § :|u$]’|2d'r > __/ o >—2dl‘ + — U—d$
Rs ;7 2Jry Or r

4 Jry 13
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1 © 9, , 1 u?
S 9 (ru?)dr)d —/ Y e,
2 Sg[/o 8T(TU) r] w—|—4 Rs T2 .

Note that the integral in the brackets is zero. Q.E.D.
Now we see that A is bounded below, because

2 2
R3

42 r

L Clpe 24r > 2
> ( b) de —c | |ul*dx > —c | |ul“dz,
4: Rs3 7’2 R3 R3

if we choose b < i.

1.4.1 Some important operators and their adjoints

Recall that a symmetric operator A is closable, but not necessarily closed.
The adjoint operator A* is always closed and A C A*.

Definition 18 A symmetric operator is essentially self-adjoint if A = A*.

Thus, since A* = A", to obtain a self-adjoint operator from one that is
essentially self-adjoint, we need only take the closure.
As an important example, we consider the formal operator A = —(92, +

92,4+ 92,) = —As, acting on the Hilbert space H = L*(R3). Now we define
two different operators Ag, A; with formal action defined by A and domains

02
Dy = {u e (Rg)}, Dy, = {u€ C*(Ry) :ue H and Au e M},

respectively. Note that Dy, C D,,. Furthermore it is easy to check that
(Agu,v) = (u, Ayv) for all u € Dy, and v € Dy,. It follows that Ay is
symmetric and

Ag C Ay C A

and, since taking adjoints reverses the inclusions,

Ag = A C A7 C A,
Note: If Ay is essentially self-adjoint, then Ay = A} and we can combine the
above inclusions to obtain A; C A} = A, is symmetric. A fact that isn’t

obvious since the validity of integration by parts isn’t clear.
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We will show that Ay is essentially self-adjoint, in steps. The (unitary)
Fourier transform

)= Ful) (zjr)% Y [ f [ e o

where x = (z1, 22, 23), ¥ = (y1,¥2,y3) is a unitary mapping of H onto H =
L*(R3) (in the y coordinates), i.e., the map is 1-1, onto and preserves inner
product. Now if u € Dy, then

Au(y) = 27r / / / Y Agu(x)dr = |y*a(y).

Now let K be the operator with maximal domain that multiplies by |y|? in

H

Dk = {@ cH: |y|*i(y) € H}.
Clearly, K = K*. Let A be the operator on H defined by A = F1KF.
(Note that F~! = F* since F is unitary. So (Au,v) = (F 'KFu,v) =
(KFu, Fv)" = (Ka,d)", where (-,-)is the inner product on H. ) We see that
A is an extension of Ag. Further, A = A*, since K = K*. Thus Ag has a self-
adjoint extension. We will show later that, in fact, A = A,. The graph inner

product provides us with a convenient way of posing the problem. Consider
the graphs of Ay and Aj:

T(Ao) = {[u, Aou] : u € Dy}, T(A}) = {[u, Aju] : u € Dyy } .
Now T'(Ag) = T'(Ag) C T'(Af). If T(Ap) C I'(Af) then there exists a nonzero
v € Dy;: such that [v, Ajv] L T'(Ap). This means that
(u,v) + (Aou, Ajv) =0

for all u € Da,. But this shows that Ajv € Dax and (Agu, Ajv) = (u, AgAzv),
o (4p)%*v = —v.

Lemma 10 Ay C A} and Ay # A} if and only if there is a nonzero v € Da;
such that (A)*v = —v.

Note: Since (u, (A5)%v) = (A2u,v) for all u € D 42 this is equivalent to
the statement that (A2u + u,v) = 0 for all u € Dpz. Thus, v must satisfy
the relation

(Aju + u,v) =0, for all u € D y2.
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If we transfer this expression to the Fourier transform Hilbert space H we
have the requirement

[t + i)y = 0.

Thus if the functions (Jy|* + 1)a(y) are dense in H as u runs over Dz it will
follow that © = 6, hence that v = #. Rather than developing the technical
details from Fourier theory, at this point, to show that these functions are in
fact dense, we will return to this problem later when we use operator theory
to demonstrate that the range of A3 + I is dense in H.

For our next example, we first recall some facts about absolutely con-
tinuous functions. A complete treatment is given in our Lebesgue theory
notes.

Definition 19 A function f is absolutely continuous on [a,b] if there
exist a function g € L'[a,b] such that f(t) = c+ [l g9z)dx, c = f(a), for all
t € [a,b].

Theorem 20 If f is absolutely continuous then f'(t) exists for almost every

t € [a,b] and f(t) = f(a) + [; ['(2)da.

Theorem 21 [ is absolutely continuous on [a,b] if and only if for every
€ > 0 there exists a § > 0 such that Y1, |f(xr + d) — f(zr)] < € for every
finite family of non-overlapping subintervals (xy,xy + 01) in [a,b] of total
length 3" 0, < 9.

Theorem 22 if f1, fo are absolutely continuous on |a,b], then fifo is abso-
lutely continuous on [a,b] and <L (fif2) = fifo+ f1f5.

For our next example we consider the momentum operator A = i< on

dx
[a, b] with domain
Dy = {f € L?[a,b] = H : f abs. cont. and [’ € L?[a, b]}
Let’s compute A*. We look for all pairs g, h € H such that (Af,g) = (g,h)

for all f € Dy. Setting z(x) = [ h(t)dt, so z is absolutely continuous, we
have the integration by parts formula

z/ab%gdx:/abfﬁdx: —/ab%%dﬁf(b)%.
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Thus

[ L i+ )iz = 5(0)0).

Now let f run over 0030 [a, 0], dense in H, (so f(b) = 0) and then £ also

o
runs over C2° [a,b]. Thus g = —iz almost everywhere. Since z is absolutely
continuous, then by redefining g on a set of measure zero if necessary, we can
assume ¢ is absolutely continuous, so ¢’ = —iz’ = —ih almost everywhere.

Thus, h = ij—i. From this it follows that A* = z’%,

Dy ={f € H: f abs. cont., f' € H, f(a) = f(b) =0}.

Similarly, from the integration by parts formula

Crhdf b df—— ' _ _
i | 2ogde = —i [ gl +i(f()g(0) - f(a)g(a))
for f, g absolutely continuous, we see that the operator A; = i% with domain

Dy, = {f € Lg[a, b ="H : f abs. cont. and [’ € Lg[a, b|, and f(a) = f(b)}>

is self-adjoint.
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Chapter 2

Completely Continuous
Operators

As we have seen differential operators are normally unbounded, and their
domains do not include the entire Hilbert space. However, the inverses of
differential operators, when they exist, are typically integral operators that
are bounded and, even better, completely continuous. For this reason it is
frequently advantageous to transfer problems about a differential operator
to problems about its inverse. With this motivation, we begin a study of
completely continuous operators on a Hilbert space H.

Definition 20 The operator A with D4 = H is completely continuous
if for every bounded sequence uy,us,--- € Dy (i.e., there exists a constant
b > 0 such that ||u;|| < b for i =1,2,---) the collection {Auy, Aus,- -} has
a convergent subsequence.

Theorem 23 A completely continuous = A bounded.

PROOF: Assume A not bounded. Then there exists a sequence uy, usg, -+ €

D, such that ||u,|| =1 and ||Au,|| > n forn =1,2,---. Clearly uy, ug,-- - is
bounded and Auy, Aus, - - - contains no convergent subsequence. Impossible!
Q.E.D.

REMARKS:

1. A bounded operator on a finite dimensional inner product space is
completely continuous. This is just the Bolzano- Weierstrass theorem,
proved in the Lebesgue notes.
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2. In an infinite dimensional Hilbert space a bounded operator may not
be completely continuous. Example: the identity operator I.

Theorem 24 If A is completely continuous with Dy = H then A with do-
main ‘H is also completely continuous (i.e., we can always assume that the
domain of a completely continuous operator is H.

PROOF: Let uy, ug, - - - be a bounded sequence in H, (||u,|| < b, n=1,2,---).
Then for every n there exists a vector v, € Dy such that [|u, — v,|| < +.
Now ||vn|| < [Jun|| 4 ||vn —un|| < b+ 1 by the triangle inequality, so vy, vg, - -
is a bounded sequence. Thus there is a convergent subsequence {Av, : j =
1,2,---}. But

At — At || = [[Attn, — Av || + | Ava, = Avy, || + [| Avi, — Aug, || (2.1)

by the triangle inequality. Since ||A]| = ||A|| the first term on the right hand
side of (2.1) is bounded by ||A||/n;, and the third term by ||A]||/ng. Given
any € > 0 we can choose 7,k so large that the middle term is less that e.
Thus |[Au,, — Au,, || — 0 as j,k — co. It follows that the sequence {Au,,}
is Cauchy, hence convergent. QQ.E.D.
Recall the following properties of the operator norm, proved in the Lebesgue

theory notes. If A is a bounded operator on H the operator norm is defined
by

Au
[ Aul] = sup ||Aull. (2.2)
weDau0 |[Ul] ey [u=1

1Al =

Lemma 11 If A, B are bounded operators on 'H and « is a complex number
then

L |JaAl] = laf - [|A]}

2. [|A+ Bl < ||Al| + ||B]]

3. [|AB|| < ||A[| - ||B]

4o lAM <Al n=1,2,-

An application to quantum mechanics.
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Theorem 25 Let A, B be bounded operators on H such that [A, B] = —ihl.
Then the relation

ABu — BAu = —ihu forallu ¢ H

cannot hold.

PROOF: Assume that the theorem is false and that there exist bounded
operators A, B such that AB— BA = —hI and ||Al|-]|B|| > 0. By induction

we can show that

—1AnB" ' = AB" — B"A = [A, B"], n=1,2---. (2.3)
Thus

hn||BH| < 2||A]|---||B"]] < 2]|A]l - ||B]] - [|B"]].

Suppose ||B" || # 0 for all n. Then in < 2||A|| - || B|| for all n Impossible!
Thus [|B"|| = 0, so B" = 0 for sufficiently large n. Then (2.3) implies that
B! =0, and it follows that B! = B = 0, so ||B|| = 0, which is impossible.
Q.ED.

Theorem 26 Suppose A is symmetric and bounded. Then |(Au,u)| < ao|u||?

for allu € Dy for a = ||A]| and ||A|| is the smallest number a that will work.
Thus ()
U, U
IA[| = sup | = sup  [(Au,u)l.
ueDauzo | ||ull ueDa,full=1

PROOF: We have
|(Au, u)| < [|Aul] - [|ul] < [JA]] - [|ul]?.

Now let 4
Ll = sup (Au, ?
weDauzo | ||ul]
Clearly, L < ||A||. Now we must show L > ||A||. Consider the identity

(A(u +v),u+v) — (Alu —v),u —v) = 2(Au,v) + 2(Av, u)

for all u,v € H. Note that the inner products on the left-hand side are real,
by the symmetry of A. Thus

(A(u +v),u+v) < LHu+v||2, (A(u —v),u —v) > —L||u — U||2
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which implies that
2(Au,v) +2(Av, u) < L(|Ju+ v|* + [[u — v]*),

expanding to
(Au, v) + (Av,u) < L(J[ul* + [[v][*)-

Now choose a u such that Au # 6 and substitute v = (||u||/||Au||)Au into
this last inequality to obtain ||Au|| < L||u|| for Au # 6. This result is
obviously true also if Au = 6. Therefore ||A|| < L. Q.E.D.

Thus if A is bounded and symmetric, we have [|A[| = sup;, =1 [(Au, u)|,
where we assume without loss of generality that D4 = H.

REMARK: If ‘H is n dimensional, where n is finite, and A1, Ag, - - -, A, are the
eigenvalues of A then we know that ||A|| = max{|\{|, -, |\.|} = |N\] and
there exists a nonzero vector ug such that ||A|| = [(Aug, ug)| and Aug = Aug.
We will see that symmetric completely continuous operators preserve many
of the eigenvalue features of self-adjoint matrices.

Theorem 27 let A be bounded and symmetric on H. There exists a sequence

{u}, |lur]| = 1, such that limg_oo(Aur, — Aug) = 0 in the norm, where
A= [IA]], or —[|A]].

PROOF: Since ||A[| = sup, =1 |(Au, u)|, there exists a sequence {v/} such
that [|ve|| = 1 and limy_ o |(Ave, ve)| = ||A]|. Then {v,} contains a subse-
quence {uy} such that either (Aug,uy) — ||A|| as k — oo or (Auy,ur) —
—||A]|. Therefore (Auy,ur) — M| as k — oco. Now

||Auk—)\1uk||2 = ||AukH2—2)\1(Auk,uk)—i—)\%HukHQ S )\f—Q)\l(Auk,uk)jL)\f — 0
as k — oco. Q.E.D.

Theorem 28 Let A be symmetric and completely continuous (and to avoid
a trivial case assume ||A|| > 0). Then either Ay = ||A]| or Ay = —||4]| is an
eigenvalue of A. Furthermore, if X is another eigenvalue of A then |A\1| > |)|.

PROOF: Let Ay, {ug, k=1,2, -}, ||ug|| = 1 be as in the last theorem. Since
A is completely continuous there is a subsequence {w,} of {u;} such that
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Aw; converges to some vector, say \w, as j — 00. Now |[Aw; — A\w;|| — 0
as j — oo by the preceding theorem. Therefore

Al - [fw = wyl] = [[Aw = Aw;|| < [[Aw — Aws|| + [[Aw; — Adywy]|
by the triangle inequality, and each of the terms on the right-hand side goes
to zero as j — oo. Thus lim; ., w; = w and ||w|| = lim;_ |Jw;|| = 1.
Finally

[[Aw — Mw|| < [J[Aw — Aw;|| + [[Aw; — Mw;|| + [[AMw; — Aw]]

by the triangle inequality, and each of the terms on the right-hand side goes
to zero as j — oo. Therefore Aw = \jw. Q.E.D.

REMARK: This last result is not true for an arbitrary bounded symmetric
operator A. First A may have no point eigenvalues at all. Even if A has a
basis of eigenvectors the theorem fails to hold.

Example 4 Let 'H be an infinite dimensional Hilbert space with an ON basis
{u,}of eigenvectors of A such that

n

Au, = ——u
n+1

ny n = ]-7 2a e
Then any unit vector w in ‘H can be written uniquely in the form u =

Son Oty with 3, |an|? = 1. We see that Au = Y, ap-—2u,. Now ||Al| =
SUD)| |y||=1 |(AU,U)| and

n
A = WP—— < W2 =1.
()] = 3 o < X

Therefore ||A|| = 1 but there is no unit vector i € H such that |(At, )| = 1.

_n_
n+1

Theorem 29 (Spectral Theorem for symmetric completely continuous oper-
ators.) Let A be a nonzero symmetric completely continuous operator on the
separable Hilbert space H. Then

1. Every nonzero eigenvalue of A has finite multiplicity.

2. A has countably (or finitely) many eigenvalues A1, Ao, - - -. They can be
ordered so that

A = M| = |Xo| = [As] = -+

with each nonzero eigenvalue counted a number of times equal to its
multiplicity.

41



3. limj_oo Aj = 0 if there are an infinite number of eigenvalues.

4. We can choose an eigenvalue ¢; corresponding to each eigenvalue \;
such that (¢;, ¢r) = djk.

5. [Nl = 1(Agy, ¢5)| = maxuen, [uj=1 |(Au, u)| where
Hl:H HJ:{UEH vJ—¢1a¢27"'a¢j—1}-
Here, H="H1 D Hy D Hz D ---.

6. If u € Ry, i.e., u= Av for some v € H, then

u = Z(u, ¢n)¢n = Z(ava ¢n)¢n = Z /\”(v’ ¢”)¢”

k n

The {¢n} form an ON basis for R.

PROOF:

1. Let A # 0 be an eigenvalue of A and S\ = {v € H : Av = \v}. Suppose
dim Sy = oo and let {v;} be an ON basis for S\. Now {v,} is bounded
in norm and A is completely continuous, so the set {Av;} = {\v;}
contains a convergent subsequence. Impossible! Therefore dim S, is
finite.

2. By a previous theorem there exists an eigenvalue A\; and a unit eigen-
vector ¢ such that |[\| = ||A]| and Agpy = \i¢y. let Ho = {v € H :
v L ¢1}. Then AHy C Hs. Indeed, let v € Hy. Then
(61, Av) = (A1, v) = A1 (1, v) =0,

so Av € Hy. If AHy = {0} then we are done. Otherwise keep going
and use previous theorem to show that there exists an eigenvalue A,
and a unit eigenvector ¢ so that

|Ao] =  max |(Au,u)l.

[[ul|]=1,ucHz2

Clearly (¢1,¢2) = 0. We proceed in this way step by step. At the nth
step, either H,, = {0} in which case we stop, or we find a unit vector

(bnEHTL:{UEHIUJ_(bl,(bQ,"',(ﬁn,l}, A¢n:An
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where

— A
A Hu”r:nlgf%\( u, u)|,

etc. Clearly (¢,,¢;) =0for j=1,---,n—1. Since Hy D Hy D H3z D
-+« we have ‘)\1‘ Z |)\2‘ Z |)\3| Z

3. Since {¢,, n = 1,2,---} is bounded and A is completely continuous,
there exists a convergent sequence {A¢,, = An,¢n,} . Thus

||A¢nk _A¢nj||2 = ||)\nk¢nk - Anj¢nj||2 = /\ik +A3Lj — 0 asy, k — 0,
so A\p, — 0 as k — oo which implies that A\, — 0 as n — oo.

4. Let u € R4, u = Av and note that (u, ¢x) = (Av, ¢r) = A\i(v, ¢y). For

any integer n , set

n

Wp =0V — Z(Ua (bk)(bk

k=1
Then w,, L ¢1,---, ¢, which implies w,, € H, 1. Therefore |(Aw,, w,)| <
[Ansa] - [[wa|[? and [[Aw,|| < [Apga] - [[wn]|. Now

n
[lwal[* = [[vll* = > (v, 6a)* < [Jvll*.
k=1

Therefore ||w,|| < ||v]| for all n. Thus ||Aw,|| — 0 as n — oo, since
A1 — 0 asn — oo. But

n n

Aw, = Av =Y (v, o) Mt = u— > (u, dr) b

k=1 k=1
Therefore u = Y32 (u, ¢r) Pk

We haven’t quite completed the proof, since we need to show that our
procedure has found all of the nonzero eigenvalues. To do this we first review
some simple material involving the ranges and null spaces of operators. Let
B be an operator on H with dense domain and let N = {u € Dp : Bu = 6},
Ry = {v € H : v = Bu for some u € Dy, be the null space and the range
of B, respectively.

Lemma 12 Ny and N- are closed, and

1 1 o
RB:NB*, B*:RB
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PROOF: The proof that the null spaces are closed is elementary. Suppose
that w L Rp. Then (w, Bu) = 0 for all u € Dg. This implies that w € Dp-
and (B*w,u) = 0, so w € Ng-. On the other hand, if w € N« then B*w = 6
so (B*w,u) = 0 for all u € Dp which implies (w, Au) =0orw L Rp. Q.E.D.

Now again we assume that A is symmetric and completely continuous.
This implies also that A is self-adjoint. Thus we have

R = Ny = N, LT,

This implies that H decomposes into the direct sum H = N4 @ R4 of two
closed subspaces. We choose an ON basis 71,72, - - - for N4 and the ON basis
of eigenvectors ¢1, @o, - - - for R 4.

Corollary 4 let A be symmetric and completely continuous. Let {~;} be an
ON basis for Ny and {¢} be the ON basis for R, constructed above. Then
{7k, ox} is an ON basis for H, i.e., H = N4 ® Ra.

CONTINUATION OF PROOF OF THE SPECTRAL THEOREM: have we
missed any nonzero eigenvalues of A in the list {\z}? Suppose A # 0 is an
eigenvalue with eigenvector ¢ and such that A is not in the list constructed
above. Since %Agb = ¢ we see that ¢ € R4. Therefore

phi = 3222, (¢, ¢)pr. However, by construction (¢, ¢x) = 0 for all k, hence
¢ = 6. This is impossible, so the list is complete. Q.E.D.

QUESTION: The theorem shows that every u € R4 can be expanded in
an ON basis of the eigenvectors of A, corresponding to nonzero eigenvalues,
where the series converges in the Hilbert space sense. However, in the case
that H is a space of functions one can ask about pointwise convergence of the
series. Also there is the question of the nature of the eigenfunctions ¢j. Are
they continuous, differentiable, ...7? We will develop some machinery that
will help us answer these questions for specific Hilbert spaces and operators.

We say that Condition I holds for a symmetric completely continuous
operator on H if

1. |A]| #0,Da="H, Ra C Da.

2. For every bounded sequence {u,} in D4 there is a subsequence {v,}
such that Av, — v € Dy as n — 0.

REMARKS:

44



1. If condition I holds then by the spectral theorem, all of the eigenfunc-
tions ¢ belong to D 4.
2. Suppose the following two requirements are satisfied.

a) For every nonzero u € Dy there exists a real number [u] > 0 such
that ||u|| < afu] where « is a fixed positive constant, independent of w.

b) For every u = Av € Ry, v € Dy there exists a w € D4 such that

lim [w — zn: ak@] =0, ay = (9, dr).
k=1

n—oo

Then w = uw and lim,,_, [u — > }_; axdr] = 0.

PROOF: . .
lw -> akﬁbk] > allw— " ardu|.
k=1 s

Since the term on the left goes to 0 as n — o0, so does the term on the
right. Hence w = u Q.E.D.

Example 5 Let H = L?(D), where D is a bounded domain in R,. Thus
the inner product is (u,v) = [puvdz. Let A be a symmetric completely

continuous operator with Dy = {u : u eC (D)}. Set [u] = max, p |u(z)]
and define the volume of D by V(D) = [, dx. Then if u € Dy we have

lull =/ [ u(@)[de < \/V(D) maxu(@)| = ol a=/V(D).

zeD

2.1 Separable operators

We say that an operator A on the Hilbert space H is separable if it can be
obtained in the following way. Let n be a finite integer and let {u1, ug, - - -, uy, }
be a linearly independent subset of H, and {vy, vy - - - v, } be any subset. Then
for any w € H we define



Now

n
|| Aw|| < ( Z [ojl] - [l D]l

so A is bounded. Furthermore, A maps H into a finite-dimensional subspace
of H, so A is completely continuous.

Example 6 Let H = L%([a,b], k) and define A by

Ane) = [ K@@y, K@) =3 w50

foruj,v; € H and {u;} linearly independent. The kernel K(x,y) defined here
is said to be separable. Note that A is symmetric if K(x,y) = K(y,x), i.e.,

Zf K(l‘, y) = ?:1 uj (x>m

Theorem 30 Let A be a bounded operator on H such that there exists a
sequence {A,} of completely continuous operators on H with Dy, = H and
lim, o ||A — A,|| = 0. Then A is completely continuous.

PROOF: Let {u,} be a bounded sequence in D4, (||u,|| < «). We use the
Cantor diagonalization argument:

A completely continuous =

there exists a subsequence {u)} of {u,} such that {A4,uV} is convergent.
Ay completely continuous =

there exists a subsequence {u®} of {ulM} such that {A,u®} is convergent.
Asz completely continuous =

there exists a subsequence {u®} of {u®} such that {Asu!¥} is convergent.

Ay completely continuous =

there exists a subsequence {u™} of {u!*~Y} such that {Aul®} is convergent.
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Now consider the diagonal sequence u(ll), u(22), ugg), uf), -+ Clearly {Aku§j )

j=1,2,---} is convergent for each k, since ugj) C {u®} for j > k. Then for
any € > 0 we have

14 — Au|] < Nl Auy” — Ay || + A — Age”)] + | e — Aw?|
< 1A = Al [l 1+ ] + A = A1l < 1= (20) + 5 =
if we choose k so large that ||A — Ai|| < ;= and j, £ so large that ||Aku§j) -
Akuy)H < 5. Thus the subsequence {Aug-j )} converges, which implies that A
is completely continuous. Q.E.D.
Let @ be one of the intervals [a,b], (a,b], [a,b), (a,b), where (—o0,?],
[a,00), (—00, 00) are permitted.

Theorem 31 Let k € C(Q) k(z) > 0 for x € Q,H = L*(Q, k). Suppose
K(x,y) is complex valued and continuous in (x,y) for all (z,y) € Q x @,
and

L[ 1K ) Ph()b(w)de dy < oo.
Then the operator defined on 'H by

Au(z) = /QK@:,y)u(y)k(y)dy:<u,K<x,->>, weHn  (24)

is completely continuous.
PROOF: From expression (2.4) we have
[Au@)P < [ 1K) PR@)y- [ Ju()k)dy
SO
Aul? = [ |Au(@)Pk)de < [Jul? | [ 1K () PR by)de dy

and
AP < [ ] 1K )P k() dy.

Thus A is bounded. Now let {u,} be an ON basis for H. Then {u,(x)u,(y)}
is an ON basis for £ = L?(Q x Q, k(x)k(y)) and K(-,-) € K. We have the

expansion

K(x,y>=zgjajguj<x>m, aje = /Q /Q K (2, ) 205 (@) e (y) k() k(y) d dy,
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where convergence is in I, not pointwise. Parseval’s equality gives
Sl = [ [ K () Pr(e)k(y)de dy.
e QJQ

Now consider the sequence of separable kernels

n

K, = Z ajou;(z)ue(y), n=223,---
j+e=1

and operators A, on ‘H given by A,w(z) = [o Ku(7,y)w(y)k(y)dy. Clearly
each A,, is completely continuous and

[e.9]

1A= AP < [ [ 1K (@y) = Kaw,g) PR@)k(y)de dy = 3 Jagl* =0
QJQ j=n+1

as n — oo. It follows from Theorem 30 that A is completely continuous.
Q.E.D.

Corollary 5 IfQ = Q1 xXQa % -xQ, C R, (abozlike domain in Euclidean
n space) where each Q) is an interval on the x; axis as defined above, then
the analogous result to Theorem 31 holds in R,.

Definition 21 We say that the integral operator (2.4) is Hilbert-Schmidt
iK€ 12(Q X Q K@)k(y)), ice., if Jg o K (e, y)PK(x)k(y)dz dy < oo.

Corollary 6 If () is as in Corollary 5 and A is Hilbert-Schmidt, then A is
completely continuous.

ASIDE: We will make frequent use of the following basic result from Lebesgue
theory.
Theorem 32 (Fubini) Let By = LX(R,, k1), Bo = LY (R, ko), B = LY (Ryim, k1k2),

where k1 = ki(x), ko = ko(y), v = (z1, -+, 2n), y = (Y1, *, Ym)- If any one
of the Lebesgque integrals

/Mm\f(:c,y)\kl(x)l@(y)dxdy, /R (/R |f(x,y)|k1(x)dx)k2(y)dy,

m n

| ([ 15k ) ko) do,

n m

is finite, then all are finite and equal. Furthermore, if f € B then
/ Flykoda dy = / ( fk:ldx> hady = / ( fk:gdy) kyda.
Rn+m m Rn Ry Rm
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Thus, if f is a measurable function on R, ., and |f| is integrable, then so is
f integrable and each of these integrals can be evaluated as iterated integrals
in lower dimensional spaces. The order of iteration is immaterial. (In general
it is not permitted to change the order of iteration if f is only conditionally
integrable.)

We will not give here the extensive technical details needed to prove
this result. However, the idea behind the proof is relatively simple. It is
sufficient to consider the case n = m = 1,k; = ko = 1. In our earlier
online notes we defined the space of Lebesgue integrable functions L!(R;) by
first defining the integrals of step functions and then completing the space
of step functions in the L' norm. Every Lebesgue integrable function was
obtained as the a.e pointwise convergent limit of a Cauchy sequence of step
functions. Any step function s on the line is associated with a partition
{zj - <wjoy <oy <wjpr < -+, j=0,£1,£2,---} of the real line.
Then the step function is defined by s(x) = ¢; for x; < x < 41, where only
a finite number of the constants c; are nonzero. The integral of s is defined
by [sdr = 3; cj(xj41 — ;). The sum of two step functions (with different
partitions) is again a step function with a refined partition of the real line.

To define the Lebesgue space L'(Ry) we proceed in an analogous manner.
A step function s is associated with a double partition

(@i ye) - <wja <ay <xjpn <oy <Ypor <Yk < Yppr <o)

of the real plane, where j,k = 0,4+1,+£2,---. The step function is defined
by s(x,y) = cjp for z; < @ < 41, yp» < Yy < Ygpq1, where only a finite
number of the constants c;; are nonzero. The integral of s is defined by
Jsdr =3,k cir(Tje1 — 75)(Yrt1 — Yx). The sum of two step functions (with
different partitions) is again a step function with a refined partition of the
real plane. Now it is a simple matter to verify the identities

fossrar= [, (o), (] o)

Indeed, for each & or g, s(Z,y) or s(x,y) is a step function on the line.
The rest of the proof of Fubini’s theorem involves showing that this identity
continues to hold in the limit as we take Cauchy sequences of step functions.

BACK TO COMPLETELY CONTINUOUS OPERATORS
Corollary 7 Let D be a bounded normal domain in R, and H = L*(D, k).
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Let K be a function on D x D such that

| KPRk dy = [ K ) PR@k@)xo)xo)ds dy < oo

2n

where xp 1s the characteristic function of D, i.e., the operator A such that

Aww) = [ K(a.y)uly)k(y)dy
for w € 'H is Hilbert-Schmidt. Then A is completely continuous.

Example 7 Let the domain D be as in the corollary and suppose
1. K(z,y) = “; i Jorzy € Ry,

2. a is complez-valued and continuous for x,y € D, 0 < a < 5. NOTE:
A kernel K with properties 1 and 2 is said to be weakly singular.

3. a(z,y) = a(y,x), for all z,y € D.
J. H=L2(D,Fk).
According to Hellwig (Theorem 3, Section 4.3)

/ dy Wn <nV)
< -
plz—ylf 7 n—p\w,

if 0 < B < n, where w, is the area of the unit n-sphere and V' is the volume
of D. Indeed, for fixred x we can write y — x in polar coordinates centered
at x. Then dy is proportional to v dr dw,, where dw, is the differential
of area measure on the unit n-sphere. Then an estimate for the integral
is [ T:;dr = in:; where D is contained in a ball of radius B about x. It
follows that (1, p | K (x,y)|*k(x)k(y)dz dy < 0o, so the weakly singular kernel
K(z,y) defines a symmetric Hilbert-Schmidt operator on H.

1__

2.2 Pointwise convergence of expansion for-
mulas

Suppose A is a non-zero symmetric Hilbert-Schmidt operator in L2(D, k)
with weakly singular or continuous kernel, as above, on the bounded domain
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D. Then A has non-zero eigenvalues {\,} with [A;| > |Ag] > -+ and cor-
responding normalized eigenvectors {¢,} such that they form an ON basis
for R4. Thus if u € R4 then u = >0 (u, ¢p)¢p,. When is this convergence
pointwise?

Theorem 33 Suppose the kernel K is continuous or weakly singular on the
bounded normal domain D, and Dy = L?>(D, k). Then R4 C C(D).

PROOF: let v = Au, u € D4. Then
2
o) = o@) = | [ (K (@1.9) = K (a2, p)k(w)uly)dy

</ K (21, ) — K(22,9)?k(y dy/ lu(y) 12k (y)dy

S k0||u||2/D |K(l’1,y) - K(any)dea

where ko = max, 5 k(y). Now recall that we have verified the inequality

dy 27n—
< b e, S(z,b) = eR,:|lx—b<b
fon g 6 (0.0) = {y € Ryt o — b <}

for n > a, where ¢q > 0. Let |x; — 23] < b and write

K(z1,) ,Qd:/ K(z1,y) — K(z9,y)|2d
LV @) = Ka)Pdy = [ (K (@,y) ~ K, o)Pdy

+ K (1, 9) = K (w2,9) Pdy.
D DﬂS(ml,b)

The first integral on the right-hand side is bounded above by

2 (1K @0, )P + [K (w2, 9)[2) dy < eab™®

DﬂS(ml,b)

where ¢; > 0 and we have used our inequality. The kernel in the second
integral on the right is uniformly continuous in 1, x5, so both integrals go
to 0 as b = |x; — 22| — 0. Thus v is a continuous function. Q.E.D.

Corollary 8 Let A be an integral operator with weakly singular kernel, Dy =
H, and ¢ an eigenfunction of A with nonzero eigenvalue X\. Then ¢ € C(D).
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PROOF: Ap = \p = A(\"1¢) = = ¢ € R4 C C(D). Q.E.D.

Let D be a bounded normal domain and K a weakly singular kernel with
K(x,y) = K(y,z) for all 2,y € D, and H = L?(D,k). Then K defines
a symmetric completely continuous operator A (A is Hilbert-Schmidt) with
Dy = C°%D). We know that A has nonzero eigenvalues Ai, Ay, - - - with [\;]| >
|A2] > -+ — 0 and corresponding normalized eigenfunctions ¢q, ¢o, - - -, each
of which is continuous on D.

Theorem 34 let A be as above. If u € Ra, u = Av, v € Dy then u(z) =
1 (U, Gn)Pn(x) for x € D where the convergence is pointwise uniform
absolute on D.

PROOF: Assume there are an infinite number of nonzero eigenvalues. (Oth-
erwise the theorem is trivial.) Recall that (¢;, ¢;) = ;; and Agp; = \;¢;. For
u € R4 with u = Av we have

(u, ¢3) = (Av, ¢;) = (v, Ag;) = A;(v, b).
1. Let Si(z) = XF_,(u, ¢n)pn(x) € C°(D) for each integer k. We will

show that {Si(z)} is a uniformly pointwise convergent sequence of con-
tinuous functions on D, so that it converges to a continuous function

w(z) in D. Indeed, for k > ¢,

[Sk(x) = Se(@) =1 >_ (u, dn)pu()]*

k

n=0(+1 n=0+1 n=0(+1

Later we will show that 3¢, |\,é,(7)? < 3* < oo for all x € D.
Assuming this, we see that

|Sk(z) — |<ﬁJ >

n=0+1

uniformly in = as k, £ — oo. Thus limy_., Sk(z) = w(x) and, since D
is bounded, ||Sy — w|| — 0 as k — oc.
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2. Sk(z) — u(z), uniformly as k — oo. Indeed
[lu = wl|| < {lu = Sk|[ + Sk = wl|| = 0

as k — 00, so u = w in ‘H and, since u, w are both continuous, we have
u(z) = w(z) for all z € D.

3. Finally, we have to show that >27°; [\,¢n(2)|? is uniformly bounded on
D. Now u(z) = Av(x) = [p K(z, y)v(y)k(y)dy = (K(z,-),7), so

i b (2)2 = i Ay (2)?

= 3 |(K (), 3 < (K (2, ), K (2,))

n=1
by Bessel’s inequality. However the right hand side of the last expres-
sion is just [p |K(z,y)*k(y)dy < 5? < oo since K is weakly singular.
Therefore

> g (@) < 8% < o0
n=1
for all x € D. Q.E.D.

Let A be symmetric and completely continuous on the Hilbert space H,
and reorder the nonzero eigenvalues {\,,} of A so that

A2 202022 A, > 2 Ay,
with associated normalized eigenvectors

¢17¢27"'7¢n7 ...... (bfna"'(bfl'

Theorem 35

A = max (Au,u), Aop = min (Au,u),
[lul[=1,ueH [lul|=1,ueH

A, = max Au,u A, = min Au,u
" Hu||=1,u¢1,---,¢>n_1( ), " ||uu=1,u¢¢>_n+1,---,¢>_1( ),
n=23,---

93



PROOF': We give only the proof of the characterization of A;. The remaining
characterizations have similar proofs. If u € H with ||Ju|| = 1 then, setting
a; = (u, ¢;), we have >, |a;]* = >, |(u, ¢;)|* < 1. Now

Au=Y"(Au, ¢;)6, Z)\
J

SO

positive negative

(Au, u) Z)\ [(u, 9)1* =Man]® + Aalag> + - + -+ A ala o] + A_ila_y|?

< M(X i) < A

But (Agbl,gbl) = /\1. QED

2.3 Relationships between completely contin-
uous and S-L operators. Green’s func-
tions

Consider a general regular S-L operator in Ry, (1.10). Here,
Au= —— [=(p(a)d) +q(x)u],  H=L([t,m] k),

Dy = {u €M :u€ C*([¢,m]); Biu= Byu = O}
Bju = ajju(l) + aju' () + ajzu(m) + ajgu’(m),  j=1,2,

and the aj, are real. Assume By, By are linearly independent and such that
A is a symmetric operator.

If the complex number 4 is not an eigenvalue of A then (A —pul) ™! exists.
Further Dis_,)-1 = Ra—ur = C° ([€,m]), Ria—pr-1 = Da_pr = Da and

(A=pD) " f@) = [ gy ) fk()dy, | € C([tm)

where g(x,y, u) = g(y, x, 1) is symmetric, bounded and continuous on [¢, m].
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Theorem 36 Let A be a general non-singular symmetric S-L operator as
defined above. Then

1. A has a countably infinite number of eigenvalues Ay < \g < -+, all real
with only +00 as a limit point. The multiplicity of an eigenvalue is at
most 2.

2. Let {¢;} be the corresponding normalized eigenvectors of the {\;},

Agp; = N;joj. Then the {¢;} form an ON basis for Dy, hence for H.
Furthermore, if u € D4 then

[e.9]

ZU(bJ(bJ

where the convergence is pointwise uniformly absolute.

3. The eigenvalues are characterized by the minimization properties

A= min _ (Au,u) Aj = min (Au, u).

|[ul|=1;u€ D 7 llull=1ueDauln, by
PROOF: Choose p real and not an eigenvalue of A. Let B = A — pl. Then

B~ exists and m
B (@) = [ g,y k() f(y)dy

and the kernel is real and symmetric in (x,y), so B~! is a symmetric com-
pletely continuous operator. Further, Dg-1 = R4, Rp-1 = Dy. it follows
that B! has real nonzero eigenvalues {A;} and corresponding normalized
eigenvectors {¢;} such that B™'¢; = A;¢; and {¢;} is an ON basis for
Rp-1 = D4. B~! has no zero eigenvalues.

If u € Dy then u(x) = X ;(u, ¢;)¢;(x) where the convergence is pointwise
uniform and absolute. Now

(A—pul)"'¢; = B7'¢; = Njdj <= Nj(A = pl)o; = ¢
1
= Ady = (u+ )05 = Nidy.
j
Therefore, \; = p + A% is an eigenvalue of A if and only if A; is a nonzero

eigenvalue of B~!. Also the {¢;} are the eigenvectors corresponding to {\;}.
Since A is bounded below, we can order the eigenvalues of A so that

A< A< A3 <o — Hoo.
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There are an infinite number of eigenvalues because D4 is infinite dimen-
sional. This proves statements 1 and 2. Statement 3 follows immediately
from Theorem 35. Q.E.D.

Example 8 Let
d2
A=—— = L2([0,27],1
oz = Le([0,27],1),
Da={ueH:ueC0,2r], u(0) = u(2r),u(0) = v/(2)}.

Note that A is symmetric. Indeed, for u,v € Dy

™ du d’u 2m
— |27 _ —
T+ T d:c = / u—dxzdx (u, Av).

2m Py ~du
o dz? - dr

To find the eigenvectors and eigenvalues we solve Au = Au for u € Dy
or —u" = \u. Applying the boundary conditions we find that the eigenval-
ues are N, = n%, n = 0,£1,42,--- and the corresponding eigenvectors are
b = € /21, Thus each eigenvalue is of multiplicity 2 if n # 0 and the
eigenvalue 0 is of multiplicity 1. The {u,} form an ON basis for calH. If
u € Dy then u(x) = Y00 (u, up,)u,(x) where the convergence is pointwise
uniform and absolute. Note that this expansion

1 oo 27 .
_ —iny g inT
ule) = o= 0 | ulwe g e

n=—oo

1s just the complex form of Fourier series.

REMARK: In the above examples, and examples to follow, of symmetric S-L
operators A with completely continuous inverses A~!, the S-L operators are,
in fact, essentially self-adjoint. (If A has 0 as an eigenvalue, just choose a
real p that isn’t an eigenvalue so that A — ul is invertible. Our argument
will then show that A — uul is essentially self-adjoint, which implies that A is
essentially self-adjoint.)

To see this note that the bounded operator A =ATis self-adjoint and
D= = H. Thus Ry = D;= = ‘H and Dz = R4=r. Since A is symmetric
we have A C A* = A", Now let v € D4+ Then

(Au,v) = (u, A™v)
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for all u € Dy = Rz=. Every such w is of the form u = Xﬁlw, where w € 'H,
and every w € H is of the form w = Au. Thus the above equation reads

(w,0) = (A 'w, Av) = (w, A "A'v),

for all w € H. (The last identity follows from the fact that the bounded

operator A s self-adjoint.) We conclude that v = z_lz*v, so v € Dy and
Av = Av. This shows that A* C 4, so A* = A. QE.D.

2.3.1 Extension to an S-L operator in R,

We will sketch a treatment of pointwise convergence for expansions in terms
of eigenfunctions of S-L operators in R,,. Let D be a bounded normal domain
and ‘H = L?*(D). We consider only the S-L operator (1.21)

and
Dy= {u:uECl(E)ﬂCQ(D), Au€eH, andu=0 foer@D}.

Recall that A is symmetric, bounded below, and strictly positive.
Assume n > 2. We give a sketch of the construction of A~!. The functions
u = S,, where
1

————0, forn > 2
S (z.y) = | TRy
(z,9) { —5-In|z —y|, forn=2,

(2.5)

x,y € R, and w, is the area of the unit n-sphere, are called principal
solutions of the equation A,u = 0. For a discussion of these functions, see
Titchmarsh, “Eigenfunction Expansions, Part II,” Oxford, 1958. There the
following result from potential theory is proved:

Theorem 37 Let f € CY(D) and define u by
u@) = = [ Sulwy)f()dy.
Then v € CY(D) N C*(D) and Anu(z) = f(z) in D.
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Suppose that D is such that the Dirichlet problem can be solved: Given
a continuous function g(z) on 9D find a unique function v € C*(D)NC°(D)
such that A,v = 0 and v(x) = g(x) for all z € dD. Then for every y € D
we can find a solution y(z,y) of A,y = 0 and y(z,y) = —S,(z,y), for all
x € 0D. We define the Green’s function for this problem by

9(x,y) = v(2,y) + Sp(,y).

Then A,g(z,y) = 0 for x # y, and if f is defined as in Theorem 37, the

function
u(@) = = [ gla.y)fy)dy

satisfies u € Dy and A,u = f(z) in D. Thus we have inverted the equation
Au = f to find the unique solution u = A~ f. It follows that C1(D) C Dy
and

AV f () = — /D gz, y) f(y)dy

if f e CY(D).

One can show that g(x,y) is an Hilbert-Schmidt kernel if n = 2,3 so
then A~! is completely continuous. Furthermore, since A is symmetric we
have that A~! is symmetric. Therefore the expansion theorem for completely
continuous symmetric operators applies to A~'. Keep in mind that

Ap = \p <= %gb = A1,

We conclude that A has an infinite number of eigenvalues A\; < Ay < --- and
corresponding normalized eigenvectors ¢y, ¢, - - - with ¢,, € C'(D) and each
eigenvalue of finite multiplicity. Further, if u € D 4NC3(D) then Au € C*(D)

and
[oe)

u(@) =3 (U, én)pn(x)

n=1
where the convergence is uniform and absolute on D.

The following result enlarges the domain of functions with a pointwise
convergence expansion.

Theorem 38 1) If u € D4 then u(x) = [, g(z,y)f(y)dy where f(x) =
—Ayu(z). 2) If f € CY(D) then the function u(z) = [, g(z,y)f(y)dy is an
element of C?*(D)NCY(D) and A,u= —f in D.
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SKETCH OF PROOF OF 1): This is a standard potential theory argument,
making use of the integration by parts formula (1.20). We choose a point
x € D and let J. C D be a ball of radius € about x. Then we apply a variant
of formula (1.20) to the domain D — J.:

/ agd S — / g@dyS = / ul,g dy — / gA,u dy.
OD+8.J. 6n aD+aJ.” On D—J. D—J.

Now A,g =0 and A,u = —f in D — J, whereas u = g = 0 on dD. Thus
the equation reduces to

dg 8
94, U, / d
/8J6 on Y 5= aJ. 8n 5= 9 dy.

The behavior of the two integrals on the left is entirely determined by the
singularity at z of the principal solution S, (z,y). It is straightforward to
show that as € — 0 the first integral on the left goes to u(x), whereas the
second integral goes to 0. As ¢ — 0 the integral on the right obviously
converges to [, gf dy. Thus u= [pgf dy. Q.E.D.

We conclude from this last result that if u € D4 then f = A,u € Ry, so
(x) = 302, (u, ¢p)n(x) where the convergence is uniform and absolute on

SRS

2.3.2 Extension to mixed initial and boundary value
problems

Here we consider a mixed initial and boundary value problem Au + u = f

where A is an S-L operator, f(z,?) is a given function and both f and u(x,t),

and all functions in the function space, are real valued. We choose A to be
an ordinary S-L operator on an interval on the real line

Au= o |~ @5 + a2 eltm)

with separated boundary conditions

Biu(z,t) = ajju(l,t) +ozlgg (¢,t) =0,
ou
Bou(z,t) = agiu(m,t) + Oézg%(?’ﬂ, t) =0,
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for 0 < t < oo. Here By, By are assumed linearly independent. For each
0 <t < oo, A acts on the Hilbert space

H, = {u(x,t) : /Zm w?(z, t)k(x)dr < oo} , (u,v); = /Zmu(:c, tyv(z, t)k(x)dx.
The domain of A at time ¢ is
DY = {u(x,t) € H,: uecCt,m, Blu:Bgu:O}.

Theorem 39 Suppose we are given functions ug(z) € C°[¢,m], f € C°(¢ <
x<m, 0<t<oo). Then

1. There exists at most one solution u of the equation Au + % = f such
thatu € DYy, 2 € COUU <z <m, 0 <t < o0), and u(x,0) = ug(zx) for
all x € [0, m].

2. If the solution u exists, it is given by the expression

()= 3 [(un05) + [ (006 dr] - Mo, (2)

J=1

where Ay < Ay < --- are the eigenvalues of A and the {¢;} are the
corresponding normalized eigenvectors.

3. If a) ug(z), %2, gx‘; € C°lt,m], b) f =0, and ¢) Byug = Boug = 0,

then a solution u exists.

REMARK: Formally, assertion 2. states that the solution of Au+ @ = f is

t
u=e g+ e_tA/ e f dr.
0

Lemma 13 let x € [a,b] and suppose
1. Y32, vi(x) = v(x) for all x € [a,b].
2. vij(x) € C'a,b], for all j.
8. 352, vi(z) = g(x) where the convergence is pointwise uniform on [a, b].

Then v € C*a,b] and v'(z) = 2, v(z) for all z € (a,b).

j=1Yj
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PROOF OF THE LEMMA: Let s,,(z) = ¥5_; v;(z). Then s, € C'[a,b] and
sp(x) — v(x), s, () — g(x) as n — oo, where the convergence is uniform.
By the Fundamental Theorem of Calculus, s,(x) — s,(a) = [ s),(y)dy goes
in the limit as n — oo to v(z) — v(a) = [ g(y)dy since the convergence is
uniform. Also, since each v} is continuous and the convergence is uniform,
then g is continuous. Thus, by the Fundamental Theorem of Calculus again,

we have v'(z) = g(x) for all z € (a,b). Q.E.D.

PROOF OF THE THEOREM: Assume a solution w exists. Then u € Df4
for all t € (0, 00), so

o0

Z U ¢j t¢]

where the convergence is uniform and absolute in z. Set «;(t) = (u, ¢;):.
Remarks:

e ;(0) = (uo, ¢;).

e We have
Au+i = f = (Au, @) + (0, @) = (f, ;)
= Aj(u, &) + (u ¢j)e = (f: 5
= G&,;(t) + /\j%‘( )= (f, 05
e Thus

ozj(t):e_’\t[/ (f, b5)r 7 dr + (uos ;)| -

This proves assertions 1. and 2. of the theorem. To prove assertion 3. it is
enough to show that the series 3252, (uo, ¢;)e=""¢;(x) converges to a function
u that is a solution of the boundary value problem.

Remarks:

o 322 (uo, ¢j)¢;(x) converges uniformly and absolutely to ug(z).
e )\, — 400 as j — 00.

e e N = 0as j — co. Thus X2, (ug, ¢;)e="¢;(x) = u(x,t) converges

uniformly and absolutely in z and .
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o lLet uj(g;', t) — (uO, (bj)e_)‘jt(bj(l‘). Clearly AU]' + ’llj = 0.

. 2, .
e It is enough to show that the series 3°; u;, >, %Lx], and >, %z“; converge

uniformly in the interval £ <z <m, 0 <ty <t < oo, for every £y > 0.

o Yty = — X ;(ug, ¢j)Aje i (x) and Aje N — 0, as j — oo, uni-
formly for all ¢ > t; > 0. Therefore 3_;u; converges uniformly =
u(r,t) exists and w(x,t) = 3 u;(x, t).

°* > % = > (ug, d;)e M'¢(x). Assume that 0 is not an eigenvalue of

A. Then
Ady = Ny = b5 = NAT 0 =\ [ g,y 0)k(y)oy(y)dy.

where
vl <y < g <,

g(z,y,0) = { i)
- ;)(g)uf(gg)/a ESIESySm’

with Av; = avy = 0,B1v; = Byvy = 0. Thus

6.(2) = —Arvae) /z uWEWDOWY) g0 1 2) /m v(kW)d,w) |

4 pw T pw

— (@) = —Ani) /w uWk@)oy) , A (@) /m v (Yk)o;y) ,

0 pw T pw

Y

Therefore, 3, (uo, ¢;)e” '@ (x) converges uniformly.

o Apj = Njo; = ¢ = L |-p'd) + 48 — \akey| = T;(uo, ;)¢ M)
converges uniformly. Q.E.D.

The corresponding problem for Au + i = f has a very similar treatment.
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Chapter 3

Spectral Theory for
Self-Adjoint Operators

We start be reformulating the expansion theorem for symmetric completely
continuous operators in a manner that will generalize to all self-adjoint oper-
ators. Let A be symmetric and completely continuous on the Hilbert space
H, and let {\;} (including the zero eigenvalue if it exists) be the eigenvalues
of A. Denoting by ¢; the corresponding normalized eigenvectors, we now
have that {¢,} is an ON basis for H, not just R 4. if u € H then

u=3(u,6,);
i1

Note that the eigenvectors ¢; are not uniquely determined, since the eigenspaces
corresponding to nonzero eigenvalues could have finite multiplicity, and the
zero eigenspace may even have countably infinite multiplicity. It is only the
eigenspaces themselves that are unique. The following statements are easy
to verify.

Theorem 40 Let \ be a real number and define the operator Ey by

Exu= >, (u,0;)0;

{7:A <A}
for any u € 'H.

1. E is a linear operator in 'H, with Dg, = H.
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NS & e

E)\ is symmetric.

E) is bounded and ||E\|| =1 if E) # 0.
E? = E,.

If X > ||A]| then E)\ = 1.

If A < —||A]| then E\ = 0.

E\E, = E,E\ = E, where w = min(y, \).

Let Sy, be the eigenspace corresponding to eigenvalue A;. (Note that we
may have Sy, = Sy, , provided \; = A.)

Remarks:

1.

Let My = {v €H:v LSy forall \; > )\}. Then M, is closed and
its definition is independent of the choice of basis {¢;}. Furthermore

H:M,\@Mﬁ\‘.

. We have
vEMy = v= Y (v,9;)9,
{32 <A}
v E Mf\_ vV = Z (U,¢j)¢j,
{7:A;>A}
Given u € H we can write u = uy + uy, with u; € My, uy € My and

the decomposition is unique. Clearly, u = >;(u, ¢;)9;

— wi= Y, (), ur= Y (u,0;)9;

{7:A; <A} {32 >}

E\u = u; = projection of u on M, independent of the choice of basis

{05}

. We have

Bu=u<s=uveM,<=u= > (u,0;)¢;.
{i:x <A}
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6. We have

Biu=0<=sueMy<=u= Y (u¢)e;
{j:)\]’>)\}

Let p(\) = (E\u,v) for u,v € ‘H. This defines p on the interval (—o0, o).

Theorem 41 p is a step function and right continuous, i.e., limy_ 4+ p(A) =
p(Ro). Also, p(A) = 0 4f A < —[[A[], p(A) = (u,v) of A = [|A]].

PROOF": Explicitly,
p(N) = (Bxu,v) = (> (u,05)05, > (v,0;)9)

{d:A <A} {7:AEA)
= Z (u7¢j>(va¢j>‘
{d:A <A}
Q.E.D.
Note that the eigenvalues of A are located at the jump discontinuities of
p-

At this point we recall the Riemann-Stieltjes integral, a very useful tool
for representing the spectral resolutions of operators. Let [a,b] a < b be a
bounded interval on the real line. For any partition

A: a=xrpg<x;<---<z,=0b
we define the maximum partition width ||A|| = max,;— ..., {z; —x;_1}. Given
functions f(z), g(x) on [a, b] choose y;, such that zp_; <y < zp, k=1,--- n.
Definition 22 The Riemann-Stieltjes integral f;’ f dg is defined by

/ab f(x)dg(x0 = lim Xn: () {g(zr) — g(@e)},

1All=0 ;=
if the limit exists.

Here we are taking the limit over all partitions as the partition width goes
to 0. This is just the ordinary Riemann integral if g(x) = x. However the
Riemann-Stieltjes integral makes sense for functions ¢ with jump discontinu-
ities. The improper Riemann-Stieltjes integral is defined by

" 5@y dgtay = tim_ v [ f(a) dg(a)

— 0 b—+400 a——00

if the limits exist.
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Theorem 42 [et A be a symmetric completely continuous operator as defined
above. Then

(Auv) = [~ Ndpuu) = [~ Nd(Byu,v) = S0 (0.6,)(65,0),

where the integral is Riemann-Stieltjes.

Note: We can also write A = [0\ dE)\ because

lim B, — E, )= A
||Auﬂokz::1§’“( o B

where the limit is taken with respect to the operator norm. Further we can
write

Au = /OO NdByu =3 Ao(u, é)
. 4

because

lim > &(Epu— By u) = Au,

1Al=0 /=

where the limit is taken with respect to the Hilbert space norm.

3.1 Projection operators
Let M be a closed subspace of the Hilbert space calH. Then
H=Mao M,

i.e., every u € H can be written uniquely as u = uy + us, where uy € M,
uy € M. Define the operator P : H :— H by Pu = u, for all u € H. P is
called the orthogonal projection operator onto M.

Theorem 43 let P be the orthogonal projection operator of H onto M.
Then

1. P 1is linear and symmetric
2. The projection operator onto M* is Q = I — P.

3. P2=P.
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4. If P #0 then ||P|| = 1.

5. P # 0 is a positive operator.

6. Rp =M, Np =M=+, and Dp = H.
PROOF:

1. Let u,v € H, a, 8 € C, u = uy + ug, v = vy + 0o, with uy, vy € M,
Ug, vy € ML, Then au + Bv = (qu; + Bv1) + (qus + Suvs) where the
first term is in M and the second in M*. Thus Pu = u;, Pv = v; and

P(au+ fv) = auy + pv; = aPu+ GPv.
Also

(Pu,v) = (ug,v1 +v2) = (ug,v1) = (ug + uz,v1) = (u, Pv).

2. Qu = uy. But also (I — P)u = uj + uy — uy = us.
3. PPu= Pu; = u; = Pu.
4. If P # 0 then
1Pul? = [Jud|* < [Jua|* + [Juz|* = [Jul|*, = ||P]| < 1.
But if u € Rp = M then ||Pul| = ||u||?, so ||P|| = 1.
5. (Pu,u) = (PPu,u) = (Pu, Pu) = ||Pu||* > 0.
6. This is evident. Q.E.D.

Theorem 44 If R is symmetric, Dp = H, and R> = R, then R is an
orthogonal projection on Rg. In particular, Ry is closed.

PROOF: Note that for any u € H,
|| Rul[* = (Ru, Ru) = (Ru,u) < |[Rull - [|ul|,

so ||Rul| < |Ju|| and R is bounded with ||R|| < 1. Now let M = Rg. Then
u = Ru+ (u — Ru) = u; + up and R(Ru) = Ru, so u; = Ru; € M. Now
Uy = u — Ru and for any v € 'H we have

(ug, Rv) = (u — Ru, Rv) = (u, Rv) — (Ru, Rv) = (u, Rv) — (u, Rv) = 0.
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Therefore u — Ru € M*. Finally, we must show that M is closed. Clearly,
M C (M)t =M. let v e (M*)L Then also Rv € M C v— Rv(M*)L, s0
v—Rv e MtNn (M)t Thus v — Rv =6, s0o v € M. Thus M = (M*)+ =
M. QE.D.

The proof of the following is straight forward.

Theorem 45 Let Py, P, be orthogonal projections on the closed subspaces
My, My, respectively. Then

1. If PLP, = P, P, then P, P; is the orthogonal projection onto M N M,.

2. If PP, = 0 then (PiPy)* =0 = PP, and My L My. We say that
P, and P, are orthogonal to one another. In this case Py + Py is the
orthogonal projection onto My & Ms.

3. If PPy, = PPy then P, + P, — P, Py is the orthogonal projection onto
My + M.

4. PPy = Py = PP, = P, and this is true if and only if My C M.

3.2 The spectrum of an operator

Recall the following facts about closed operators B:

1. If B~! exists then B! is closed.
2. if B7! is bounded then Rz is a closed set.

3. If Dy is a closed set then B is bounded.

Now let A be a closed operator (not necessarily symmetric) on the Hilbert
space H with D4 = H. Let A be a complex number. Then the operator A—\I
is also closed. There are exactly four possibilities for A:

1. (A= AI)7! exists and is bounded, with R4_y; = H. In this case we
say that X is a regular value of A. The set of all regular values of A
is called the resolvent set of A. The set of all non-regular values is
called the spectrum of A.

2. The equation (A — Al)u = 0 has a nonzero solution u € D4. We say
that A is an eigenvalue of A. The set of eigenvalues forms the point
spectrum of A.
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3. (A — )\[)_1 exists with R _,; = H, but the inverse isn’t bounded.
Hence Ra_n; # H. We say the X\ belongs to the continuous spec-
trum of A.

4. (A=)t exists but Ra_x; # H. We say the X belongs to the residual
spectrum of A. The deficiency of A is dim [R4_,,].

The sets op(A),0c(A), or(A) comprise the complex numbers A in the point
spectrum of A, the continuous spectrum of A, and the residual spectrum of
A, respectively.

Theorem 46 Let A € ogr(A). Then the deficiency of X is m if and only if
X € op(A*) with multiplicity m.

PROOF: Let vy,---,v, be a basis for Ry _,;, where m may be infinite.
Then ([A — Mu,v;) = 0 for all w € Dy, so vj € Dyg_rp- and [A — A]*v; =
A*vj — dv; = 6. The converse is similar. Q.E.D.

Recall that if A is symmetric and A € op(A) then A is real.

Lemma 14 Let A be symmetric and X\ = o + i3, with o, real. Then
(A = ADul? = B2|[ul .

PROOF: We have

1(A=AD)ul[* = (Au—u, Au—Xu) = [| Aul [P+ A |[u] | = A(u, Au)=A(u, Au)

= || Aul|*+(a”+3%)||ul[* =20 (u, Au) > || Aul|*+(a62+5%)|[ul*=2|a]-[[u]|-|| Aul|
= [||Aul — la] - [[ul[]* + B2||ul|* = B2[|ul|?,

where we have made use of the fact that (Au,u) = (u, Au) is real for a

symmetric operator. Q.E.D.

Theorem 47 If A is symmetric and X\ € oc(A) then X is real.

PROOF: Suppose A € o¢(A), A =a+1i3, and § # 0. Then ||(A— A)u|]* >
B?||ul|? for all u € D4. Let v € Ra_xr, so v = (A — M )u for some u € Dy.
Then ||v]|*> > B%[(A — AI)"'w|[?, so (A — XI)~! is bounded. Impossible!
Q.E.D.

We conclude from these results that if A is symmetric then the sets o p(A)
and 0c(A) contain only real elements. In general, we can’t say anything
about the reality of o(A) for A symmetric.

Recall that a self-adjoint operator is closed.
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Theorem 48 If A is self-adjoint then then spectrum of A lies on the real
azis and og(A) is the empty set.

PROOF: 0p(A) and 0¢(A) are real, since A is symmetric. If A € og(A) then
0 < dim R%_,; = dim N, 5, so Av = A*v = lv for some nonzero v € D ..
Thus X € op(A), so A = X is real and X € op(A). Impossible! Q.E.D.

We have achieved a considerable simplification in the spectral classifica-
tion for a self-adjoint operator A. There are just three possibilities:

1. Nis regular <= R4_; = H.
2. )\EO’P(A) <:>RA,)J7£H<:>NA,)\[7£{9}.
3. \¢ Jc(A) <— Ra_xs 7§ ‘H but Ra_xr = H.

Example 9 Let A = i%, acting on the Hilbert space H = L§(—00,00) of
complex-valued square integrable functions on the real line. Here, Dy =
{u absolutely continuous : w,u’ € H}. We will show later that A = A*, and
assume this here. We classify the spectra of A. Let A € R. Then

Au = M = iu' = I\ = u(x) = ce,
Clearly w € H <= ¢ = 0. Therefore A\ & op(A). Now choose v € H and
consider the equation (A — AE)u = v, oriu’ — A = v. Writing this equation

in the form
d

el eikxu — _Z'ei)\azv
()
, we see that the general solution is
. z .
eMu(x) = —i/ eMo(t)dt + c.
—00
We must have ¢ = 0, for otherwise u could not be square integrable. Hence

ulw) = (A= AB) o =—i [ eNu(t)d,

—00

We will show that Ra— g # H. Suppose v(t) = x[0,1](t). Then

0 if 2 <0
u(r) = —i fy eMtmo)gp = = if 0<z<1
— fol ei/\(t*z)dt = _e—;\)\ac (ei/\ o 1) if x Z 1

It follows that w € H, so v € Ra_ag. Thus X\ € oc(A) for all real X.
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Example 10 Let B = i%, acting on the Hilbert space H = L§[0,00). Here,

Dp = {u absolutely continuous : u,u’ € H,u(0) = 0}. In this case B
1s symmetric and closed. The adjoint operator is given by B* = i% with
Dp+ = {u absolutely continuous : u,u’ € H}. (Note that if u € Dp and
v € Dp« then

(Bu,v) = /0 ' dx = /0 uwiv' dr + v |y = (u, B*v),

since the boundary term at oo vanishes and u(0) = 0.

Now let X\ be a complex number. If Bu = \u then u(x) = ce” and this is
square integrable only if c =0 Thus op(B) = 0. Recall that X € op(B) <=
A\ € op(B) U og(B), and in this case op(B) = 0. Now B*u = Au implies
iv' = du so u(x) = ce”? € H if Im(A) < 0 = Im(\) > 0. We conclude
that if \ = a+ i with 5> 0 then A € or(B). Here, the deficiency of A is 1

—i\z 1
and e spans Ri_yp-

3.3 Square roots of positive symmetric bounded
operators

The space of bounded operators on a Hilbert space H is closed under the
operator norm.

Theorem 49 Let {B,} be a sequence of bounded operators that is Cauchy
in the operator norm, i.e., ||B, — By|| — 0 as n,m — oco. Then there exists
a unique bounded operator B such that ||B — B,|| — 0 as n — oo.

PROOF: For every u € ‘H define Bu = lim,, ., B,u, where the convergence
is in the Hilbert space norm. Then

1. Bis well-defined: ||B,u— Bpu|| < ||Bn,— Buml|-||u|| — 0 as n,m — oco.
Therefore, lim,,_,o, B,u exists.

2. B is linear: Let u,v € H, o, f € C'. Then
|B(au + fv) — (aBu+ FBv) || <

1B(+ §v) — Bu(aw + 80)|| + || (aByu + BB,) — (aBu+ SBv)|
< [[B(au+Bv) = Bu(au+Bv)|[+|al-||aByu—Bul|+| ||| Byo—Bo|| — 0
as n,m — oo. Therefore B(au + fv) = aBu + (Buv.
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3. B is bounded: Let u € H, ||u|| = 1. Then
|Bul| < [[Bu — B — nul| + || Byul|.

The first term on the right can be made < 1 by choosing n sufficiently
large. The second term on the right is bounded, say ||B,|| < a because
{B,} is Cauchy in the operator norm. Hence ||Bu|| < a =1, so |B is
bounded.

4. ||B|| = lim,— ||By|| and ||B — By,|| — 0 as n — oo: Let u € H,
||u|| = 1. Then

||Bu—Bpul| < ||Bu—Bpul|+||Bpu—Bul| < ||Bu—Bmu||+||Bm_Bn||'

Given € > 0, we can make the first term on the right hand side < § by
choosing m sufficiently large, and the second term < § by choosing m
and n sufficiently large. Thus ||B — B, || < € for n sufficiently large.
Q.E.D.

Now let A be a bounded, symmetric and positive operator on H. (recall
that A is positive if (Au,u) > 0 for all v € H. The main purpose of this
section is to define and construct the positive square root of A. That is, we
will define B = v/A such that 1) B is bounded, symmetric and positive, and
2) B = A.

Note: This is easy in the special case A = C' where C' is a symmetric com-
pletely continuous positive operator. Then C' has nonzero eigenvalues {\;}
and corresponding normalized eigenvectors {¢;} such that

Cu =7y N(u,d;)0;.
i

Since C' is positive, we have A\; > 0 for all j. Thus, denoting by /\; the
positive square root of \;, we can define

V=3 /A (u,65);

and this operator has the correct properties.

Lemma 15 Let T be a bounded operator on 'H. Then the operators T'T* and
T*T are symmetric and positive.
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Remark: Recall that if T is bounded then so is T*. It follows that 7T7T* and
T*T are bounded.

PROOF OF THE LEMMA: (TT*)* = T*T* = TT*. Also
(TT*u,u) = (T*u, T*u) = ||T*ul||* > 0.
The proof for T*T is similar. Q.E.D.

Theorem 50 If A is a bounded symmetric positive operator, there exists a

unique bounded symmetric positive operator B such that B?> = A.

PROOF: Without loss of generality we can re-scale A, if necessary, so that
0 < (Au,u) < [ulf?,

i.e., [|A]| < 1. Therefore (u,u) > (u— Au,u) > 0, so the operator A’ =1 — A
is p081tlve and symmetric, and ||A’|| < 1. Now A = [ = A’ and, formally,

[]_Al]% A,—f- ;(1 1) ( 1)(__2)(A1)3+

(a/)2 _

1-2 1-2-3
I claim that the series

1- 1-3---(2n—3)
_1 _A/ A/2 Al3 A/n
o = Lol g AP g A e A+

for n > 2, converges for all |[|A’|| < 1. If ||A'|| < 1 this is true by the ratio
test. Suppose ||A’|| = 1. Then
_2n—1 3 4

_ <1__
2n+2 2n + 2 3n

Ap+t1
G,

if n > 17. Now consider the series 3277 | — L that we know to be convergent for
a > 1. From Taylor’s theorem with remalnder we know that the expansion

O‘(CYQ!_ 1).%2(1 o y>a72

holds for any z < 1, @ > 1 where y satisfies 0 < y < x < 1. Thus the

remainder term is positive and (1 —z)® > 1 — a. Clearly, the ratio between

1

successive terms in > 7 —= Is

fle)=1—-2)*=1—azx+




so, by the comparison test, there is a positive constant ¢y such that

>0 1
s§002—4<oo.
n:lng

It follows from this that the formal series [I — A’ ]% actually converges abso-

1\ 2
lutely to a bounded symmetric operator B, and B? — ([[ — A E) =]-A'=
A. Further,

(Bu,u) = (u,u) — %(A’u,u) + M((A’)Q,u,u) T

2!
2 !/ 1(1) / 2 2 2
> |ju —( 147+ 22 a2 )||u|| — llull2y/ 1= AT > 0.
so B is positive. Since B> = A we have ||B||> > ||A|| so ||B]| > | %

However, (Bu, Bu) = (B2u,u) = (Au,u) < [|A]| - [Jul®, so ||B]| < \/
Thus || B]| = /]I 4]l

Remark: It follows that B commutes with all bounded symmetric operators
that commute with A. We signify this through the notation BecA.

Finally, we must show that B is unique. let B, B’ be positive, symmetric,
bounded, such that B? = (B")? = A. Now B'A = (B')> = AB’, so B'B =
BB'. For any u € H let v = (B—B")u. let VB, /B be bounded, symmetric,
positive square roots of B’, B, respectively. Then

IV B'||” + [[VBu||* = (B'v,v) + (Bv,v) =

(B'Bu — Au, Bu — B'u) + (Au — BB'u, Bu — B'u) = 0,
because BB’ = B'B. Thus vVBv = v Bv = 6, which implies Bv = B'v = 6.

Now
1ol? = (Bu — B'u, Bu— B'w) = (B — Bu,u) = (B — Blv,u) = 0,
sov=~0and B=B. QE.D.

Theorem 51 Let B be bounded and closed. If \ belongs to the spectrum of
B then |A| < ||B|l.
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REMARK: The theorem implies that if |A| > ||B]|, then A belongs to the
resolvent set of B. Furthermore, if A is bounded and symmetric then the
spectrum of A is contained in the interval [—||A||, || 4]] ].

PROOF OF THEOREM: Suppose A € C, [A\| > ||B]||. Then (B — \I) =
—A(I — £ B) where ||1B]| < 1. Formally,

11
B-A)'=—-(I--B)'=-2-% —
(B —Al) Y /\z_:)\

and this series converges in the operator norm, since

LBl
_ L LBl
Z  ppe B = 0=

Therefore

[e.¢] 1 "
(Z:O )\n+1B ) (B—M\) =1,
and (B — X)~! = 0% ) 577 B exists and is bounded. This means that
belongs to the resolvent set of B. Q.E.D.

Note that if A is a bounded symmetric operator, then A? is bounded,

symmetric and positive.

Definition 23 let A, B be bounded symmetric operators on the Hilbert space
H. We say A > B if (Au,u) > (Bu,u) for all w € ‘H In particular A >
0 <= A is positive.

Note that this definition is quite different from the definition of > for exten-
sions of symmetric operators.

By definition, if A is bounded symmetric then A2 > 0, so it has a unique
positive square root.

Definition 24 Given a bounded symmetric operator A, we have bounded
symmetric operators |A|, Ay, A_ given by

1 1
A= VA, A= (A]+4), A =(|A]- A)

Note that A=A, — A_.
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Example 11 let C' be symmetric and completely continuous, with nonzero
eigenvalues {\;} and corresponding normalized eigenvectors {¢;}. Then for
any v € H we have

Cu = Z Aj(u, ;)05
C*u =" X;(Pu, ¢;)0;,

Clu = VC?u = Z Al (u, &5) b5,
Chu=3(IC1+ Chu= 34y 2 03 (u,07)65,

C_u= %(|C| = Chu= =32 < OA;|(u, &)

Let
M={ueH: Aiu=0} =Ny, ,

and let P be the orthogonal projection operator on M

Example 12 Consider the operator C' again. Here, M = {v =3, <o(v, $;)$;}
and for u € H we have Pu = Z)\jgo(ua ?;)P;-

In general, P has the following properties:

1. P2=P,P=P,

2. Rp=M

3. AytPu=2@0forallue H,so A,P=0=PA,

4. |AlecA? so |A|ccA. This implies A ccA, A_ccA.

5. PccA. Indeed, if D is bounded symmetric and DA = AD then DA, =
Ay D. If v € M then § = DA,v = A, Dv, so Dv € M. Therefore
DPu = PDPu for all u € 'H so

DP =PDP — PDP+ PD = DP = PD,

and PccA.
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6. AP=PA_ = A_. Indeed |A|ccA, so

ALA- = S(1A1+ A)(|A] - A) = $(AP - A%) =0,

1 1
4 4
This implies A_'H C M, so PA_ = A_.

7. (I —P)A = A(I — P) = A,. This follows from the previous identity
and A=A, — A_, which gives PA = AP = —-A_.

9. A,, A_ are positive operators. Indeed, A_ = PA_+ PA, = P|A| and
this is a positive operator since

(P|Alu,u) = (P*|Alu,u) = (JA|Pu, Pu) > 0.
Similarly

A = |Al = A = [A] - P|A| = (I - P)|A| > 0.

EXTENSION: Let p be a real number and set A, = A — /. Then again A,
is bounded and symmetric, and we can define A,, A, |A,|, P,, M, in the
usual way. We obviously have P,ccA,, A,iccA,, etc. so P,ccA, A, +ccA.

Definition 25 We say that the set of orthogonal projection operators {P, :
—00 < i1 < 0o} is the spectral family of A.

Example 13 let C' be the symmetric completely continuous operator Cu =

Zj )\j(u, ¢j)¢] Then

Cuu =Y [\ — 1l(u, ¢;)8;,

J

P = Z (u, ¢J)¢J

Aj<p

Lemma 16 If B,C are positive symmetric bounded operators on H, and
BC = CB then BC' is positive symmetric and bounded.
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PROOF: Only the statement that BC' is positive needs demonstration.

(BCu,u) = (VBVBCu,u) = (CvVBu,VBu) > 0.

Q.ED.
PROPERTIES OF {P,}:
1. P,P, = P,P,

2. P2=P,, P: =P,
3. P, <P, it p <v. PROOF:
A/J,+_AV++AV7 Z AH‘F_AV‘F_'_AV*_AH* = A/,L_AV = (I/—IU/>[ Z O

Now A,y > 0= A, (A,s — A, +A4, ) >0. Recall 4,, 4, =0—=
Ay Aps 2 Ay Ay s0

(A Apu,u) > (A Aypu,u) = || Ayl

Thus Ay u =0 = A,yu =0 = M, C M,. Therefore, P,P, =
P,P,= P, and

P,—P,=P,—P,P,=P,(I—P,) >0,

since the final term is a product of two commuting positive operators.
Q.E.D.

4. Let M = supy, =1 (Au, u), m = infjj, =1 (Au, u). If p < m then P, = 0.
If p > M then P, = 1.

PROOF: If n < m then A, = A — pl > 0 since
(Au7u> o :u(ua u) > m(u7u> o :u(ua U) >0

Thus
[Aul = Ay = Ay = Ay, Ay =0.

Note: (A,u,u) > (m — p)(u,u), so Ayu = Ayu =60 = u = 0.
Therefore P, = 0.

If p > M then —A, =pul —A>0,
= |A,|=-A4, = A,4=0= P, =1

Q.E.D.
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Before continuing with our list of properties of the family of orthogo-
nal projection operators { P, } we introduce and prove a crucial convergence
property of monotone increasing sequences of operators.

Definition 26 We say that < -,- >: ' H x H — C is a positive Hermitian
form on 'H if

1. <wu,v > is linear in the first argument.
2. <u,v>=<0,u >
3. <u,u>2>0 foralueH

Note that the positive Hermitian form has all of the properties of an inner
product, except that < u,u >= 0 doesn’t necessarily imply v = 6. It follows
that the Schwarz equality holds for ,-,- > in the form

| <u,v>? < <uu><v,v >,
for all u,v € H.

Theorem 52 Let {A,} be a sequence of bounded symmetric operators such
that Ay < Ay < --- and ||A,|] < o < oo for all n. Then there exists a
bounded symmetric operator A such that Au = lim,,_,, A,u for all u € H.
(We say that A, strongly converges to A, i.e., converges in the Hilbert
space norm, not the operator norm.)

PROOF': By adding an appropriate multiple of I to each operator, and then
rescaling, we can assume that 0 < A; < Ay--- < I. Now let A,,, = A,,— A,
so that A, > 0if m > n. Then < u,v >= (A,,,u, v) is a positive hermitian
form. Therefore

||Amnu||4 = (Amnu,Amnu)2 = | <u, Apau > |2 <
<, U >< Apntt, At >= (At ) (A7, 1, Apnte).
Now 0 < Apn < I 50 [|[Ana]] < 1. Therefore ||Aul|* < (Apnu, u)||ul[* and
JA, — Aul|* < [(Anu, u) — (Agu,w)] - [[ul .

But, since {(A,u,u)} is a bounded monotone increasing sequence, it follows
from this that {A,u} is a Cauchy sequence in the Hilbert space norm. There-
fore lim,, .., A,u = Au exists for all u € H. In is easy to check that A is
linear, bounded and symmetric. Q.E.D.
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Corollary 9 If the {A,} of the theorem are orthogonal projection operators,
then so is A.

PROOF: let u € H.
||A2u —Al < ||A2u — A Aul| + ||AnAu — AL A ||

< [[(A = An) Aul| + af[(A = Ap)ul| = 0

as n — o0o. Therefore A, — A? and A, — A asn — oo. Thus A2 = A, so A
is an orthogonal projection operator. Q.E.D.
Now we return to our listing of properties of the family {P,}.

5. Set P\, = P\ — P, for A > p. Then
MP/\M S AP/\H S )\P)\H‘
Note: P,, is a projection operator, since

P}, =(P\—P,)*=P{ —2P\P,+ P} =P, —2P,+ F,= P, — P,.

PROOF: P)\P)\M:P)\P)\—P)\PM:PA—PM:P)\M:(I—PM)P)\M, SO
(A_)\[>P)\,u = A)\P)\H IA)\P,\P,\M = —A)\ _P)\,u S O,
(A — /LI)PAM = AMPXM = AM(I — PM)P)\M = _AM + P)\M Z 0.
Therefore, AP, < APy, and APy, > pPy,. Q.E.D.

6. limy_ 10 P\ = Pyyo = Py, ie. S, =limy_,,10 Py, = 0, in the sense of
strong convergence.

PROOF: The limit S, exists, since the {P,,} is monotone for fixed p.
Furthermore, S, is an orthogonal projection operator. Now puP,, <
APy, < AP\, = puS, < AS, < uS, = AS, = pS, = A,S, = 0.
Furthermore,

(I—-P,)Py,=P,=—UI—-P)S, =5, P,S,=0.

Now A,S, =0= (I - P,)A,S,=0= A4,,.5,=0= S, HC M,
— 0=P,5, =S, QED.
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3.4 The spectral calculus

We have shown that the spectral family of orthogonal projection operators
{P,} associated with the bounded symmetric operator A has the following
properties:

1. P, <P, for p<v

2. P,P,=F,P,=PF, for p <v

3. Piyo=P,

4. lim, 4o P, =1, 1lim,,_ P, =0.

Any family of orthogonal projection operators { P, } satisfying properties 1.-4.
is called a spectral family, independent of any association with an operator
A.

Now we are at the point where we can discuss Riemann-Stieltjies integrals
over a spectral family, and use such integrals to define the spectral resolutions
of self-adjoint operators. Let {P,} be a spectral family.

Definition 27 Let § be an interval on the real line. We define the operator
P(9) as follows:

§=(a,b) <> P(§)=DPro—P,
§=(a,b] > P(6)=P—P,
§=[a,b] «> P(§) =P — Puy
§=la,b) <> P(5) =P o—Puy

Here is the basic idea. Let f(A) be a bounded function on the real line
and let A = {0, : k = 0,£1,£2,---} be a decomposition of (—o0,00) = R
into pairwise disjoint intervals: Ry = Ugdg, 0; N §; = {0} for i # j. In
particular, the left and right-hand endpoints of 0y are py_1, jux, respectively
(the endpoints may or may not be included in d). Let |0x| = pp — pr—1 be
the length of interval d; and set |A| = supy, |0x|. Now choose a point Ay € 0y
for each k. We define the spectral integral of f by

[ FNdP = Tm S FOWP().
—00 — ke —oo
provided the limit exists. Convergence is in the operator norm.
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We will construct the integral in stages, starting with the integral of
a bounded step function. Let f(\) be such a function. Thus there is a
decomposition A = {6} of the real line such that f(\) = ¢, for A € dy, and
lck] < M for all k. (It is OK for f to be nonzero on a countably infinite
number of intervals.)

Lemma 17 Y72, ¢, P(d;) converges to a bounded operator on 'H.

PROOF: Note that Y>3, P(6;) = I and P(6;)P(6;) = 0if k # j. Let u € H.
Then

n n n

1Y aP@ull?= Y lelPllP@r)ull> < M?* D ||P(6k)ul]?

=02 |32 PGl — (|32 Pl | — 0

k=1 k=1
as n,m — 00, since each of the sums on the right-hand side converges to
||u||?. Thus 322, cx P (1) converges. Furthermore

13 eePE)ull” = lim S Jeu[P@oul* < M2 lim 3 [|P(S0)ull® = M?|Jul %,
k=1 k=1 k=1

so the operator is bounded. Q.E.D.

Thus, the spectral integral exists for step functions. Note that the inte-
gral is independent of A, as follows from a standard argument in Riemann
partition theory. For step functions f we have

| TP = Y P = F(A).

where f(A) is defined by the expressions to the left.

The following theorem can be proved by simple verification:
Theorem 53 Let f, f1, fo be bounded step functions. Then

1. fA)=0= f(A) =0

2. fN)=1= f(A) =1

3. f(A) = arfi(A) + azfo(A) = f(A) = a1 f1(A) + az f2(A)
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4 ) = fiA) f2(A) = f(A) = fi(A) f2(A)
5. (| f(A)] < maxyer [f(N)]

6. [f(A)] = f(A) where f(\) = f(\). If f is real then F(A) is self-
adjoint.

7. f(A)ec{P\}
8. (f(Au,v) = 7, f(N)d(Pyu,v) and || f(A)ul|* = [ [f(N)]Pd] | Pyul
9. If |[f(N) — g(N)| < e for all X then || f(A) — g(A)]| <e.

Now let f(A) be bounded and uniformly continuous on (—o0,c0). For
each integer n let A,, = {d}} be a partition of (—o0o, 00) into pairwise disjoint
intervals, so that |A,| — 0 as n — co. Let A} € 6} and define a sequence of
step functions { f,(A\)} by fn(A) = Apif AL, Then f,,(A) — f(A) uniformly on
(=00,00), 50 [[fn(A) = Fan(A)|| < maxy|fn(X) = fn(M)] — 0 as n,m — oo.
from the last theorem we see that the operator sequence {f,(A)} is Cauchy
in the operator norm.

Definition 28 For f uniformly continuous we define f(A) by

F(A) = lim fu(4) = lim [ fudP = [ F()aP,
Corollary 10 Properties 1.-9. in the theorem above hold also for uniformly
continuous functions on (—o00, 00).

The above results can also be extended to piecewise continuous functions.

REMARK: We can justify the notation f(A) as follows. Suppose A is a
bounded symmetric operator and { Py} is the spectral family of A. Then from
our previous results, in particular APy, > A > pPy,, we have A = [\ dP;,
ie., A= f(A) where f(X) = A. Furthermore, if m = inf), =1 (Au,u), M =
SUD||y(|=1 (Au, u) we have mI < A < MI and Py = 0if A <n, Py, = I if
A> M. Thus A = f(f)\ dPy for any a < m, b > M. Finally, if f is any
function that is continuous on [m, M] we can extend f to a function that is

uniformly continuous on (—o0, 00) and zero outside [a, b]. Thus we can write
f(A) = [P f(\)dPy, and the operator exists and is uniquely defined.
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Theorem 54 (Spectral Theorem for bounded self-adjoint operators.) Let
fA) = ap\" + -+ -+ a1 A + ag, with a, # 0 be a polynomial in A, so

f(A) =a,A" + -+ a1A+apl.
Then A" = [Z N dPy, r=0,1,---, and f(A) = [, f(N)dP;.
Let B be a closed operator with resolvent set p(B).

Lemma 18 The resolvent set of B is open.

PROOF: Let € € p(B). Thus (B —£&I)7! = R(€) exists and is bounded, with
Drg¢) = 'H. Formally,

(B—ul) " =[(B=¢&) = (u=I" = (B=&)[I = (u— ORE)™
= R() [T+ (1= ORE) + (n— & R* (&) + -]

(e o]

= R() >_(n—"R"(¢).

n=0
Note that this last series converges absolutely in the operator norm if |p—¢| <
L Therefore, (B—ul)~! = R(u1) exists and is bounded if |p—¢&| < mmism

RO RGN
Moreover,

RO
=&l IR

IR < —
Q.E.D.

Theorem 55 Let A be bounded and symmetric, and A a real number.

1. Suppose there exists € > 0 such that P, = Py for all i such that |pp—\| <
€. Then X € p(A).

2. Suppose for every € > 0 there exist p,v such that P, — P, > 0 and
lw— A <€, |[v— A <€ Then X belongs to the spectrum of A.

3. P)\,O#P,\IP,\+O<:>)\EO'P(A).

4. A is a point of continuous increase of the spectral family {P,} <= X\ €
Jc(A).
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PROOQOF:
1. Let

400 1 A—e 1 400 1
R(\) :[m —M—Adp“:/oo —M_)\dP,nL/HG A
so R(A) exists. Now
+o0 1 —+o0
(A= ADR()) = /_oo (1 — \)dP, /_OO P = /_OO P, = 1.

Therefore R(\) = (A — M)~'. Furthermore, ||[R()\)|| is bounded:
IRl < e

“+00

2. Suppose A € p(A). Then we can find py € p(A) such that |ug— A| <,
(say € > o — A > 0), and P,, > Py. Choose v # 6 in the range of
P, — Py. Thusv e M,,NMx. Now P,ov=0if g < X and P,v = if
> po. Therefore,

M
(Av, Av) = || Av][* = |

n

2 Ho 9
pd(P,v, Po) :/ pd(P,v, P,v)
A
and

Ho
[1(A = A|[* = /A (1= N*d(P, Pw) < (1o — A)?[Jol]* < €Jv][*.

It follows that ||(A—AI)~!|| > L for € arbitrary. Impossible! Therefore,
A belongs to the spectrum of A.

3. Let A > p and assume Py_g # Py. Then pPy, < APy, < AP,,. Now
go to the limit as p — A — O:

APy — Py_o) S A(P\ — Py_o) < AP\ — Pr_o).

Hence, A(Py — Py_9) = A(P» — Px_o). Let v be a nonzero vector in
P\, — Py,_o. Then Av = Av, s0 A € op(A).

Conversely, suppose A € op(A) and that v is an eigenvector. Then

(A =ADel = [ |u=APd(Pw, ) = 0.

so ||P,v||* is constant for u > A, and for |mu < . But P,v = v for p
sufficiently large, and P,v = 6 for u sufficiently small. Hence, P,v = v
for p > X and P,v = 0 for p < A. This implies that Py_ov = 0,
Pyov = Pyv = v. Therefore, v € MyN M5 ,. QE.D.
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3.4.1 The spectral theorem for unbounded self-adjoint
operators

In this section we begin to prove the analogs, for an unbounded self-adjoint
operator A, of the properties of the spectral family that culminated in The-
orem 54 for bounded self-adjoint operators. We start with an important
special case in which we can easily transform the problem so that Theorem
54 applies.

Let A be self-adjoint and bounded below. Thus, A may be an unbounded
operator, but there exists a finite real number a such that (Au,u) > a(u,u)
forallu € Dy, ie., A>al. Nowset B=A—(a—1)I. Then (Bu,u) > (u,u)
for all u € Dy.

REMARKS:
1. B is self-adjoint
2. If Bu =0 then u = 60, so B~! exists.

3. Rp = H. PROOF: If v € R} then (Bu,v) = 0 for all u € D4. This
means that v € D« and B*v = Bv =6, s0 v = 0.

4. ||B71|| < 1. PROOF: Let w € Rp with w = Bv. Then
1Bl ? = (BYw, B'w) = (v,0) < (Bu,v) = (w, B~4w) < [lwll-|B~ul|.
Hence ||B~wl|| < |Jw]|.

5. B7!is self-adjoint. D1 = Rp = H.

6. B~!is positive. PROOF: Let w = Bu. Then

(B~'w,w) = (B~'Bu, Bu) = (u, Bu) > (u,u) > 0.

It follows from these remarks that B~! is self-adjoint and
0<B'<I.

Therefore, from the spectral theorem for bounded self-adjoint operators, we
see that there exists a spectral family { Py} such that B~' = [} X dP;.
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Now (formally)

11 1 1
/—de/ /\dPA:/ 1.dP, =1
0 A 0 0

so B = flldPA—A—(a—l)Iand

a= [ [
where = (a — 1) + 1/), and

I—P_a s >a
E,u:{ p—a -0 H=

(a—1) }dPA_/OOM dE,, (3.1)

+1

0. u<a.

DOES B = fol 1"dP, MAKE SENSE? We need to study the behavior of
the spectral famlly {P,} as A — 0. To do this we set P, = P — Pk_}rl,

k=12,
REMARKS:

1. PlP]=0if k # (.
2. The {P/} are orthogonal projection operators.
3. Zzozl PI:I — _[.

4. Set My, = P[H. Then if u € H we have the unique expansion
u="y_uy, where uy, = Plu = Pluy,

and (ug, ug) = 0 for k # £.

Now if v € Dy then v = B~ u, u € ‘H, and

A dP)\uk

|H =

1
v = P.B =B 'Plu=Blu, = /0 N dPy(Py — Py Juy =

/

e
+
p

It follows from this that

|,_. el

dP, = BP,

> =

1

+
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on ‘H. Since Bvy = BP[v we have

Bv = Z Bu, = Z/
k=1 k=1

F+1

= =

1 o ]
XdP)\U:/O XdPAU.

Furthermore,

> 1 o ]
1Bl =3 [ 5 dlPvolP= [~ 55 dilPs ol
1

k=1"%

I

+

Indeed, one can show that v € Dp if and only if this last integral is finite.

Hence, the spectral expansion (3.1) is established rigorously for all v €
Da.
Let T be a self-adjoint operator on H with Dy = H.

Lemma 19 Let B =1 + T?, with Dg = {u € Dy, Tu € Dr}. Then
1. Dg = (T + i)™ YT —il)""H, R = H and B is symmetric on its

domain.
2. (Bu,u) > ||u]|?* for all u € Dp.
3. B7t is self-adjoint and 0 < B~! < I,

4. Let C = TB™Y, Dc = H. Then C is bounded and symmetric, hence
self-adjoint, and ||C|| < 1.

PROOF:

1. Bu= (T+il)(T—il)u = (T —iI)(T +il)u and, since T is self-adjoint
+14 belongs to the resolvent set of T'.

2. (Bu,u) = (u,u) + (T%u,u) = [[u][> + [[Tu|* > [Ju|*
3. Obvious from the preceding proof.

4. Since
C=TB'=TU+T*) "' =T(T+il)"(T—il)™' = (T —il)"' —iB™*
we have
C*=(T+il) " +iB ' = (T +il)"" +i(T —il) (T +il)™*
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=T(T —i) " (T+i)'=TB " =C.
Also for v € 'H we have
[|Cv||* = (TB v, TB 'v) = (B 'v,T*B~'v)
= (B ', [T?*+ I)B'v) — || B "
= (B 'w,v) — ||B~ |~
Therefore,
|Co|* + [|B7M0||* = (B~ v, 0) < (v,0) = ||v][*.

Q.E.D.

REMARKS:
1. Note that we have also shown that BT C TB~!.

2. The lemma is remarkable in the sense that it holds even though T2,
hence B, may not be densely defined. Indeed, it could happen that
Dp = {6}. Nonetheless B~! and C are globally defined, bounded and
self-adjoint.

Now we can apply spectral techniques to the bounded self-adjoint opera-
tor B~! in analogy to our earlier treatment of B~! where B = A — (a — 1)I
was bounded below. By the spectral theorem for B~! there exists a spectral
family {F,} such that

1
B! :/ A dF).
0

Here it is easy to show that Fy = 0. Now set F,, = F1 _Fﬁ forn=1,2,---.
Then

S E=FR-F=1
n=1

Similarly if we define the subspaces M, = E,,’H, we have

H=> &M,

n=1

Since TB~! D B~'T where TB~! = C is bounded, then TE,, O E,T, where
TE, is bounded. Hence TM,, C M,,.
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Now set

11 y<1
— A n+l —n
5n(A) { 0 otherwise,
and let )
0 n 1
Sn:/ 5n(M) dFA:/ Z 4R,
0 LA
Then )
BlS, — /j 1dFy = E,,
==
SO

TE,=TB'S,=CS,.
This shows that T, = T'E,, is bounded and self-adjoint. Thus each T;, has a
spectral resolution in terms of the spectral family {P{™}:

Finally, set
P, = /n _ P"E.  E.P,=PE,=F.

w

Then for any u € Dy we have
Tu=YTEu=3 [wdP B~ [ pdPu
n=1 n=1 o
Here,
Dy — {u eH:|Tulf = [~ 2 d|| Pl < oo}.

This establishes the spectral theorem for unbounded self-adjoint operators.

3.4.2 More on essentially self-adjoint operators

Recall that a symmetric operator A on H is essentially self-adjoint if its
closure A is self-adjoint, i.e., if A = A*.

Theorem 56 Let A be a symmetric operator. Then A is self-adjoint if and

only if
Ratir = Ra—ir = H,

i.e., £i € p(A).
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PROOF: It is obvious that if A is self-adjoint, then +i € p(A). Conversely,
suppose +i € p(A), and let v € Dg+ O Dy. Then (Au,v) = (u, A*v), for all
u € Dy, so

(Au + iu,v) = (Au,v) + (iu,v) = (u, A*v —iv).
By our hypothesis, we can find w € D4 such that A*v —iv = Aw — fw, so
(u, Av —iv) = (u, Aw — iw) = (Au + iu, w).
Thus v = w € Dy. Hence A = A*. Q.E.D.

Theorem 57 The following are equivalent for a symmetric operator A.

1. A s essentially self-adjoint.

2. Rayir = Ra—ir =H.
8. Nasqir = Na_ir = {0}.
Lemma 20 If A is symmetric then
Rj—l—i[ = Na=_ir, R i = Nawpar.
PROOF OF THEOREM: The equivalence of 2. and 3. follows from the
lemma.

1. 1. — 3.: If A is essentially self-adjoint then A = A* is self-adjoint.
Hence N« = {0}.

2. 3. — 1.: Consider [uy,us] € H & H with graph inner product
< [uy, ug), [v1, v2] >= (uy,v1) + (ug, v2).
Recall that the graph of A is the subspace
Ca = {[u, Au|, u € Dy},

and that I'y, I'4- are closed subspaces with I'y C I'4-. Suppose 'y #
'4-. Then there exists a nonzero u such that [u, A*u] € I'y» NTx =
La-NT4 = (u,v) + (A*u, Av) = 0, for all v € D4. Hence A*u € Da-
and (A*)?u = —u. Thus (A* +il)(A* —il)u = 0, or u = 0. Impossible!
Hence FA* = FZ QED
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Example 14 Let H = L?(—00, ), Au = —iliv’, and
Dy, = {u(x) cu € CH(—o0,00) N'H, Au € H} .

Lemma 21 A, is essentially self-adjoint.

PROOF: From an earlier example, we know that Ay is symmetric and
Da: = {u(z) : u absolutely continuous , u, Au € H} .

Solving the equation (A} +il)u = 0 for u € Dy: we have —hu' + u = 0,

so u = ae®’". However, since u € H we must have u = 0. Similarly, the

equation (A} —il)u = 0 for u € Dax has only the solution u = 6. Therefore,
A =A. Q.E.D.
Now we classify the spectra of the self-adjoint operator A;.

1. op(AY) = 0: Indeed if Aju = \u then u = ae™*/" € H = u = 0.

2. 0c(A}) = R, the real azis: Forv € H and X real, the equation (Aju —
ANu =wv, or —ihu' — \u = v, has the general solution

u(z) = %[m e%(x’t)v(t)dt + e

As x — —oo then for any v € 'H we have u(z) — cen®, so u can't

belong to 'H unless ¢ = 0. Thus the solution w is unique. However,
2N

for fized real \, unless v satisfies the condition [ e "'u(t)dt = 0,

we have that u(x) — a%e%x for nonzero a, so that uw ¢ H. Clearly,
A& p(A7) and or(A3) =0 (since A3 is self-adjoint), so X € oc(AY).

Example 15 Here H = L?[0,400), A= —iu' and
Dy = {uE C'0,+o00)N'H : u' € H and u(0) :0}.
We have shown earlier that A is symmetric and

Da ={u € H: wu absolutely continuous, u’ € H}.

Now
(A" +ilu =0 = —iv/ +iu =0 = u(x) = ae”.
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If u € H then u = 0. However,
(A —ilu=0 = —iv/ —iu=0= u(z) = ae™".

Note that uw € 'H for a # 0. Therefore, A is not an essentially self-adjoint
operator. In fact, we will show later that A cannot be extended to a self-
adjoint operator.

Example 16 The Fourier Transform. We describe, briefly, how the well
known Fourier transform fits into the spectral theory of self-adjoint operators.
Consider the interval I = (—oo,+00) and the Hilbert space H = L%(I,1).
The operator A acts formally on this space via the differential operator T =
—i%. This is essentially the operator Ay above, which we have shown is
essentially self-adjoint. The equation Tu = Au has the solution u(z) = €*
which is not in H for any real A\. The spectrum of the self-adjoint operator
A is continuous and covers the real line. For any u € H we define
1 no_.
lim e Yu(z) de = Tu(y).

2 o Jon

9(y) =

The basic properties of the Fourier transform on L?(I,1) are that

n

lim e”’xg(y) dy, a.e.
27'(' n—oo

| lu@Pdr= [ Jg(w)dy.

We define the spectral projection operators Ey by

E / zyz = / / Z )
\u(x \/_ y) dy = o ) dt dy

so dE\u(z) = \/12? eMg(N) d\ and

u(r) =

and

Au— / X dBEyu(z / A g(A) dA.
27r

The following results give some sufficient conditions for a symmetric op-
erator to be essentially self-adjoint.

Theorem 58 Suppose
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1. A is symmetric.
2. Ra=H.
3. ||Aul| > al|ul|, for alluw € Ds. Here, a > 0.

Then A is essentially self-adjoint.

PROOF: By 3. A~" exists and [[A™"|| < 1. Since A is symmetric, it follows
that A~! is symmetric, hence self-adjoint. Now suppose (A* + il)v = 0.
Then, for all u € Dy, we have

0= (u,[A* +il]v) = (Au,,v) — (iu,v) = (w — A" w,v),

where u = A~'w. Choose a sequence {w,} in R4 such that w, — v as
n — 0o. Then A~ w,, — A=1v so

(v—iA v, v) =0 = ||v||* = i(A~Tv,v) = 0,

since the left-hand side is real and the right-hand side is imaginary. Thus
v = 0. A similar proof shows that if (A* —il)v =0, then v = 0. Q.E.D.

Corollary 11 If A is symmetric operator, Ry = H, and A~ exists and is
bounded, then A is essentially self-adjoint.

Corollary 12 If A is a symmetric ordinary Sturm-Liouville operator then
A is essentially self-adjoint.

PROOF: Choose a real number A, not an eigenvalue of A. Then (A — )~
exists and is bounded. Hence R 4_x; = H, so A—AI is essentially self-adjoint.
This implies that A is essentially self-adjoint. Q.E.D.

3.5 A first look at deficiency indices

Definition 29 Let A be a symmetric operator. The positive and negative
deficiency indices of A are given, respectably, by

D+(A) = diij—f—iI = dimNA*_u,

D_(A) = dim Ry _;; = dim Ny- .
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Here it may be that one or both of the deficiency indices are infinite. Note
that A is essentially self-adjoint <= D (A) =D_(A) =0.

PREVIEW OF COMING ATTRACTIONS: A can be extended to a self-
adjoint operator <= D, (A) = D_(A).

What is the significance of the complex numbers +i? Answer: conve-
nience.

Let B be a linear operator with D = H.

Definition 30 The complex number X\ is a point of regular type of B if
there exists a positive number k(X) such that ||(B — A)ul| > k||u|| for all
u € Dp, i.e., if and only if (B — X )™! exists and is bounded.

Note that it isn’t required that (B — AI)~! be densely defined. Now let
Reg(B) be the set of points of regular type for Bj,

Lemma 22 Reg(B) is an open set in the complex plane.

PROOQOF': Suppose A is a point of regular type, and A is a complex number
such that [A — A\o| < 2k(A\g) = 4. Then

1(B = AL)ul| + X = Ao| - [[ul[ = [[(B = Aol )ull

= [1(B = AT)ull = () — ZHQa)lllull = ZHOo)llul|

Q.E.D.

Note that if B is symmetric and A is not real, then ||[(B — Al )u|| >
[Tm A| - [|u||, so A is a point of regular type for B. It follows that the points
of nonregular type for a symmetric operator must form a closed subset of the
real line. We will show that if A is symmetric then dim R%_,; is constant
on any arcwise connected subset of Reg(A). This will show that dim R,
is constant on the upper half plane. Thus ¢ is chosen only for convenience.

To prove this result we have to introduce some machinery. Let U : H —
‘H be a linear operator.

Definition 31 U is an isometric transformation if
1. Dy =H
2. (Uu,Uv) = (u,v), for alluw € H, i.e., UU =1.
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If also Ry = H then U is a unitary transformation and also UU* = I,
so U* =U"L.

REMARKS:

1. If H is finite dimensional, then every isometry is unitary.

2. If ‘H is infinite dimensional then an isometric transformations may not
be unitary. For example, let {e, } be an ON basis for H. Then the linear
transformation defined by Ue,, = €,.1, n = 1,2, - is an isometry but
not unitary.

Theorem 59 Let M and N be closed subspaces of the Hilbert space H, with
corresponding orthogonal projection operators P,Q, respectfully. If ||P —

Q] < 1 then M can be mapped linearly and isometrically onto N'. In par-
ticular, dim M = dim N .

PROOF: If ||P— Q|| < 1 then ||P(Q — P)P|| < 1, so the symmetric operator
A=1+P(Q—-P)P>al >0,

where a > 0. Therefore the operators A and (A~!)z = A% exist and are
bounded, positive and symmetric.

Consider the operators U = QA_%P and U* = PA_%Q. Now P CC
A= P CC A_%, SO

U*U = PA2QQA 3P = A" PQQPA ™2
— A"2PQPA™2 = A 2[P + P(Q — P)P|A™2
= A 2PAA 3 = PA3AA % = P,

Clearly, U : M — N. I claim that this map is onto. First of all, UM is
closed in A/. Now suppose there is a v € N such that v L UM. Then

(v,Um) = (U,QA_%Pm) =0,
for all m € H so U*v = 6. But U*v = PA~2Qu = 0. Thus
PQu=A2A"2PQuv=A2PA 2Qu = A2U*v = .

This implies (Q — P)Qv = Qu. However, since ||Q — P|| < 1 we must have
Qu = 6. Since v € N this means that v = 6, so U is onto. Q.E.D.

Let PP = FE— P, Q = E — @ where P,@Q are orthogonal projection
operators.
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Lemma 23 If [|Q'P|| < 5 and [|[P'Q|| < 5 then [|P = Q|| < 1.

PROOQOF": For any nonzero u € H
1
P—Q=PQ =PQ, [[PQu’=[PQQuI < J]|Qul

1PQu = (PQu, PQu) = (@ PQ'w, Q') < 4]IQ/ul”
SO
1P~ Qull? = [ PQQuI + [PQQuI < L Qull + HIull* < [Jull.
QED.

Theorem 60 Let ' be an arcwise connected subset of Reg (A). Then dim R%_\x
is the same for all X € T'.

PROOF: Let Py be the orthogonal projection operator on the space R4, -
By the Heine-Borel theorem, it is enough to show that for each \g € I" there
is a d(A\g) > 0 such that ||Py — Py,|| < 1 for |A — Xg| <. Let \g € I" and let
0 <d(No) < 2k(No). Now

3
EQo)l[ul] < [[(A = Ao E)ul| < [[(A = AE)ull + (A = Ao)] - [[ul]
for all uw € Dy. Thus if | — Ag| < 0 then
2
1(A = AE)ull = Sk(o)l[ul-

Therefore, if [A — X\o| < and v € R4,z with [[v]| = 1, we have

A= NE))| (v, (A = AE)u+ (A — Xo)u)|
Pl v|| = su (v, 0 = su ’
B30l = sup = =S e — S (A= XoE)u
B I = o) (v, u)| skQo)lvll - flul] 1
= sup =~ Sup D) - .
ueDs [|[(A = NE)ul| = ueps  5k(Ao)]|ul] 2

Therefore, |[(E — Py,)v|| < 3 for unit vector v € Rj_,p. Similarly [|(E —
Py)w|] < % for unit vector w € Rj_, . Thus, the theorem is implied by
the preceding lemma. Q.E.D.
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Corollary 13 If A is symmetric and X is a complex number with Im X > 0,
then dim R, p = D+ (A) and dim Rj-ﬁ-XE =D_(A).

Corollary 14 If A is symmetric, closed and bounded below, then D, (A) =
D_(A).

Corollary 15 If A is symmetric and there is a real X such that A\ € Reg (A),
then D (A) = D_(A).

3.6 Essential self-adjointness of generalized Sturm-

Liouville operators
In this section we will determine the essential self-adjointness of a family
of Sturm-Liouville operators in R, similar to that which was introduced
in Section 1.3.2. Now, however, we will consider only the case of partial
differential operators in n variables that act on functions defined on the full
n-dimensional Euclidean space R,. That is, there is no boundary, though

there is a weight function k(x). We denote points in R,, by x = (21, -, z,).
Our Hilbert space is

H= {u(x), real valued : /Rn |u(z)?k(z) dz < oo} = L}{R,, k}

(u,v) :/ u(x)v(x)k(z) dr, u,v € H.
Rn
Formally, the Sturm-Liouville operator is

= s [— > (s b + 53y, +5 3y (o)) + q<x>u] -

0,j=1 j=1 j=1

(3.2)

This formal operator enables us to define three operators, A;, Ay, Az with
domains

Dy, = {u G(OL*OO (Rg)},

Dy, = {u 660‘2 (Rg)},

DAS:{UGC’Q(R;;):uGHandAuEH},

respectively. We require
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L. pej(x), k(z), q(x) real and py; = pje
2. poi(z) € C*(R,), pj(x) € C*(R,), k,qe€ CY(R,)
3. k>0forallz e R,

4 X0 i1 e (2)60E5 > p(a) Xy €517 for all z € R, and arbitrary complex
§;. Here p(z) >0 for all x € R,,.

Recall that the S-L operators A;, Ay, A3 are symmetric. Furthermore,
DAl c?D 4, C D As

and Dy, = H.

To prove the essential self-adjointness of these operators we need a tech-
nical (and deep ) lemma. Let G be an open, simply connected subset of R,
and let D be the differential operator

n
— Z ajg(:p)umm Zaj um] + a(x)u.
.]76:1

Here,
o0 o0

Dp = {u(x) cueC (G)},
and we require
1. ag(z), a;(x),a(z) complex and ag; = az
2. a(x) € C3(G), a;(x) € C*(G),  a(z) € CY(G)

3. 2o agi ()€ > p(x) 75—, |&° for all z € G and arbitrary complex
&;. Here p(z) > 0 for alleG

Lemma 24 (Hermann Weyl) Let n(z) € C'(G) and suppose w(z) is locally
integrable in G. If

/Gw(x)Du(x) dx = /Gn(x)m dx

holds for allu € Dp then w(z) = w(x), a.e., where w € C*(G). Furthermore,
D*w =n, a.e., where D* is the formal adjoint of D.
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Theorem 61 The operators Ay, As, As, defined above, are essentially self
adjoint.

PROOF: We will show that D, (A;) = D_(A;) = 0. Since A} C A; C A5,
the theorem will follow. Suppose v € D4, and Ajv = iv. Then

o0

([Af —iE]v,u) =0, forallu €Dy, =C' (Rn)

— (0, [A +iElu) =0, foralluel (R).

Note: v is locally integrable in R,, since

/B lv] do = /B ‘U|\/E(%)dl' < \//B |v|2k dx/B%d:c < 00,

where B is any compact set.

It follows from the Weyl lemma for the case n = 0 that we can assume
v € C*(R,). Thus Av = iv, and v € D,,. Since Az is symmetric, we must
have v = . Thus D, (A;) = 0. A similar proof gives D_(A4;) = 0. Q.E.D.

Corollary 16 Let A\ € op(As3) and suppose there is a nonzero v such that
Azv = Av. Then, by redefining v on a set of measure zero if necessary, we
can assume v € Dy,, Asv = v.

PROOF: ([A5 — AE]v,u) = 0 for all u € Dy, implies from the Weyl lemma
that v € C*(R,). Thus v € D4. Q.E.D.

In Chapter 4 we give a detailed proof of the Weyl lemma for second-
order ordinary differential operators. The verification for partial differential
operators is more challenging, and we merely sketch a proof of the Weyl
lemma for the case Du = —A,u + a(x)u. (More details can be found in
Hellwig.) We need to show that if

/Gw(x)[—Anu(x) + a(z)u(z)] de = /Gn(x)u(:c) dx
for some n € C'(G) and all u el (G) then w € C*(G).

Fix a point ¢y € G and let K, be a ball centered about z( such that K; C
G. Let K, be a ball centered at g such that Ky C K. Let p(x) ECO’ (Ky)
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such that p(z) =1 for all x € Ky. Let s(z,y) = s(y,x) be the fundamental
solution of A, u = 0:
1

_ 2—n 2
et (TL*Q)UJn |:C y‘ ’ n >
s(@,y) { —5=In|z —y, n=2.

Suppose w € C?(G) and set n(r) = —A,w(z) + a(x)w(z). ;From Green’s
formula,

[ w@A st n)] dy— [ pw)s(e.n)Alw(y) dy = w(z)

1

if z € Ky, where AY signifies that A,, is acting on the y coordinates. Thus
we have

w(z) = /K w(y)Aylp(y)s(z,y)] dy + /K p(y)s(z, y)n(y) — aly)w(y)] dy.
1 1
(3.3)
However, for the Weyl lemma we can only assume that w(zx) is locally inte-
grable. The Green’s formula computation suggests that we define a function
v(z) by the integrals

v(z) = / w(y)Azlp(y)s(e, y)] dy + / p(y)s(z, y)nly) — aly)w(y)] dy.
K1 Kl
Note by inspection that v € C?(K3). If we can show that for all u ECO‘OO (K5)

[ vt dy= [ wuly) dy— [ w@)[DU) (@) 0()] dr (3.4)

Ki

where

() = ple) [ sly.x)uly) dy.
and DV (z) —n(z)¥(z) = 0 for z € K3, it will follow that
[ uw)lo() = w(y) dy =0

so that v(y) = w(y), a.e. in Ky. This will imply that (3.3) holds.
We have

/ng(y)“(y) dy = /Klw(x) UK u(y)Arlp(x)s(y, «) dy| dv
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+ [ |p@n@) - @) dy [ u@)sy) dy] do

Azpla) [

Ko

= w(x)
K1—K>

u(y)s(y, ) dy] dx +---.

Note that

ulw) = =A% [ sty.ouldy,  wel (K2)

Ko

and set V(z) = p(x) [, u(y)s(z,y)dy. Then we find
[ uw)o) —w)] dy =~ [ wul)dy

[ w@A@)de + [ () - ae)w(@)¥(z)de

- /K w(z) [DV(x) — n(z)¥(z)] dz = 0.

Q.E.D.

3.7 B-bounded operators and their applica-
tions

Definition 32 Let B, C be operators on the Hilbert space H with Dg C Dg,
Dp = H. We say that C is B-bounded if there exist real constants 6, €,
with 0 < e <1 and such that

|Cul| < €| Bul| + 6] |ul]
for all u € Dp.

Note that any bounded operator C' is automatically bounded with respect to
any other operator B. The main interest is in cases where C'is an unbounded
but B-bounded operator.

A principal result for such operators is

Theorem 62 Suppose B, C are operators on H with Dg C D¢, Dp = H. If

1. B is essentially self-adjoint
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2. C is symmetric
3. C is B-bounded.

Then B + C' is essentially self-adjoint and Dg,c = Dp.

PROOQF': The basic strategy behind the proof is to show that there exists
a complex number A\ with Im A # 0 such that both (B + C' 4+ AE)Dg and
(B + C + AE)Dg are dense in Dp, so that the deficiency indices of B + C
are both zero. Clearly, B 4+ C' is symmetric in H. Since B is essentially self-
adjoint it follows that (B +ikE)Dp is dense in H for all real k # 0, and that
(B+ikE)™! exists and is bounded. Indeed ||(B+ikE)ul|? = ||Bul||* + k?||ul|?
for u € Dp so ||(B + ikE)7 | < ‘ We will show that there exists a real

k # 0 such that (B + C £ ikE)Dp is dense in H.
Note that (formally)

(B+C+ikE)Dp = (C(B+ikE)™' + E) (B + ikE)Dg
and, since C' is B-bounded,
|C(B +ikE) 'ul| < €||B(B 4+ ikE)  u|| + 6||(B + ikE) ul).

Therefore,

5
|C(B +ikE)Y|| < e+ — 7

Now choose |k| so large that e + | < 1. This means that the operator

A= C(B +ikE)™" is bounded with norm ||A|| < 1. But this in turn means
that the operator

(E+A)7'=> (-1)/A

Jj=0

exists and is bounded. Here,
Rera=DEia-1 = Da=Rprie-
Therefore,
(C(B+ikE)™ + E) (B +ikE)Dp = (B + C + ikE)Dp
is dense in H. Q.E.D.
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Corollary 17 Replace requirement 1. in theorem 62 by
1. B is self-adjoint.
Then C' + B 1is self-adjoint.
Corollary 18 Suppose
1. B 1is essentially self-adjoint
2. C is symmetric and De O Dp
3. ||Cul|* < p1(u, Bu) + pa||ul|? for some p1,pa > 0 and all u € Dp.

Then C' + B 1is essentially self-adjoint.

PROOF:
|C(B+4ikE) " u||? < p1(B+ikE) " u, B(B+ikE) ™ w) + po| (B +ikE) ™ ul|?

< pll(B+ikE) " ul| - [|B(B +ikE) " ul| + paf [(B + ik E) "l

B(B +ikE)™! 2
< (0B b))+ )

Therefore, by choosing |k| large enough, we have ||C(B + ikE)7!|| < 1.
¢ From the proof of Theorem 62 it follows that (B + C £ikFE)Dp is dense in
H. QED.

We will apply these results to essentially self-adjoint operators introduced

in Section 3.6. Recall that the Hilbert space is
H = {u( ), real valued : / 7)*k(z) dr < oo} = L*{R,, k},

and the formal Sturm-Liouville operator is

Au = ﬁ {— i (e (2)a; ), +iipj(:v)uxj +ii(%(x>)zj“ + Q(x)“] :

0,j=1 j=1
(3.5)
Here,

L. pej(x), k(z), q(x) real and py; = pj
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2. puj(x) € C3(R,), pi(x) € C*(R,), k,q€ CY(R,)
3. k>0forallz € R,

4 X0 i1 e (2)60E5 > p(a) X, €517 for all z € R, and arbitrary complex
&;. Here p(z) >0 for all x € R,,.

The essentially self-adjoint operators A, Ay have domains

Dy, = {u G(OL*OO (Rg)},

02
D, = {uel (R},
respectively.

Theorem 63 The operators Ay, Ay remain essentially self-adjoint if q sat-
isfies the weaker condition q(x) € C°(R,,).

PROOF: Suppose ¢ € C°(R,,). Clearly there exists some G(x) € C*(R,,) such
that |g(z) — §(v)| < k(z) for all € R,,. Let A;, j = 1,2 be the symmetric
operators corresponding to the potential function g(x), and A;, j = 1,2 be
the symmetric operators corresponding to the potential function ¢(z). Then
the 121]- are essentially self-adjoint. Define the operator C' by

Culz) = (%u(gg).
The Aju = Aju+ Cu, C are symmetric with Dp C f)Aj and ||Cul] < |]ul].
Since C' is a bounded operator, it is trivially flj—bounded. Thus by Theorem

62 the operators A; are essentially self-adjoint. Q.E.D.
A deeper result is the following.

Theorem 64 Suppose q(x) is a real potential in R, and a finite positive

number M such that
2
7*(v)
———dy < M
/y:vSR |33' _ y‘nf4+a Y=

forallz € R, all R € (0,1) and some o with 0 < o < 4. Define the formal
operator A by

Au(z) = —Ayu(z) + q(z)u(z).
Then Ay and Ay are essentially self-adjoint.
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SKETCH OF PROOF': The theorem follows from the inequality
la(z)u(z)|| < KiRPMY2||Apu(@)]| + Ko RO V2MY2 Ju(z)l|  (3.6)

where K, Ky are constants and u € Dy, or u € Dy,. If we set Bu = —A,u
and Cu = g(x)u we see that C' is symmetric, B is essentially self-adjoint and
there exist constants €, such that

[|Cull < ¢l Bul| + o] ful].

We can require 0 < € < 1 if we choose R sufficiently small. This shows that
C'is B-bounded, so that B + C' is essentially self-adjoint. Thus the theorem
follows once we show that (3.6) holds. We will indicate the proof of the
inequality shortly.

Theorem 64 shows that the operators A; and A can be essentially self-
adjoint even when the potential ¢(x) has a singularity in R,. Indeed, we
have the following estimate.

Theorem 65 Let b(x) = p~°(x), where p*(z) = Y7 23, 1 < m < n and
0>0. Ifa>0,20<4—a<m then for all x € R,,, n > 2 we have
b (x)
———dy < M
/y—ng o — gt =

forall0 < R< 1.

SKETCH OF PROOQOF: This follows from introducing spherical coordinates
r,0; in R,. In these coordinates dy ~ 7" 'dr dw where dw is the area
measure on the unit sphere in R,,. The maximum possible singularity of the
integral occurs at x = y, and we can evaluate this case by passing to spherical
coordinates and see that the integral converges as indicated by the statement
of the theorem. Q.E.D.

To indicate the proof of the inequality (3.6) in Theorem 64 we will review
and extend some results about the operator As with ¢ = 0, i.e. (restricting
to the important case n = 3 for simplicity)

0? 0? 0?
Ay=—— —— —— = A
YT 0: 02 O v
where )00



Then A, is symmetric,
Ay CAS

and A} = A, is self-adjoint and A, is essentially self-adjoint. (The analogous
statements are also true for A;.) L
Recall some of the steps in the construction of A;. The Fourier transform

u(y) = Fu(y) ! - lim ///zgr e~y (x)d,

where x = (x1, 22, 23), ¥ = (y1,¥2,y3) is a unitary mapping of H onto H =
L?*(R3) (in the y coordinates), i.e., the map is 1-1, onto and preserves inner
product. Now if u € Dy, then

Au(y) = ) / // —Y Agu(z)dr = ylaly).

Now let K be the operator with maximal domain that multiplies by ly|% in
H:

Dk = {@ cH: |y|*i(y) € H}.
Clearly, K = K*. Let A be the operator on H defined by A = F1KF.
(Note that F~! = F* since F is unitary. So (Au,v) = (F'KFu,v) =
(KFu,Fv) "= (Kt,0)", where (-,-)is the inner product on H. ) We see
that A is an extension of Ay. Further, A = A*, since K = K*. Thus A, (as
well as A1) has a self-adjoint extension. We have already shown that, in fact,
A =44,
Now if u € D then

s ]| g ] s
= ﬁ //] ﬁ - (lyl* + a)]i(y)|dy

<l [ rsme ] [ [+ anriaray

for all « > 0. The first integral in the last inequality can be evaluated
explicitly, and we find

) = |5

u(@)] € ——|I(A+ a®)u|| < (a2 |(Aul| + a2 [Jul) ~ (3.7)

(2m)2a1/? (2m)

[SIY)
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for all & > 0. This shows in particular that u(x) is bounded and continuous
if w € D ;. Note that (3.7) is the verification of (3.6) in the case n = 3. The
proof for general n is similar.

To make clearer how Theorem 64 can be applied, we will look more care-
fully at the case n = 3. Suppose ¢ is locally square integrable and that

q9(z) = qo(x) + qi()
where ¢ is a bounded measurable function in Rz and ¢; € L?(R3).

NOTE: A physically important example is the Coulomb potential

1
q(x) = =, r =\ 2%+ 2} + 13.

Here q is locally square integrable and we can take

0, r<1 L 0o<r<1
0 () = L r>1 ¢(7) = 0, r>1.

Let @ be the operator defined by multiplication by ¢(x) and let
Qru(z) = q1(x)u(z), Do, = {u € L*(Rs3) : quu € LQ(Rg)},

Qou(z) = qo(x)u(z),  Dq, = L*(Ry).
Then @) = Qy + @1 and Dy = Dg,. Now consider the operator
H=A+Q=A+Qu+Qr.

where A is self-adjoint and Q is symmetric. . Recall that if u € D 4 then
u(z) is bounded, hence u € Dg. Let Dy = Dj.

Theorem 66 H is self-adjoint and A; + Q (with Da,yq = Da,), is essen-
tially self-adjoint.

PROOF:
ue Dy = [|Quul| < [lar][sup [u(@)| < Kl[g:|[(a™ 2| Aul[ + o [ul]).
Also, ||Qou|| < ||u||sup |go(z)|. Thus
K ~
1Qul] < NlQuull+|Qoull < —5 llaull- Il Aull+ [ Ka®2||qa]| + sup go()] ] [lul |

Choose a so large that K||q;||/a'/? < 1. Then Q is A-bounded. Q.E.D.
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3.8 The graph approach to extensions of sym-
metric operators

We now continue the development of the operator graph approach to linear
operators that was introduced in Section 1.3.1. Here we will be interested
in the possible ways that a symmetric closed operator can be extended to
a self-adjoint operator. Recall that if A is a linear operator on the Hilbert
space H, with dense domain, the graph I'(A) of A is the set of all ordered
pairs [u, Au| € H @& H with u € D 4. If we assume that A is symmetric, then
A C A" and 'y« D I'y. Thus we can regard "4 as a subspace of the graph
Hilbert space I' 4« with graph inner product

<u,v>= (u,v) + (A*u, A*v), u,v € Dy.

A is closed if and only if I'4 is a closed subspace of I' 4«. Recall also that if
B is symmetric and B O A then

ACBCB"CA".

(In the following we will, for convenience, often employ the identification
v < [v, A*v] between elements v € Dy« and elements [v, A*v] € ['4+.)

Definition 33
Dy ={u € Dy : A'u=iu}, dim D, = D, (A),
D_ ={u € Dy : A'u = —iu}, dim D_ = D_(A),

Here, D, ,D_ are called the positive and negative deficiency subspaces
corresponding to A.

Theorem 67 D4, D, ,D_ are mutually orthogonal closed linear subspaces in
Dy« (with respect to the inner product < -, >) and

DA* :DZ@D+@D_

PROOF:
1. Dy L D_: Let uy € Dy, u_ € D_. Then
< U4, U— >= (u+7 U,) + (A*UJH A*U,) = (u+7 u*) + (iu+7 _iu*>

= (u+7u_) — (u+,u_) = 0
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2. Dy L Dy Let uy € Dy, u € Dy. Then
<u,uy >= (u,uy) + (A*u, A*uy) = (u,uy) —i(Au, uy)
= (u,uy) = i(u, A"uy) = (u,ug) — (w,uy) = 0.
Similarly, D_ L D.

3. f v L Dy, Dy, D_ then v = 0: If u € Dy then
(<u,v>=0=(u,v)+(A"u, Av) = (u,v) = —(A%u, A"v) = A™v € Dy,
and A*A*v = —v. Thus

(A" +iE)(A* —iEyv =0 = (A" —iE)v € D_.
For any u_ € D_ we have
(u_, [A"—iEw) = (u_, A"v)+i(u_,v) = i(A"u_, A*v)+i(u_,v) =i < u_,v >=0.
Therefore [A* — iEJv =60, s0 v € D,y. But v L D,. Hence v = 6.
Q.E.D.
REMARK: Let
P, = —%(A* +iE), P - %(A* _iE).
Then

1. P, +P_=E.

2. P,P.=P_ P, =0.

3.

P = —i(A* +iE)? =

(A"A* 4+ 21A* — E) (A" +iE) = Py.

1 o
4 2
Similarly, P? = P_.

4. Plv=v= A*v =1 and P_v =v = A*v = —iv.

5. < Pru,v >=<wu, Prv > for all u,v € Dy-.
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Thus, Py are orthogonal self-adjoint projection operators on D 4+, commuting
with A*. Also P, projects onto D, and P_ projects onto D_.

Let B be a closed symmetric extension of the symmetric operator A. The
following observations are pertinent:

1.
D;C Dy CD;&D, D =Dy

2. If uy is a nonzero element of D, then u, &€ Dp. Indeed, if u, € Dp
then (Bu,,u, ) would be a real number. However,

(Buy,uy) = (iuy, uy) = il|ug[[* # 0

is not real. Similarly, a nonzero element of u_ of D_ cannot belong to
Dg.

3. Which elements of D3 @ Dy © D_ = Da~ do belong to Dg? If v € Dp
then it can be expressed uniquely in the form

vV=uU+UuUp =U_, u€ Dz, uy €Dy, u_€D_.
Let
S ={uy €D, : v=u+uy +u_ for some v € Dp}.

Then there exists a 1-1 map C' : S, = Ds — D_ such that Dg =
D4 ® S, where

S:{U++OU+Z U4 €S+}
Indeed, if both uy + u_ and u, + v’ belong to Dg then u_ — v’ €
Dy N D_, which implies u_ — v’ = 6. Thus the map C is 1-1.

Lemma 25 If Ay is a closed symmetric extension of A then there exists an
isometric (i.e., inner product preserving) map C of a closed subspace D¢ of
D, onto a subspace Re of D_ such that Dy, = D5z @& S, where

S:{U++OU+Z U+€DC}.

Conversely, if C' is such an isometric operator from the closed subspace Do C
Dy to Re € D_ then the restriction of A* to Dz ® S is a closed symmetric
extension of A.
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PROOF": Let a,b € D7y @ S so that
a=1u-+us+ Cuy, b=v+vy+ Cuy.
Then
(Ara,b) = (Aju+iuy —iCuy,v+vy +Cuy) =
(Aju,v) + (Aju,vy) + (A, Cog) + i(ug, v) + i(uy, vy)
+i(uy, Cvy) —i(Cuy,v) —i(Cug,vy) — i(Cuy, Coy)
= i(ug, vq) = i(Cuy, Coy),
(a, A1b) = (u 4+ uy + Cuy, Ao +ivy —iCoy ) =
(u, A1v) + (ug, A1v) + (Cuy, Ajv) —i(u, vy ) —i(uy, vy)
—i(Cuy,vy) +i(u, Cvy) — i(uy, Coy) + i(Cuy, Coy)
= —i(us,vy) +i(Cuy, Cuy).

Hence

(Ara,b) — (a, A1b) = 2i [(ug,vy) — (Cug, Cvy )] .

Thus A; is symmetric if and only if C' is isometric. Note that < v, ,u; >=
2(uy,uy) and < vy, vy >= 2(vy,vy). Note further that if A; is symmetric
then & must be a closed subspace of D4+, in the graph norm. Since C' is
isometric, it follows that Sy = D¢ must also be closed (in both the graph
and the usual || - || norm). Q.E.D.
Recall that
AC A CA;C A

Lemma 26 Let C be an isometric map of a closed subspace D¢ of |cal D
onto a subspace Ro of D_, and let Ay be the resulting closed symmetric
extension of A. Then Dyx is a closed subspace of Da-. let Di(Ay) be the
deficiency subspaces of Ay with decomposition

Dyr =D, © Dy (A1) ©D_(A).
Then

Di(A) ={ueDi(A): <u,Dc>=0}, D_(A)={ueD_(A): <u,Rc>=0}.
(3.8)
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PROOF: Clearly Dy (A;) € D, (A) and D_(A;) C D_(A). The only part of
the lemma remaining to be proved is the characterization (3.8).

1. u € Di(A)) —< u,De >=0: Let v € De € Dy (A). Then v+ Cv €
D, implies u L (v + Cv) in the graph inner product. Hence

<u,v+Cv>=0=<u,v>+ <u,Cv>=<u,v >,
since u € Dy, Cv € D_. Similarly u € D_ =< u, R¢ >= 0.

2.u € Di(A), < u,Dec >=0 = u € D (A;): Here we must show
u € Dyx. For this it is enough to show that (A,v,u) = (v, A%, u) for all
v € Dy,. Now

(Ayv,u) = (Aa+iay —iCay,u) = (Aa,u) +i(ay,u) —i(Cay,u)
= (a, A"u) +i(as,u) —i(Cay,u) = —i(a,u) —i(Cay,u).
Similarly,
(v, Au) = (a+ ay + Cay,iu) = —i(a,u) — i(Cag, u).
The proof of the statement involving R¢ is similar. Q.E.D.

Theorem 68 If C' is an isometric map of all of Dy onto all of D_ then the
restriction Ay of A* to Dz &S, S = {u+Cu: u € D,} is self-adjoint.
Conversely, if Ay is a self-adjoint extension of A, then there exists a unique
1sometric map C' such that A; is obtained as above.

PROOF: If C' maps D, onto D_ then from Lemma 26
Dy =Dy, © {0} © {0}
so A; = A}. Conversely, if A7 = A7 then
Di(A)=D_(A)={0} = Dc =D, Re =D-_.
Q.E.D.

Corollary 19 A symmetric operator A has self-adjoint extensions if and
only iof dim Dy = dim D_. If this is the case, the possible self-adjoint ez-
tensions of A are in 1-1 correspondence with isometric maps C' of Dy = D¢
onto D_ = R¢.
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Definition 34 Let M, N be vector spaces with M C N. We say that M
is of co-dimension m in N if N = M & K where dim KL = m.

Corollary 20 Dy is of co-dimension Dy (A) + D_(A) in Dy«.

Corollary 21 Suppose D (A) = D_(A) = m. A symmetric extension A,
of A is self-adjoint if and only if the co-dimension of Dy in Dy, is m.

EXAMPLE: Let p
A=i— = L5{[0,1
Zdl” H 2{[ ’ ]}7

D4 = {u(x) : w absolutely continuous, Au € H, u(0)=wu(1)=0}.

Here, A is symmetric and closed. Further,
Dy« = {u(x) : u absolutely continuous, Au € H}.

We will compute Dy for this case. If A*u = iu then u(z) = ce®. Since
Jo €**dz = (e — 1)/2 we see that Dy = 1 and {u;(z) = \/=%5€"} in an ON

basis for D,. Similarly, D_ =1 and {v;(x) = y/ e%efl e "} in an ON basis for
D_. Define the linear transformation Cyp : Dy — D_ by

Couy = ewvl, 0<6 < 2m.
We see that the possible self-adjoint extensions of A are Ay, where

Dy, = {v(x) = u(x) +a(e® + e we Dy, ac C} .

0

Here,
Agv(x) = i/ (z) + ia(e® — 177, u(0) = u(1) = 0.

To characterize the domain of Ay in a simpler fashion, note that if v € Dy,
then
v(0) = a(l + 1), v(1) = a(e + "),
SO
U(O) - 1 +61+i9
v(l) 1+ e1=i0©

=P
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where |Gy = 1. Thus v € Dy, if and only if v € Dy, and v satisfies the
boundary condition

Bw) = v(0) — fpo(1) =0, |G| =1, ¢ = 21
€ — 59

REMARK: We can consider B(v) as a bounded linear functional on D 4-
(with respect to the graph inner product). Indeed, we can find a wy € Dy«
such that < wp, Dy, >= 0 and normalize it so that B(v) =< wy,v >. Thus
v € Dy, if and only if and only if B(v) =< wg,v >= 0. We will exploit this
point of view in the next chapter.

We conclude this section with a result that illustrates the wide variety

of possible spectra for the self-adjoint extensions of a symmetric operator A
with D, = D_ > 0.

Theorem 69 Let A be a symmetric operator with deficiency indices Dy =
D_=m >0 and let X be a real number such that X\ € Reg (A). Then there
exists a self-adjoint extension A of A such that A € op(A) with multiplicity
m.

PROOF: Let Dy = {u € H: A*u = Au}. From Theorem 60 we know that
dim Dy =D, = D_=m. Let
D;i=Ds®DyC Day-,

(we know that this sum is direct, since A\ & op(A)), and let A be the restric-
tion of A* to Dg.

We show that A is symmetric. For any u,v € Dyjq.4 we have the unique
decompositions u = ug + uy, v = vg + vy where ug,v9 € D4 and uy, vy € Dj.
Then .

(Au,v) = (Aug + Auy, vg + vy)
- (AU/O) UO) + (A*U/)\, UO) + )\(uky U)\) + (AU/O) U)\)
= (Aug, vo) + (ux, Avg) + Muy, vy) + (Aug, vy),
and .
(u, Av) = (ug + uy, Avg + A*vy)
= (ug, Avg) + (un, Avg) + (ug, A*vy) + (ux, A™vy)
= (Aug, vg) + (ux, Avg) + (Aug, vy) + M uy, vy),

so (Au,v) = (u, Av). Further A is self-adjoint because the co-dimension of
Dy in Dj is m. Q.E.D.
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3.8.1 Symmetric operators bounded below

In this section we show that if A is symmetric and bounded below by the

real number a then we can directly construct a certain self-adjoint extension

A of A, called the Friedrichs extension, that is also bounded below by a.
We first consider the case that a > 0.

Theorem 70 let A be a symmetric, strictly positive operator with lower
bound a > 0. Then there exists a self-adjoint operator A such that

1. ADA
2. A1 exists and is bounded in 'H
3. a is the greatest lower bound of A.

Note that the equation Au = v can always be solved for v € H.

PROOEF: We will embed D4 in a new Hilbert space F. We first introduce a
new inner product (u,v)" = (Au,v), defined for all u,v € D4. The new norm

is ||ul|" = \/(u,u) = sqrt(Au,u). Note that
(Ilull)?* = (Au,u) > a(u,u) = allu|[*.

Thus ||ul|| < ﬁ||u|| We see that D4 with inner product (-, )" is a pre-Hilbert
space D’y. We can complete this space to get a (unique) Hilbert space F since
that (with respect to the norm || - ||") D/, is dense in F.

REMARKS:

1. Since ||[u—v]|| < ﬁHu—’uH’, every Cauchy sequence in D4 (with respect
to || -]|") is a Cauchy sequence with respect to || - ||.

2. Suppose {u, : u, € D} is a Cauchy sequence with respect to ||-||" and

u, —' u* € F. Then also u, — v € H in the || - || norm. However,
w711 < 2l — w0
~ Va

as n — oo. Thus v = u*.
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. Suppose {u, : wu, € Da} is a Cauchy sequence in D', such that
lim, e [|un]]” # 0. Then u, —' v* € F with v* # 6 and, also
u, — v € H. Can v = 07 No, because if v = 6§ then

(u,v*) = lim (u, u,) = lim (Au, u,) = (Au,v) =0

n—oo n—oo

for all u € D4, which implies v* = @, a contradiction.

. It follows that we can assign to each v* € F a unique v € ‘H and this
correspondence is linear.

. The correspondence

F — H

V¥ — 0

of F into H is 1-1 and uw — u for u € D,. Therefore, we can identify
F with a dense subspace Hg of H.

. For u € Hy, v € H we have

1
| (w, 0)] < Jul] - [Jo]] < %H’UH Al
Therefore L,(u) = (u,v) is a bounded linear functional on Hy = F.
From the Riesz representation theorem, there exists a unique w € Hy
such that
Ly(u) = (u,v) = (u,w)".

Denote this correspondence v — w by w = Bv. Clearly, B is a linear
operator with domain H and range in Hy. If Bv = 6 then (u,v) =0
for all u € H,y which implies v = 0. Therefore B is 1-1. Set A = B;.
Then D; € Hp and R; = H.

. We show that B is bounded and symmetric in H. Note that (u,v) =
(u, Bv)' for u € Hy, v € H. Define vy € H by u = Buy.

SYMMETRY:
(Bug,v) = (u,v) = (u, Bv)" = (Bvy, Bv)' = (Bv, Bug)'

= (Bv, vg) = (v, Bv).
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BOUNDEDNESS:
| Lo (u)| = [(w, w)'| < {lull" [Jw]V

for a unique w € Hy. Here, ||w]||’ is the best bound. Aso,
1
| Lo ()] = [(u, 0)| < [Jul] - [Jo]] < %HUH" vl

Therefore

el o
e 2

This proves that ||B|| < 1/a.

> llulf = Valwl — 7]

> [|Bv||" > Val|Bvl|.

A is self-adjoint.

A is an extension of A. Indeed for u,v € Dy C Ho € H we have
(u, BAv) = (u, Av) = (Au,v) = (u,v)’

so BAv = v. Hence A~'Av = v for all vEDy=vER;1 =Dy
|longrightarrowv € D 5. Therefore Av = Av for all v € Da.

10. A is bounded below by a. For suppose u € D;, Au = v, Bv = w.
Then
(Au,u) = (u, Au) = (Bv,v) = (Buv, Bv) = (|[Bv|[')* > a||Bo|[* = a||ul*
Q.E.D.

Corollary 22 [f A is symmetric and bounded below by a real number a then
there exists a self-adjoint operator A such that

1.

ADA

2. A is bounded below by a.

PROOF: We need consider only the case a < 0. Set C' = A+ (1—a)E. Then
C is symmetric and bounded below by 1. The preceding theorem implies that
C has a self-adjoint extension C' bounded below by 1. Set A = C — (1 —a)E.
Q.E.D.
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Chapter 4

Spectral Theory for
Second-order Ordinary
Differential Operators

In this chapter we will apply the general spectral theory for self-adjoint op-
erators to the physically relevant case where the eigenvalue equations are
second-order ODEs. We will work out the explicit details of the spectral ex-
pansions for a number of important examples. Since the deficiency subspaces
for a second-order symmetric OD operator are of dimension at most 2, we
can give a rather complete analysis of the self-adjoint extensions. This is
in contrast to the case of partial differential operators where the deficiency
subspaces may be infinite-dimensional.

4.1 The setting for the second-order ODE eigen-
value problem

Definition 35 Let I be an interval on the real line, either [¢,m], or [(,m),
or (£,m] or (¢,m), where { = —o0 and m = oo are also allowed. A formal
second-order ordinary differential operator 7 on I is an expression

d? d 2
T:az(x)@+a1($)@+a0(x)a a;(z) € C°(I).

Here the a; are complez-valued functions and ay(x) # 0 for any x € 1.
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Definition 36
H*(I) = { f € CYI): f absolutely continuous on each compact sub — interval of I }

Theorem 71 Let g be complex-valued, measurable and locally integrable on
I, let co,cq be complex numbers and o € I. Then there exists a unique

f € H*(I) such that
1. 7f =g,
2. f(xo) =co, ['(z0) =c1.
PROOF: From the definition of H?(I) there is no loss of generality in the

proof by assuming [ is closed and bounded. Our original equation 7f = ¢ is
equivalent to the first-order system

Pow = A (4.1
dh o e, w@), o g)
dl'( )_'_CLQ(.I')fl( >+a2($)f0( ) CLQ([L').
Now let 0
_ | fol=) T
f(l') [ 1(1,) ]7 g( )_ [ as;((?) 17

a2(z) a2(z)

0 1
Az) = l a0(@) i) ] :

Then system (4.1) and the initial conditions can be written in the matrix
form

f'(x) = A(x)f(x) + g(z), f(zo) = [ 0 ] : (4.2)

&1
By the Fundamental Theorem of Calculus (generalized to L'), this is in turn
equivalent to the matrix integral system
(o) + [ AWEW) dy= [ gly) dy+£(xo), (43)
oly) xo

or

o)+ [ AWEW) dy =)
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where k(z) = [}, g(y) dy + f(xo). Finally, if we define the matrix integral

operator A on vectors
_ | holx)
h(z) = [ ha () ]

by

the system takes the form
(E+ A)f =k, (4.4)
where Fh(z) = h(z).
Now (4.4) is a Volterra equation of the second kind and always has a
unique solution. Formally, the solution can be written as

f=(E+A) 'k=k—AK+ A’k — -+ (—1)"A"k + - - -.

In fact
(BE+A) 'k = Z 1)"A"k
n=0
converges uniformly and absolutely on I to a vector-valued function that
is the solution to our problem. To show this we Will make use of the ma-
trix norm |A(y)| and the vector space norm |h(y) \/|h0 )2+ |hi(y)|?,
each evaluated for a fixed y, and the assoc1ated Banach space norm on

vector-valued functions ||h|| = [; |h(y)|dy. (We need the standard property
[A(y)h(y)] < [A(y)] - 1(y)].) Let a = sup,e; |A(y)|. Then

k(@) = | [ AWk < [ AWK dy < a [ k)] dy

ga/m@ﬂ@:mmm

| A%k (2 |—|/ dy|<a/ al|k|| dy = a®|[k]|(z — x0),

2
r — T
k=1 [ A @Ka/?%Mww@@:&wM—yﬂ,
xo
(z —x)""

Ak = | [ A 4Kyl < ol
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Thus,

ni . ni N (ZL‘ _ ‘,L,O)nfl
3 DAk < 3 @IS

and the right-hand side converges uniformly in /. Q.E.D.
Corollary 23 If g € C°(I) then f € C*(I).

Now we define a basic (minimal) symmetric operator A, related to a
(formally symmetric) operator 7. The possible self-adjoint operators related
to 7 will be extensions of Ag.

ASSUMPTIONS:
Tu(z) = ﬁ ([=p(a)u'(@)] +q(2)u(z)), H=LZ({{,m}, k), (4.5)
and

1. I ={¢,m} an interval on the real line
2. p,p,q,k € C°(I) and real
3. p(z) >0, k(z) >0in I.

The operators Ay, A; are determined by
Dy, = {u u eC? (I)} : Aou = Tu, u € Dy,, (4.6)

DAlz{uEH: u € H*(I) andT’uEH}, Ay =1Tu, u€Dy, (47)

Here, we have chosen 7 in the most general form so that it will be formally
symmetric, i.e., it will be symmetric if all of the boundary terms vanish in the
integration by parts. This is exactly what occurs for the minimal operator

Ayp.
Theorem 72 A, is symmetric and Af = A;.

The first statement in the theorem is easy, but the second relies on the
Weyl lemma, which we will prove in detail.
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Lemma 27 (Weyl) Let v be a measurable complex-valued function on I such
that v is square integrable over every compact subinterval of I. Suppose

o) ulyk(y) dy = (v, 70) = 0

for allu € Dy, i.e., u €C? (I). Then (after modification on a set of measure
zero) v € C*(I) and Tv = 0.

PROOQOF': There is no loss of generality in assuming the [ is compact. Let
¥ be the set of all solutions o of the equation 7o = 0, o € C?*(I). From
Theorem 71 it follows that dim > = 2, so that X is a closed subspace of H.
The Weyl lemma will follow from a string of three subordinate lemmas.

Lemma 28 Ifw e H, w L X then (w,v) = 0.

REMARK: Lemma 28 shows that
ve (EH)r=E=13,
since X is closed.

Lemma 29 DA) N Yt is dense in X+.

Lemma 30 If g € Dy, and g L X then (g,v) = 0.

REMARK: Lemmas 29 and 30 prove lemma 28.

PROOF OF LEMMA 29: Dy, is dense in ‘H. let 01,09 be an ON basis
for ¥ and choose ¢1, ¢2 € Dy, such that the2 x 2 matrix {B;; = ¢;,0;)} is
nonsingular.

Let h € 1. Choose a Cauchy sequence {h,} in D4, such that h, — h.
We will construct a sequence {k,} in Dy, N Xt such that k, — h. Write
kp = hy, — Y71 netpe and choose {ay,e} such that (k,,0;) =0, j =1,2. This
gives 2 equations in 2 unknowns for each n. The solution is

2

kn=hy— > (B )ij(hn,00)p; € Dag NS

1,j=1
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Indeed,
(kn,01) = (hn,01) — Z(Bil)iijl(hnaal) =0,
%,J

with a similar result for (k,, 02). Now

kn T n—o0 h — Z(B_l)ij(ha ¢Z>¢] = h.

Q.E.D.

PROOF OF LEMMA 30. If g € Dy, N X+ then (g,v) = 0. If there exists a
w € Dy, such that 7w = g Then

(v,9) = /vgk(x) dx = /vﬁk(x) dxr = 0.
I I
We can prove the lemma if we can find w. recall that we can assume without
loss of generality that I = [¢,m]. From Theorem 71 there exists a unique
solution w of Tw = g such that w(¢) = w'(ell) = 0. We must verify that
w € Dy,. Clearly w € C*(I). Then foe all ¢ € ¥ (the nullspace of 7) we
have

0= /gm(TU)@k} dr = /gm o)7wk dz + p(m)(o(m)w'(m) — o’ (m)w(m))

= p(m)(e(m)w'(m) — o' (m)w(m)).

Since p(m) # 0 and o(m),o’'(m) are arbitrary, we must have w(m) =
w'(m) =0, s0 w € Dy,. Q.E.D.

PROOF OF THEOREM 72: We must show Aj = A;.

1. Ay C A§: If w € Dy, then for all u € Dy, we have
/(Tu)wk dr = /uﬁk: dz
I I

SO w € DA5 with Ajw = Tw.

2. A5 € Apr Let f € Da; with AGf = g. Then (Agu, f) = (u, A5f) =
(u,g) for all u € Dy,. From Theorem 71 there is a fo € H*(I) such
that 7fy = g. Therefore

[uiFk dr = (u.g) = [wrfok dz = [ (ra)Fok do
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for all u € D4,. This implies

[ (o= fymak o =0

for all w € Dy,. Therefore (by the Weyl Lemma) fo — f = h € C*(I)
and 7(fo — f) = 0.

This means that f € H*(I) and 7f = 7f;. We conclude that f € D4, and
Aif =A1f=71f. QE.D.
At this point we know that

Ay=A1, Day=Dgz®D, dD_
where
Dy ={u€ Dy, : tu==tiu},
and D consists of C? functions. Recall that Dy = dim Dy.

Corollary 24 D, <2, D_ < 2.

Corollary 25 If I = [¢,m] is closed and bounded then every solution of
Tu = %iu is in Dy,. Thus in this case Dy = D_ = 2 and Aqy has infinitely
many self-adjoint extensions.

Corollary 26 Since the coefficients of T are real, we have D, = D_ in all
cases. This means that Ay always has self-adjoint extensions.

PROOQOF': The solutions of Tu = tu are complex conjugates of the solutions of

Tu = —iu. Indeed, D_ = {u(x) : u(zx) € D;}. Therefore Ay has deficiency
indices D, = D_=0,1,2. Q.E.D.
We know that
Dy, =Dz ©DL @ D_

where Dy, has co-dimension 2d in Dy, and Dy = D_ =d = 0,1,2. Further,
any self-adjoint extension A of Aq takes the form

DA:DA—O@S, S:{U+CUU€D+}

where €' is an isometry of D, onto D_, Dz has co-dimension d in D4 and
D, has co-dimension d in Dy,. Now we describe a convenient method for
specifying A. Let

St={veDy : <v,Dy>=}0.
Clearly, dim S* =d and St C D, @ D_.
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Lemma 31 St ={u—Cu: ueD,}.

PROOF: Let M ={v—Cuv: uwe D;}. Then if u,v € D, we have
<u+Cu,v—Cv>=<u,v>+ < Cu,—Cv>=<u,v>—<Cu,Cv>

=<u,v>—<u,v>=0.

Thus M C S§*. However, dim M = d = dim 8+, so M = S*+. Q.E.D.
Let vy, ---,vg be an ON basis for S*, with respect to the graph inner
product. Then Dy = {u € Dy, : < u, S+ >=0, i.e.,

DA:{UEDA1:<U,Uj>:O, j:l”d}

We call each of the conditions < u,v; >= 0 a boundary condition for A,
and we characterize D4 by these boundary conditions.

4.2  The theory of boundary values

Definition 37 A boundary value for tau on I is a bounded linear func-
tional B on the Hilbert space Dy, that vanishes on Da, (and therefore on
Dy

REMARK: B is a boundary value for 7 «— there exists a unique v €
D, & D_ such that B(u) =< u,v >, for all u € Dy,.
Suppose I = {{, m}.

Definition 38 B is a boundary value at ¢ if B vanishes on all functions
in Dy, that are zero in a neighborhood of (.

There is a similar definition for a boundary value at m.

Theorem 73 Let By,---, By be d linearly independent boundary values on
I such that
(Aru, v) = (u, Av)

for all u,v € J, where
J={u€Dy, : B(u)=0, k=1,---,d}.

Then the restriction of Ay to J 1is self-adjoint.
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We can be more specific concerning the form of boundary values for ODEs.
If B is a boundary value for 7 on I then, from the general theory, there exists
av € Dy &D_ C C*I) such that B(u) =< u,v >, for all u € Dy,. Now
since

B(u) = (u,v) + (Ayu, Ayv) =0

for all u € Dy,, we have Ajv € Dy, and A1 A1v = —v, i.e, 77v = —v. Let
U = —71v, so 70 = v. Then for any u € D4, we have
B(u) = (u,70) — (Tu,9) = lim (utd — (Tu)v)dz.

r—f,s—m Jp

= lim p(z) (u(@)¥' (@) — u'(2)0(x)) — lim p(x) (w(2)?'(x) — u'(2)5(x))

T—m x—L

= [u, V] — [u, 0]

where the symbols [u, 0], [u, ], are defined by the obvious limits.

Lemma 32
u € D = [u, W], = [u,w], =0

for all w € Dy,.
PROOF"

1. <=: Easy.

2. = If u € D5 we have (Agu,w) = (u, Ayw) for all w € Dy, = Dy
Thus [,(Tuw)wk dx = [; uTwk dz so

[u, w]p — [u, w], =0,

for all w € Dy4,. Now let s € C?(I) with compact support such that
s = 0 for z in a neighborhood of x = ¢ and s = 1 in a neighborhood
of z = m. Then sw € Dy, and [u, sw], = 0, [u, sw],, = [u, w],,. Thus

if u € Dy we must have 0 = [u, sw]; — [u, swl,, = —[u, w],,, Similarly
[u, w], = 0.

Q.ED.

REMARKS:

127



1. If, say, m € I, i.e., I = {{,m], then

[u, 0], = p(m) (u(m)’z?’(m) — u’(m)’z?(m)) = aqju(m) + agu'(m).

2. If B(u) =< u,v > is a boundary value at, say, m then [u,?], = 0 for
all u € Dy,.  PROOF: Let s € C?*(I) with compact support and
such that s = 0 in a neighborhood of m and s = 1 in a neighborhood
of . Now for u € Dy, we have also that su, (1 — s)u € D4, and
u = su+ (1 — s)u. Since B is a boundary value at m we have

B(u) = B(su) + B((1 — s)u) = B((1 — s)u)
=[(1 = s)u, 0y — [(1 = s)u, 0], = [(1 — $)u, D).

Q.E.D.

Theorem 74 The space M of boundary values is 2d-dimensional and is the
direct sum of the subspaces My, M,, of boundary values at ¢ and m: M =
My, ® M,,.

PROOF: Choose sy, sy € C*(I) such that each function has compact support
on the real line and

1. sy+s,=1on 1

2. s1 =0 in a neighborhood of m

3. s3 = 0 in a neighborhood of /.

Let B be a boundary value: B(u) =< wu,v >, for all u € D,,. Here,
v=uy+u_ € Dy ®D_. Recall that v = —Cv = —i(uy —u_) € Dy +D_.
Now 0 = 10 + s0. Since Da, = Di- @ Dy @& D, we have the unique
decompositions

S1U0 = U1 + U1, SoU = Ug + Vo, ul,uQGDA—O, 171,17261)_,_—}-1)_.

Then
U —U; — Uy = Up + Uy
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where the left-hand side belongs to D, +D_ and the right-hand side belongs
to D4 Therefore, uy = —ug, U = U + g, and the last equality holds if and
only if v = vy + v9. Therefore

B(u) =< u,v >=<u,v >+ < u,vy >= By(u) + Ba(u).
I claim that B; is a boundary value at ¢. Indeed,
Bi(u) =< u, vy >= [u, U1]m — [u, 01],
and U7 = $10 — uq, where u; € D4 Now for all u € Dy, we have
[, U1)m = [u, $10]m — [U, uq]m =0 —0 =0,

so By(u) = [u, —0;],. Similarly, By is a boundary value at m. This decom-
position is unique, because if B € M, N M,, then B(u) = [u, 0], — [u, 0], =
0—0=0. QED.

REMARKS:
1. The most general boundary value at m is of the form
By (u) = [u,?],,, €Dy dD_.

Similarly the most general boundary value at ¢ is of the form B,(u) =
[U, 6](

2. If vy € D4 then vo(f) = vy(£) = vo(m) = vy(m) = 0.
3. Suppose I = [¢,;m}, i.e., ¢ € I. Then

[, gle = p(t) (u(O)g'(0) — /' (0)g(0)) .

4. Clearly there exists a v € D4, such that

—1
v(l)=——, V'(l)=0
(0= 0
Write v = vg + g where vg € Dz, g € D1 @ D_. Then
—1 ,
gl = —=, ¢'() =0,
(0= —5 g0
s0 [u, gle = /() for uw € Dy,. Hence v/(¢) = 0 is a boundary condition

at ¢
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5. Similarly we can find g € D, & D_ such that
1
p(€)

Then [u, g, = u() for u € D,,. Hence u(¢) = 0 is a boundary condition
at ¢

6. It follows that By(u) = u(f), Ba(u) = u/(¢) form a basis for the bound-
ary conditions at the fixed endpoint ¢ Thus a fixed endpoint always has
two linearly independent boundary conditions.

Lemma 33 Let [ = {{,m} and { < ¢ < m. Let 7' be the restriction of
T to I'{{,c|]. Then T and 7' have the same number of linearly independent
boundary values at (.

PROOF: Let D'y, be the restriction of D4, to I'. Every boundary value of 7
at ¢ is of the form B(u) = [u,v]s, v € Dy @ D_. Let © be the restriction of v
to I'. Then v € D/, @ D_ and [u, 0], = [u,v], is a boundary value of 7" at .

Conversely, if w € D/, ® D’ we can extend w to a function w € Dy, on
I, not unique. Write w = vg + v where vy € Dz, v € Dy @ D_. Then

[U, U]@ = [U, Vo + U]@ = [U, U}]g = [U, w]@
is a boundary value of 7 at ¢. Q.E.D.
Corollary 27 There are at most 2 boundary values at .
PROOQOF": In general 7 can have at most 4 boundary values. There are exactly

2 boundary values at any interior fixed point c¢. Hence there can be at most
2 independent boundary values at ¢. Q.E.D.

4.2.1 Limit point and limit circle conditions

Let [ = {¢,m} with ¢ € (¢/,m). Thus I can be decomposed into the subinter-
vals I' = {{,c|, I” = [c,m} that have only the point ¢ in common. Let 7/, 7"
be the restriction of 7 on I to I’, I”, respectively. Let d,d’,d” be the number
of linearly independent solutions of (7 —é)u = 0 in Lo(I), Lo(I"), Lo(I"), re-
spectively. Note that d’ = d; is the number of linearly independent solutions
of (1—4)u = 0 square integrable near ¢, and d” = d,, is the number of linearly
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independent solutions of (7 — i)u = 0 square integrable near m. Finally let
be, by, be the number of linearly independent boundary values of 7 near ¢ and
near m, respectively. ;From the last corollary we have

2d = dim (D, @ D_) = by + by,
2d' =dim (D', @ D" ) = by + 2,
2d" = dim (D @ D) =2+ by,.

Now since d' = dy = 1 or 2 we see that b, = 0 or 2, and since " = d,, = 1 or
2 we must have b, = 0 or 2. it follows that there are 4 cases:

Case d; d,, b, b,

D2 2 2 2
i) 1 2 0 2 (4.8)
i) 2 1 2 0
iv) 1 1 0 0

Definition 39 Ifd, = 1 we say that 7 is in the limit point case at v = /.
If dy = 2 we say that 7 is in the limit circle case at x = (. There are similar
definitions for x = m.

The reasons for this point/circle terminology will be made clear shortly.

We see from table (4.8) that A is self-adjoint if and only if the limit point
case holds at both ¢ and m (case iv).

For the remaining three cases let’s first review how we can use boundary
conditions to determine any self-adjoint extension of Ay. Each such extension
has domain Dy = D-® S where S = {u+Cu: u € D, } where C : D, —
D_ is an isometry. Let vy,---,v4 be an ON basis for D, and 77, ---,7; an
ON basis for D_. Then a basis for S is the set

d
wj = (Uj_'_zck,jv_k)v J=1--,d,
k=1

where {c;} is a d X d unitary matrix. Also, S* = {u—Cu: u € Dy} has
the basis

d
ij = (vj — ch,jv_k), j=1,---,d.
k=1
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Therefore the boundary values defining A can be taken as

/ _ 1 ~1 ~1

B](u> =<u, wj >= [uawj ]m - [U, wj ]Z
where ij = —i(v; + Zgzl ¢kjUk) = —iw;. We conclude that the boundary
values

Bj(u): [u7wj]m_ [uawj]€7 jzlaad

determine Dy.

There is a second way of obtaining the same result. As before A is a
self-adjoint extension with domain Dy = D@ S and {wy, - - -, wqa} is a basis
for §. Therefore

d
DA:{u+Zajwj: u € D, ajEC},

j=1

and
2€D, <= (Av,2) = (v, A}2) <= [v, 2] =0

[
for all v € D4. Here the boundary condition [v, z|}* is determined by

(Av, z) = /

1

(tv)zk dx = [v, z|}* + /Ivﬁk dx = (v, Az).
However,
[0, 2]8" = D> _@lwy, 27 = 0 <= [w;, 2" =0, j=1,---,d.
j
Case i): limit circle - limit circle. Here d = 2 and w;, w, form a basis for S.
Then
Da={u€ Dy, : Bj(u) = [u,w;|m — [u,w;] = [u,w;];* =0}.

Note that
(wj, w]* =0, j.k=1,2. (4.9)

Now suppose I = [¢, m] and set




a;

M%’

w}(ﬁ) =
Then
Dy ={u € Dy, : Bj(u) =au(l)+ bju'({) + cju(m) + d;u'(m) =0, j=1,2},
where, from (4.9),

b_jak — a_jbk —d_jck + qdk
p(6) p(m)

Conversely, it can be shown that any two linearly independent boundary
values By, By satisfying (4.10) define a self-adjoint extension of Ag.

=0, j k=12 (4.10)

Case ii): limit point - limit circle. Here d = 1. Let {u,} be a basis for D,.
Then

S ={a(u+emT): a € C}, Dy = {uta(us+eag): uc Dy, a € C}.
The element w = (u, + euy) forms a basis for S so we have
Dy={v €Dy : Bl)=[v,m], =0}

(Note that [v,m], is always zero since there are no boundary values at £.)
Therefore,

B(v) = lim p(e) (v(2)w (@) — v'(a)w(@)).

A special case of this condition occurs when m € I. Then we have

where

w(m) = s (m) + () = €2t (m) + i ),
w'(m) =/, (m) + v/ (m) = ewﬂ(e_wﬂuﬁr(m) + €2, (m)).
Therefore we can write the boundary condition in the form
B(v) = av(m) + bv'(m) (4.11)
with a,b real and a® + b% # 0. Conversely, it is easy to show that the set

T ={v €Dy, : av(m)+b'(m) =0}
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defines a self-adjoint extension of Aq for any a, b real and a? + b% # 0.
Case iii): limit circle - limit point. Here d = 1. This is a simple transposition
of case ii).

Suppose

1
I={(,m}, 7Tu= o) (—(pu') +qu), H=L*k]I).
Theorem 75 (Weyl’s first theorem) Let A\g € C, £ < ¢ < m. If [& |u(z)*k(z)dz <
oo for all solutions u of Tu = A\u in [c,m}, then [ |v(z)|*k(z)dx < oo for
all solutions v of Tv — Av in [e,m}, where X is any complex number. This
means that T is limit circle at m. Similar remarks hold for {(, c|.

NOTE: This means that there are exactly two possibilities at m:

1. There are 2 independent square integrable solutions of 7u = Agu in
[c, m} = 7 is limit circle at m.

2. There are 0 or 1 independent square integrable solutions of T7u = Agu
in [c,m} = 7 is limit point at m.

Example 17

TU = % ((x%’)’) , I=(0,00), ce€(0,00),

2

, q(x) = 0. The equation Tu = Au becomes

ie., k(x) =2° p(z) ==z

2
u + =u = .
x

Take the case A\ = 0. The trial solution u = x* is an actual solution if

ala +1) = 0. Thus there are solutions ui(z) = 71, ug(x) = 1. Now
Is luj(z)|22? dz < oo for j = 1,2, so T is limit circle at 1. However
[ uj(z)P2? dx diverges for j = 1,2 so 7 is limit point at +oo. Thus

the deficiency indices are 1, 1.

Before proceeding with the proof of the theorem, let us recall some facts
about the Wronskian of two solutions u(z),us(x) of 7u — Au = 0, where

Tu = i (= (pu') + qu):




The basic result is that p(z)W (z) = constant. Let

[u,v](z) = p(x) (u(@)o'(z) - o'(z)o(x)) |

so that a boundary value at m can be written in the form [u, v],, = lim, ., [u, v](x).
Then we have p(z)W(x) = [u1, a3)(x).

PROOF OF THEOREM 75: Let I’ = [¢c,m}. Suppose u,v are linearly
independent solutions of 7z = Aoz in LI, k). Let A € C and let w be any
solution of 7w = Aw on I’ — 7w — Aw = (A — Ag)w. Normalize u,v so
that [u,7](x) =1 = p(x)W (x). Then by variation of parameters

T

w(z) = cu(x) + cov(x) + (A — Ao) / k(t) (u(x)v(t) —u(t)v(z)) w(t)dt

1
for ¢ < x; < m. Let

ol = [ (@) Ph(t)dt

for fixed x1, 2, and choose K so that sup,, ., (||u||3? - ||v][22) = K. By the
Schwarz inequality

[ @@yt = uyoia) bty < Kl (@) +Ho@), o <o <o

= |w(@)] < eal - [u(@)] + lea| - [o(@)[ 4 [A = Aof - K - [Jwl[[73 (Ju(z) + [o(2)])
= |Jwllz? < (leu] + [eal) K+ 2IA = Aof - K - [l |72,

Now choose z; so large that |\ —Xg|K? < 1/4. Then ||w]||2> < 2(|c1|+|c2]) K,
independent of x5. Thus

/m lw()[2k(8)dt < 0o = w € LA(T', k).
1

Q.E.D.
We return to the case of the general 7 operator defined on the interval
I = {¢,m}. Choose ¢ € ({,m) and set I’ = [¢,m}. Now, fix o, 0 < o < 7.
Then there is a unique basis of solution ¢(z, A), (x, \) of Tu = Au in I’ such
that
o(c,\) =sina, p(c)d'(c,\) = — cos a,

(e, \) = cosa, p(c)' (e, \) = —sina.
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REMARK: ¢, are entire functions of the complex variable A for fixed =,
and ¢, 1) are linearly independent. In fact

3(c) ¥(e) ‘_ 6T

p(c)W(c) = p(c) (b,(C) w/(c) =1= [¢> Qﬁ](c)

Therefore [¢, ¥](z) = 1.
Define the boundary values By, By at ¢ by

Bi(u) = cosa u(c) +sina p(c)u’(c), Ba(u) = sina u(c) —cos a p(e)u'(c),

so that B;(¢) = Ba(¢) = 0. Now choose b € (¢,m) and consider the bound-
ary value B3 at b defined by

Bs(u) = cos 3 u(b) 4 sin 3 p(b)u'(c),

for some fixed 3 such that 0 < § < 7.

REMARK: Every solution v of 7v = Av on I’(except 1) can be written in
the form v = ¢ + M1, up to a constant multiple.

1. What must M be so that Bs(v) = 07
SOLUTION: Since Bs(v) = Bs3(¢) + M Bs(1)) = 0, we have

By(6) _cotB 6(b. ) +p(b)d(b )
By() ot (b, \) + p(0)d! (b, )

Note that M (b, A, 3) is meromorphic in A (i.e., it is analytic in the
A-plane except for isolated poles) and it is real for real A.

M(b\,B) = — (4.12)

2. For fixed A\, 3 what are all values of M such that v satisfies a real
boundary condition at b?

SOLUTION: For a real boundary condition we have 0 < 8 < 7 so that
cot 3 runs over all real numbers (and co). We have

cot6 A+ B e MD+ B
——— cotff=
cot 3 C+ D’ MC + A’

where
A= ¢(ba )‘>7 B :p(b)¢/(b, )‘)7 C = w(ba )‘)7 D :p(b)w/(ba )‘>'
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NOTE: Since [u,v](z) = p(x)(u(z)v'(x) — o' (z)v(z)) and p(z)W (z) =
[u, T](x) we have

[0, 90](b) =1, [, ¢](b) = AB — BA.

The possible solutions M form a circle (', in the complex M-plane.
Indeed since cot (3 is required only to be real, we see that the equation
of Cy is L

MD+B MD+B

MC+A MC+A

or

(MD + B)(MC + A) — (MC + A)(MD + B) = 0. (4.13)

This last equation can be written in the standard form

2_<MD—BQY

AD — BC
M Ry 4,14
‘ |ICD — CD| (4.14)

- CD—-CD

If we denote by M, and r, the center and the radius of the circle C,
respectively, we see that

_AD-BC _ [$,¥](b)
"TTD-CD [l

ry = 1AD = BC :’w,m(b)’: |

" [Cp-cD] W) T dlo)]

since [¢, ¢](b) = 1.

Recalling that v = ¢ + M1, we see from (4.13) that another way to
write the equation of Cj is [v,v](b) = 0. Indeed:

[v,0](b) = [¢, ¢] + M[g, ] + M[yp, ¢] + |M[*[1p, ¥)] = 0.

3. An inequality for the interior of C}:




4. An integral representation for ;. As before, let v = ¢ + M1 and
suppose Im A # 0. Then integration by parts yields
b b
/ (Tv)vk dx —/ vtk dx = [v,v](b) — [v,v](c),

SO

2i Tm )\/Cb 0|2k di = [v,0](b) — [v, v](c).

For the special case v = 1) we have

b
2 m A [ [0k do = [, ](0)

since [¢,9](c) = 0. (Note that in general, [v,v](c) = —2i Im M.)
Therefore the equation for C, can be written as

b T M
/c 0|2k dx = % (4.15)

and the inequality for the interior of C is

Im M
Im A

b
/ 0|2k d < (4.16)

5. It follows from (4.15) and (4.15) that if by > by then the circle C, is
contained in the interior of C,.

It follows that there are exactly two possibilities as b — m:

CASE 1: () shrinks to a point M, i.e., r, — 0 and M, — M., as b — m.
Then vy = ¢ + M1 has the property

m Im M,
/C|vo|2k:dx: Hllm/\ < 00,

whereas since 1, — 0 as b — m we have [[¢, ](b)] — o0, so

/cm 1Y%k dz = oo.

Thus the only square integrable solutions of 7v = Av are constant multiples
of vy where [vg, vo],, = 0. This is the limit point case.

138



CASE 2: (% shrinks to a circle C, with radius ro, = limp_,,, 7 > 0 and
center Mo, = limy_,,,, M. Then
1 [ Y
Too=—— >0, My=— .
[, ¥]m] [, P
Now since v = ¢ + M1 we see that if M belongs to the interior or the
boundary of C', then

b Im M
2k dx = >
/c [vo v ImA

m Im M,
/c lvo|?k dx = Hllm)\ < o0,

and v is square integrable near m. Similarly, we know that 1 is square
integrable near m. Thus we can conclude that all solutions of 7v = A\v are
square integrable near m. This is the limit circle case.

for all b, so

Lemma 34 Let v = ¢ + Mvy. Then M is on the boundary of Cu

=il =0 [k de= I“I‘m]‘f“.
PROOF:
[v,0)(0) = [M[, $)(6) + M[w, 6] (b) + Mo, ](b) + [, ¢](b)
= [0, $](b) (IM = M|* = 13).
Q.E.D.

4.3 Qualitative theory of the deficiency index

We begin with a technical result and refer to Hellwig for the proof.

Theorem 76 Let I = {{,o0}, Tu = %u + q(z)u. Suppose there exist con-
stants o, aa > 0 and a function M(x) > 0 such that

1. M(z), M'(x) are continuous on the interval xo < x < oo for some
finite xq.
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o 1
/ dx = oo.
o \JM(x)
Then the limit point case occurs at r = 0.

Corollary 28 If q(x) > —kxz? then x = oo is limit point.

PROOF: Set M(z) =1 and z¢ > 0 in the theorem. Q.E.D.

Corollary 29 —u” + q(x)u is limit point at x = oo if q(x) > 0 for all x.

REMARKS:

1. Suppose we have the limit point case at m. Then M, is independent
of 3. Therefore we can set 8 = 0 for convenience and obtain

N N e
M = Jim M(F,b.0) = lim M(0,,3) = = Jim -5

2. My () is an analytic function of A for Im A > 0 and for Im A < 0.
Further Im M., > 0 for Im A > 0 and if M (\) has zeros or poles on
the real axis, they are all simple.

PROOF: For fixed b the center and radius of C}, are continuous functions
of X for Im A > 0, and the circles are nested as b increases. Therefore if
A is restricted to a bounded set I' in the upper half plane the functions
M (A, b, ) are analytic in A and uniformly bounded as b — m. Thus
the functions M (A, b, 3) are equicontinuous so M, — M, uniformly.
The uniform limit of a sequence of analytic functions is analytic. The
rest follows from the identity

m Im M,
% dy = o
/c [vol h d = =5

Q.E.D.
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Recall that I = {¢,m}.

Theorem 77 Let A be a self-adjoint operator obtained from T by imposition
of separated boundary conditions. Suppose Im X\ # 0. Then there is exactly
one solution u(x, \) of (T — N)u = 0, square integrable at ¢ and satisfying the
boundary conditions at ¢, and exactly one solution v(x, \) of (T — X\)v = 0,
square integrable at m and satisfying the boundary conditions at m. Further
u and v are linearly independent.

PROOF: Since Im A # 0 and A is self-adjoint, A\ doesn’t belong to the
spectrum of A. We break the proof up into cases, depending on the boundary
conditions at ¢ and at m:

1. limit point - limit point. Then there is exactly one square integrable so-
lution u at £ and one square integrable solution v at m and no boundary
conditions.

2. limit point - limit circle. There must be one boundary condition B at
m, none at £. There is exactly one solution u at ¢, square integrable.
All solutions at m are square integrable and there exists a square in-
tegrable solution v at m such that B(v) = 0. If there are two linearly
independent solutions at m satisfying the boundary conditions then
v € H and B(v) = 0, so v € Dy and v is an eigenvector of A with
eigenvalue A. Impossible!

3. limit circle - limit point. Same proof as case 2.

4. limit circle - limit circle. The proof is similar to case 2, but boundary
conditions have to be applied at both endpoints.

Q.E.D.

Corollary 30 The conclusions of the theorem hold in the limit circle - limit
circle case if \ is real but not an eigenvalue.

PROOQOF": This follows from Weyl’s first theorem. Q.E.D.

Let A be a self-adjoint operator on I = {¢,m}, defined by separated
boundary conditions. Suppose 7 is limit circle at m, and let B(w) = 0 be
the boundary condition at m corresponding to A. The following remarks are
pertinent:
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. There exists a v € D, & D_ such that

B(w) = [w,v];, =< w, D > .

. Suppose wy, wy € Dy, such that w; = wy = 0 in a neighborhood of /.
Then

(wawg) - (w1,7w2) = [w1,w2]m - [wl,wﬂe = [w17w2]m

since [wy,wy]y = 0. Therefore B(w;) = B(wsz) = 0 so wy,wy € Dy,
which implies [wy, wsl,, = 0.

. If wy,wy € Dy, and B(w;) = B(wg) = 0 then [wy, wsl,, = 0.

. Let Im X # 0. By the theorem, there exists exactly one solution u of
(T — A)u = 0 which is square integrable near m and satisfies B(u) =
0= [u, v]m.

. From comment 3, if B(w) = 0 then [w, u],, = 0. In particular, [u, ul,, =
0 implies u = ¢ + M ()1 where M () lies on the unit circle.

. We have shown that B(w) = [w,v],, = 0 = [w,u],, = 0. Now u
defines a nonzero boundary value By(w) = [w,u], =< w,0; > on
Dy, with v; € Dy @ D_. We have shown that < w,v >= 0 implies
< w,v; >=0, 80 0 = avy, a € C. Therefore, the boundary condition
B(w) = 0 is equivalent to the boundary condition B;(w) = [w, ul,, = 0.

CONCLUSION: All separated boundary conditions defining self-adjoint
operators are of the form

B(w) = [w,ul,, =0

where .
[u,u), =0, w=¢+ My, Tu=M\u,

and M lies on the boundary of the limit circle.

B(@) = [@, u], = p(x)W(z) = 0.

Therefore, if w € Dy and B(w) = 0 then 0 = [@, w],, = —[W, ul,,. It
follows that if B(w) = 0 then B(w) = 0, i.e., if w € D4 then W € Dy.
We say that the boundary condition B is real.
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4.3.1 Separated boundary conditions in the limit circle
- limit circle case

Again let [ = {¢,m} and choose ¢ € (¢,m). Let Im X # 0 and ¢ be a basis
for solutions of (7 — A)u = 0 as before. Denote by Cy the limit circle at m
and C_, the limit circle at £. Let

up = ¢+ My, M €C_y,
Uy = ¢+ Moth, My € C.
Note that uy, us # 0 must be linearly independent, since if u; = us then
7 Pk de = ), = e =0,
which is impossible. Let
Da={w € D4, : [w,u]y =0, [w,ug)y, =0}.

Define Aw = 7w for w € Dy. We will show that A is symmetric, hence
self-adjoint. To do this we first solve the equation (A —AE)u = f foru € Dy
where f is any element of H = L2(I, k).

Normalize uy,us so that [uy,Ts](x) = p(x)W(x) = 1. Then, using the
method of variation of parameters to solve the second order ODE we find

u(x) = auy(x) + bug(z) + /; (uy(x)us(t) — ug(x)uy (t)) f()k(t)dt.

Differentiating once we have

() = () + by() + [ (0 un(e) — () (1) SR
From these expressions we see that
[, u1]e = blug, ui]e =0
for u € Dy.

Lemma 35 [ug,u1]p # 0, [ug,ui]y, # 0.
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PROOQOF: It is straightforward to verify the identity

[ur, ur](z) [ug, us](z) — |[U17U2](9€)|2 = \[Ulaﬂz](x)\Q-

However, [u1,Ts](z) = 1 for all x. Since [uj,ui](x) — 0 as  — ¢ and
[ug, ug)(z) — 0 as x — m it follows that [us, uile # 0, [ug, u1]m # 0. Q.E.D

Since [ug, u1], # 0 we must have b = 0. Similarly the boundary condition
for u at x = m gives

[, 1tz = afun, sl + [, tia)m /g " (D) ()R8t = 0

where [ug, us),, = 1. Thus we can solve for a and finally obtain the result

u@) = [ gla. N FORB = GF,

where
—us(x)ur(t) L<z<t<m

gz, tA) = { —up(2)ug(t) € <t<xz<m.

Note that v € D4 and
/ / (x,t, \) 2dycdt<oo

i.e., G is a Hilbert-Schmidt operator, which implies that G is completely
continuous, but not symmetric. We conclude that G = (A — AE)™! is a
bounded operator with Dg = 'H and Rg = Dy.

REMARKS:

1. A is symmetric, hence self-adjoint. Indeed, if vy,v9 € D4 there are

f1, fo € H such that v; = G f1, v = G fo. Thus
[vi, 02l = [Gf1, G falm =0, [v1,v—=2], = [Gf1,Gfo]e =0,
by explicit computation. Therefore
(Avy,v9) — (v1, Avg) = [v1, V2] — [v1, v2) = 0.

Q.E.D.
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2. There exists a real number )\ that is not an eigenvalue of A. Indeed,
Aand G = (A—)\E)™! have the same eigenvalues. But G is completely
continuous so it has only a countable number of eigenvalues. Thus there
must exist a real number \q that is not an eigenvalue of G. Q.E.D.

3. Repeating the same construction as above, but for the real number \g
rather than the complex number A\ with Im A # 0 we can obtain a

function @)
) vz (t) t<x
g(l’,t, )\O> - { —Ul(l')vz(t) T <t
such that
[Ula ul]ﬁ - [UQa U/Q]m - 0, (7— - )\O)Uj - 0, j = ]_, 2,

so that the associated operator (A — \g)~! is a symmetric (since Ag
is real), completely continuous Hilbert-Schmidt operator. Thus A has
a countably infinite number of eigenvalues A, such that )\, — oo as
n — oo (no finite limit point) and corresponding ON eigenvectors ¢,
that form a basis for ‘H. Thus

Agbn:)\ngbna n:1a27"'7

and for every u € 'H we have

u =

K

(u, $n) fn.

3
Il
—

If uw € D4 then the series

K

(1, $n) P ().

u(x) =

n=1

converges uniformly in any bounded subinterval of .
EXAMPLE: The Legendre equation
Tu=—[(1— 2%, I=(-1,1).

Here, p(x) = 1 — 2%, k(z) = 1 and the eigenvalue equation is Tu = Au. let
us solve the equation 7u = 0, i.e., A = 0. If we can show that all solutions of
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this equation are square integrable, it will follow that this is the limit circle
- limit circle case. The equation to solve is

—(1 —2*)u” + 2zu’ = 0.

Set v = u’. Then the equation is

2 d 1 1
v,_fxq}:}_v:( )d:p,

1 — 22 v l—2 1+x

S0
Inu' =—In|l —2z| —In|l+ 2|+ Inc

or v/ = ¢/(1 — x?). Thus the general solution is

A basis for the solution space is

ui(z) =1, wug(z)=1In (1 +x) :

1—2z
Both these solutions are square integrable in I, so by Weyl’s first theorem,
this is the limit circle - limit circle case.

Now let us solve the general equation 7u = Au. We will try a power

series solution u(x) = Y-0° ; a,2z™. Substituting into the differential equation
we find

—(1=2*)> n(n—1)aa"*+22> naz" ' = A>_ a,a" = 0.

Equating coefficients of ™ on both sides of this identity we obtain the con-
ditions

—(n+2)(n+ 1)ap2 +n(n —1)a, + 2na, — Aa, =0,n=0,1,---,
or

(n+1)n—A
n+2)(n+1)

Apy2 = ( n-

1. One solution is obtained by setting ag = 1,a; = 0. We see that this is
an even solution and contains only even powers of x. By the ratio test,
the series converges for |z| < 1. We denote this solution as u;(z, \).
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2. The second solution is obtained by setting ag = 0, a; = 1. This solution
contains only odd powers of x. By the ratio test, the series converges
for |z] < 1. We denote this solution as us(x, \).

We assume that uq, us are normalized such that ||u,|| =1, j =1,2.

Note that one of these solutions is a polynomial in x if and only if A\ =
k(k=1),k=0,1,2,---. Now let’s look for solutions of the form } b, (z—1)",
i.e., solutions expanded about x = 1. The result is as follows: There are
solutions

Pu() = Y el 150"

n=0

where

b+ (p+2)--(pt+k)- (=p)(=p+1)- - (—p+k-1)
(n!)?

and A = pu(u + 1). The series converges for |z — 1| < 2. Note that

00:15 Cn =

1
R =1, By =D
2
It can be shown that there is an independent solution that behaves like
ln(};—i) near r = l,i.e., has logarithmic behavior. Similarly, near x = —1
there is the solution P,(—z) and an independent solution that acts like
In(33) .

The following facts can be obtained from special function theory:
1. P,(z), P,(—z) are linearly independent unless y is an integer.

2.

Pu(x)  sin mp
r——1+0 ln(ﬁ—i) N ™ ’
3. .
i 1= )y P
4.

Pu(2) = Py (a).
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Thus, if i is not an integer, we have
ui(, A) = Ay (Pu(@) + Pu(=x)),  ua(z,A) = B, (Pu(x) — Bu(—1)),

where A, B, > 0.
From these results we can write down an explicit basis for the boundary
values at z =1 and x = —1:

Bi(w) = [w,1]; = xlilgrll(:f—l)w'(x), By(w) = [w,1]_; = lim (z°—1)w'(x),

T——

2 1+z
g / )
1_1.2 n(l—x)w ('r) )

Nt = lim (1 2?) (w(gc)lfigj2 (A Sul(@))

What does Dy, look like? Note that By(In122) = By(In 1) = 2. let
f € R4, where

By(w) = [w,ln(i o

i = lim (1 — 2?) (w(x)

1—=x

Da,={u: Tu=f, feLyl1)}

By the method of variation of parameters we have the general solution

)If(t) dt

1+2 z ] 1+t 1+z
u=cy +cIn( ) /

1= —[ln(l_t)—ln(

12 1—=x

01+2/ 1” dt]+1(”)[c2—1 zlf(t)dt].

Note that v € H and

2 1 e
W)= =l =5 [ F0) dl
Thus, By (u) = By(u) = 0 <= ¢y = [*, f(t) dt = 0 <= u(x) is bounded at
—1 and +1.
Let
Dy = {U € DA1 : Bl(u) = BQ(U) = O}

and Au = Tu, for all u € D4. Then A is symmetric because for u,v € Dy
we have

(Au,v) — (u, Av) = [(1 — 2*) (u(x)V'(z) - v(x)u'(x))tl = 0.
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Note:

0,7(2) = 5l (@) o, 1)) — ST ) 1),

The normalized eigenvectors of A are

1
() = (/n+ iPn(x), An=nn+1), n=0,1,2---

where the P,(z) are the Legendre polynomials. (A simple expression for
these polynomials is P,(z) = 52 (22 — 1)™) If u € Dy then u(z) =

> o(u,v,)v, () and the series converges uniformly on [—1, 1].
To describe the general self-adjoint extension we need to consider the case

A= p(p+1) =1i. Thus

uy (2, 1) = Au(Pu(@) + Bu(—x)),  ua(z,i) = Bu(Pu(x) — Pu(—1)).

Each self-adjoint extension is defined by a 2 x 2 unitary matrix 6 = (0,;).
The domain for the self-adjoint operator Ay is

Da, =D & S.

A basis for S is

w1 (l‘) = Ul(l', ’l) + 911U1(l’.i) + 912U2(3§'.’i),

wa(x) = ug(x, i) + Oguq (2.1) + Ogug(x.7).

The boundary conditions describing Ay are
Bi(u) = [u,un]", =0, By(u) = [u,wy]", = 0.

Then particular extension D4 is the case

(39)

See the book of Akheiser and Glazman for more details.
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Example 18 Bessel’s equation. Before proceeding with our theoretical de-
velopment we look at Bessel’s equation

2
—(zu') + V—2u —dru=0, v>0
T

as an important example of one equation that leads to several very distinct
spectral problems. Here the formal differential operator action is

(xu’)’ 1/2
TU = ——" + U
x x
Thus, in terms of our usual notation, k(z) = z, p(x) = x, q(x) = v*/z%
Since x = 0 is a singular point for this operator were must choose our in-
terval I such that it does not contain x = 0 as an interior point. There are

essentially three distinct cases:
Case 1: I; = (0,b), b > 0.
Case 2: Iy = (0, +00).
Case 3: I3 = (b, +00), b> 0.
To determine the nature of the conditions at the boundary points we set A = 0

in the etgenvalue equation Tu = Au:

1/2U

—xu” —u + — =0.
x

Substituting a trial solution u = x™ into this equation we find the condition
—nn—1)—n+1>=0=n= v

Thus for v # 0 we have a basis of solutions ui(x) = x¥, us(x) = x™%. (If
v =0 there is a basis ui(x) =1, ug(x) =Inz.)

Case 1: Iy = (0,b). At b we are clearly in the limit circle case. Clearly uy
belongs to the Hilbert space for v > 0. As for uy, near x = 0 we have

1
721/+1d —
/6 v R W

1 _ 6_2V+2
—> 1~ 7 square integrable <— v < 1.

For v > 0 we are in the limit circle - limit circle case provided v < 1.
(In this case the spectral expansion is in terms of Fourier - Bessel
series.) If 1 < v we are in the limit point - limit circle case. Finally,
if v =0 we are again in the limit circle - limit circle case.
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Case 2: I, = (0,400). Here +00 is in the limit point case, so we have limit
circle - limit point for 0 < v < 1 and limit point - limit point for 1 < v.
The spectral expansion is in terms of the Hankel transform.

Case 3: I3 = (b,+00), b> 0. This is a limit circle - limit point case.

4.3.2 Separated boundary conditions and spectral res-
olutions in the limit point - limit circle case

We now consider a self-adjoint eigenvalue problem where the interval is of

the form I = [¢,m), we have the (regular) limit circle case at ¢ and the limit

point case at m. By introducing an appropriate change of variable we can

assume [ = [0, co) with the limit point case at co. Assume that the boundary
condition at £ =0 is

Bo(u) = sina u(0) — cosa p(0)u'(0) =0

for a constant « such that 0 < o < 7. To start with, we consider the regular
eigenvalue problem

Tu=MAu, Bo(u)=0, By(u)=-cosf u(b)+sing p(b)u'(b) =0
on the finite interval [0, b], where 0 < # < . We argue as follows:

1. There exists a sequence {\y,} of real eigenvalues and an ON set of
corresponding eigenfunctions {0, }. Note that By(0p,) = By(0p,) = 0.

2. For any complex number A let ¢(x, ), ¥ (z, A) be solutions of 7u = Au
such that
6(0,)) = sina, p(0)¢(0, )) = — cosa,
¥(0,\) = cosa, p(0)Y'(0,\) = sina.

Then By(¢) = 0.
3. Therefore there exist constants ry, such that 0,,(x) = ry,¥(z, Ap,).

4. Let f(x) be a continuous function on I which vanishes outside the
interval 0 < x < ¢, where 0 < ¢ < b. Then by Parseval’s equality

2

[ F@ e i) do

[e.9]

[ 1@ PkE) dr =3

n=1
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5. Let o
90 = [T @l V() do

and let p,(A\) be a monotone increasing function of A such that

a. pp has a jump of \Tbn\Q at each eigenvalue \;,, and is otherwise
constant.

b. py(A+0) = pp(N).
c. pp(0) =0.
Then ~ ~
| @Pk@) do = [ 19 dan().

here py(A) is the spectral function.

Now we are ready to state our principal result. Let o be a monotone
increasing function on (—oo,+00). Further, let L?(c) be the space of all
complex valued functions h, measurable with respect to ¢ and such that

/;OO B2 do(\) < oo.
We consider the eigenvalue problem Au = 7u where
Dy = {u € L([0,00), k) = H : u// abs.cont., 7u € H, and By(u) = O}.
Theorem 78 Suppose T is in the limit point case at +00. Then
1. There exists a monotone increasing function p on (—oo,4+00) such that

p(A) = p(p) = lim (ps(A) = po(p)).

2. If f € L3(I,k) there exists g € L?(p) such that
2

dp(\) =0,

“+00

tim_ [ o) = [ F@)e k(@) da

a—+00 J_so

1.€., o
9 = [ F)(e V() do
in L?(p), and
400 +o0
|1 @PkG) dz= [ " lg) dp(y)
in L2(1, k).
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3. Let moo(N) be the limit point at +00. Then my is an analytic function
of X for Im A\ >0 and Im \ <0, and

1o :
p(A) — p(p) = 61_1)1(1)5r ;/u Im moo (v + i€) dv

at points of continuity A, i of p.

+oo< 1 1

mal) =meclto) = [ (35~ o7

—00

) dp(3) + <t~ )

where the constant ¢ > 0 (actually we will show ¢ = 0) and Im £+0 # 0.

Before getting to the details of the proof of this important result, let
us restate the theorem in terms of the spectral resolution of a self-adjoint
differential operator. Here,

Au=71u, Dy ={u€ Dy, :sina u(0)— cosa p(0)u'(0) = 0}.

A is a self-adjoint operator. Given any f € H = L3([0,00), k) we define the
transform g of f by

o) = [ F@wla () de.

The expansion theorem for f takes the form

+o0o
f@)= [ gl ) dp(n).
where (7 —\)i(x, \) = 0 but in general ¢ (x, \) € H. The spectral expansion
1s

f) = [ am g = [ o)) doy),

—00

SO
A

AEy f(w) = g\ N) dp(N), Exflw) = [ g0)i(@)) dp().

If f €Dy then .
Af(a) = [ XNl A) dp(h).

—00
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Corollary 31 If g(\) € L?(p) then there exists an f € L*(I,k) such that g
1s the transform of f.

To finish the proof of our theorem we need two theorems that are proved
in real analysis courses:

Theorem 79 (Helly Selection Theorem) Let {h,}, n = 1,2,--- be a se-
quence of real monotonically increasing functions on (—oo, +00) and let H
be a continuous nonnegative function on (—oo,+00). If |h,(N)| < H(N),
n=12-. —00 <\ < +oo, then there exists a subsequence {hy,} and

a monotonically increasing function h such that limy_.. hy, (X) = h(X) and
|h(N)| < H(N), —00 < A < +00.

Theorem 80 (Integration Theorem) Suppose {h,} is a real, uniformly bounded
sequence of monotonically increasing functions on the interval a < A < ¢ and
suppose lim,, o hy(X) = h(N), for a < X\ < c. If f is continuous on [a,c]
then

C (&

im [ £ dhn()\):/ FON) dh(N).

n—oo a a

PROOF OF THEOREM 78: As in the lead-up to the theorem we consider the
basis functions ¢, ¢ and the interval [0, b] with boundary conditions By, B, at
the left-hand and right-hand boundary points, respectively. We have chosen
¥ so that always By(¢) = 0, so the eigenvalues and eigenvectors for this reg-
ular problem are {\,} and {6y,}, respectively, where 0y, (z) = ry, 0 (x, Apy,).
Now let Im A > 0 and let my(A) = m(b, 3, \) € Cp. Set

Xo(®) = ¢, A) +mp(A) (2, A), - Do, xel(0) = 0, 7xp = Axps
Choose my(A) such that By(xs) = 0. The completeness theorem for the
regular problem on [0, b] implies

00 2

[ Polo)Pia) do = 3l | [ xate)uted)ite) de

Furthermore,
b
(A = Aon) /O o ()0 (@, Ak () dz =

[ ra@lote amk(e) de = [ @l n)lbiz) de
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= [xes o] () = D, Ynl (0) = 1,
because X, Vpn](b) = 0 (since By(xp) =0, Bp(¢p,) = 0), and

(X6, ] (0) = [, U] (0) + My (X) [0, ] (0) = 1,

(since [@p, Ypn](0) = 1 and [1y, ¥4, ](0) = 0). Therefore,

1
)\_)\bn

[ Py de= [ S0

/Ob Xo(2)h (2, Ay ) ko (22) daz =

which implies

—oo [A—pf?
From the Second Weyl Theorem we have
_ Imomy (V)
k =
/ xe() Im A

SO

[ doi)_ sty
oo A — pf? Im A

We investigate this identity in the limit as b — 4o00. If A =4, then for b > 1,
C1 D Cy which implies

< constant =k

/ oo dpy(p)

—00 ,MQ —+ 1
for all b > 1. Thus,
| dou) < k(1 + )

for all @ > 0. Since p;(0) = 0, this implies
lpp(a)] < k(14 a?), —oo<a < oo.

It follows from the Helly Selection Theorem that there exists a limit function

plp) = Tim py(n),  |p()] < k(1 + p?).

bj——+o0

This proves the first statement of Theorem 78.
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02
Suppose f €C (]0,00)). Then f € Dy and

| i@ Pk de = [T [T s (x) dof* dpy(p).

Since

is the transform of f we have

[Tt wtade = [~ prik de = g(n).

Therefore,
|k de = [ u?lg(o) dosn).

Now

[Tk da = [ g dpol < 1= [ 19Go dpn)+ [ lg(n)I dps(re)

| [T 1 = [ g dp(p).
We have

[Tk de = [ g da) = 1+ [ latnl? ool

= /A lg(w)? dpyp(p) — 0

as a — +00. Furthermore

/A lg()|* dpp(p)a® < /A/f|g(u)|2 dpy(p) < /OOO 17 f|?k da.

Therefore,

[T 1 o= [ ol o] < = [T irsek de,

Thus we have obtained Parseval’s Theorem

/OOO [k dv = /:o l9()|* dp(p). (4.17)
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We could now use standard arguments to prove (4.17) for all f € L3(I, k).
This is the completeness proof of statement 2 in Theorem 78.
Once we have Parseval’s Theorem, the proof of the expansion formula

F@) = tim [ gz, A) dA

wy—oo J_,,

becomes “standard abstract nonsense”. However we give the details.
Let f1, f» € H with transforms g1, go € L?(p). Then

| @ R@ke) de = [~ g:(0):00) o),

0

since
1 . . . .
fifo = 1 {|f1 + f2|2 — A - f2|2 +i|f1 +Zf2|2 —ilf1 — Zf2|2}-
Now let 6 = (A, v] and set

fa(z) = /A g()(z, ) dp(p)

where ¢ is the transform of f. Let F' € H such that F(x) = 0 for z > a
(say), and let G be the transform of F. Then

| @F@) dx—/fA (¢) do =

/OOO f(2)F(2)k(x) do = /+OO 9(1)G () dp(p).
Now let A® = (—o0,+00) — A. Then

|G @) = 12 @) F@) k@) do = [ ()G do(n)

SO

[0 =T ke < [ 19l dpn) [ G dp(n)

< [ 1ol dpl) [ 1P(@) k() da
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Py { 1§ 7 1al0) D <

=0 ifxz>a

Then u
1 = al k() dw < [ Jg(n) dpn).

Letting a — +o00 we have
70 = sl Ky e < [ 1900 ot
Thus,
Ayg(ﬂ)w(x,u) dp(p) = fa — f € H as A — (—o00, +00).
This finishes our verification of the expansion formula.

We turn to the proofs of the fourth and third statements of the Theorem.
We know that

too dpy(p)  Im my ()
— Im A > 0.
/m Mg Ima 0 N7

For any fixed A with Im A > 0 there exists a constant ¢ > 0 such that

+v
/ dﬂb(M)Q <e
—v |A =yl

for all b > 1 and ¢ > 0. Then if we let b — 400, it follows from the
Integration Theorem that

Recall that

for all b > 1. This implies for all b > 1 that there exists a ¢ > 0 such that

,LL?’ <; ifv>1.

/+°° dp(p) _q
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Similarly, there exists p > 0 such that

‘/O: dp;g/i)

<P rus
1%

uniformly for all b > 1.
Now if Im A # 0, Im A\ # 0 then

+oo 1 1 Im mb()\) Im mb()\o)
— = — . 4.1
/. <\u—)\|2 \M—AO|2> Apn(i) = =1y Iy - (H18)

As b — 400, v — 400 the left-hand side of (4.18) behaves as

(/u +v +00 < 1 1 ) p ( )
+ + ) —
o T S\ T a2 Y

/+w< ! ! ) dp()
H —— y
—oo \ [ =AP = A

whereas the right-hand side of (4.18) behaves as

Im mp(A)  Im my(No) . Im moo(A)  Im mee(Mo)

Im A Im Ag Im A Im Ag
Thus,
+oo dp(p) Im m ()
=————= ImA>0
/—oo |)\—u|2+c ma @ A7

We can show that ¢ > 0. Note that Im my()\)/Im A > 0. Now suppose
c < 0. Let Re A =0 and choose Im A so large that

+oo
[ a1
—00 ‘)\ — /L‘Q 2

Then
Chezldioo
—— 4 c=—+4c
2 2 ’

which is a contradiction. Thus ¢ > 0. ( Actually it can be shown that ¢ = 0.)
We turn to the third statement of the Theorem. Let A, v be points of
continuity for p. We have

o , o too edp(o)
i [ i) de= Jm, [T [
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—+00

. l AN—o v—o
= lim arctan(

— t
- ) — arctan( -

e—=4+0 ./ _oo

)| dotor
- /VA dp(o) =7 (p(A) — p(o)),

because
7 itA>o0>v
, A—o v—o /2 if o =v
elir& larctan( - ) — arctan( - )] =\ “x/2 ifo=A\
0 otherwise.

Therefore

1A .
Jim = [ I mag(u+ i) dp = p(3) = p(v).

This concludes the proof of Theorem 78.

Corollary 32 The map f € H — g € L*(p) is unitary.

REMARK: If 7 is limit circle at oo, Theorem 78 still holds if we pick out a
unique My (A) € Co by means of a boundary condition at oo:

B(u) = [u,v,]0, v EDy.

The corresponding boundary condition at b is By(u) = [u, v](b).
We describe how to compute mq(A), Im A # 0, in the limit point case at
00!

L . cos d(b,\) + p(b)@' (b, ) sin 3
Moo(A) = blirglo m(b, 3,\) = bhjgo cos (b, ) + p(b) (b, \)sin 3

The limit is independent of  so we can set 3 = 0 for simplicity:

¢(b, A)

AN)=—1 .
Mol == )
Example 19 Take
d2
T:—ﬁ, I:[0,00)

Here the equation Tu = 0 has a basis of solutions ui(x) = 1,us(x) = x, so
the problem is limit circle at 0 and limit point at oo. We choose the boundary
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condition By(u) = u'(0) = 0. Then the basis of solutions ¢,v of Tu = Au
such that

#(0,\) =0, ¢'(0,\) =—1, ¥(0,\) =1, ¥'(0,\) =0

18
o(x, \) = —Sm\/?x, Y(x, ) = cos VAz.

Thus for Im A\ > 0 we have

-

tan Vb B 1

e i
eV E T e TEE TR T A WA

and, for e >0,

, L ifu>0

Therefore, - )
o) = o) = [ = dp =~V = V)

and we can take

2 .
_ ;\//7 lf/'LZO7
p(“)_{o if p < 0.

We conclude that the transform and expansion expressions are

o) = [~ paeos i de, f@)= = [ g cos ux%.

4.3.3 Separated boundary conditions and spectral res-
olutions with singular behavior at each endpoint

Now we consider the case where there is singular behavior at both endpoints
¢ and m. Without loss of generality, we can assume ¢ = —oco and m = +o0,
so [ = (—o0, +00).

Let ¢1, ¢ be solutions of 7¢p = A¢ such that

61(0,0) =1, p(0)¢(0,\) =0,
62(0,0) =0, p(0)¢(0,\) = 1,
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for all complex . Let a, b be finite numbers such that a < 0 < b and consider
a regular eigenvalue problem on the finite interval § = [a, b]. The problem is
Tu = \u with boundary conditions

B,(u) = cosa u(a) + sina p(a)u’(a) = 0,

By(u) = cos 8 u(b) +sin 8 p(b)u'(b) =0, 0<a,[ <.

Then there exist a sequence of eigenvalues {\s,} and ON eigenvectors {hs, }
such that 7hs, = As,hsn, and for all fi, fo square integrable on 9§, we have
Parseval’s equality

b - 0 b - b _
/a Fi(2) (@) k(x) do = 2_:1 / Fi(2) T k(z) dx / Fol@)Togm k(z) dz. (4.19)

Now there exist constants {rs,1}, {rsn2} such that

h&n = r5n1¢1 (33', )\Jn) + r5n2¢2 (33', )\Jn)

for n = 1,2. (We can assume that the r’s are real.) Thus for any f € L*(I, k)
we can write

n

J15@)P k@) de = [ S Galms () dps(ro)

T k=1

where

90.(0) = [ F@)on(w Asn) da

and ps = (ps;x) is the spectral matrix. The matrix elements are step
functions with their only discontinuities at {\s,}. Here

Poik(A +0) = psik(Asn — 0) =D TomiTomn

and the sum is over all m such that As, = As,,. We require that pgs;x(Asn+0) =
psik(Asn) and psir(0) = 0. Note: ps is a Hermitian matrix.

In the folowing we assume Im A # 0. Let x, = ¢1 +m,p2 be a solution of
TXa = AXq such that B,(x,) = 0.Thus m, € C, and [x,, x./(a) = 0. Further,
let xp = @1 + mpgo be a solution of 7y, = Ay, such that By(y,) = 0, which
implies my, € Cy and [xs, x5](b) = 0. Note that x,, x, are linearly independent
and

W (Xa: Xb) = [Xa: Xol () = [Xa: X6} (0) = mu(A) — ma (D).
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Now we apply the Parseval equality (4.19) to

) Xa(z,A) a<2 <0 0 a<z<0
fl(x)_{o ocw<h, PW= xo(7,A) o< x <D,
We consider three cases.
1.

2

0 .
| xaFan ke da

0 00
J1A@ k) de = [ ol b de =Y
a n=1
To evaluate the left-hand side of this equation we observe that
0 0 0
2¢ Im /\/ IXa|? k dx = / (TXa)Xa k dx —/ Xao(TXa) k dx

= [Xaa Xa](o) - [Xaa Xa](a) = [Xaa Xa](o) = —2iIm ma(/\)'

To evaluate the right-hand side of the equation we note that

()‘ - )\5n> /ao Xah—én kdx = [XCH hén] (O> - [Xaa thn](a) = [Xaa hén](o)

= [¢1 + ma()\)(b% Ténl(bl + r5n2¢2](0> = Ton2 — mma()\)a

because
[¢1,¢1] = [¢27¢2] =0, [¢1>¢2] =1
Thus the identity becomes

Im A

_Im ma()\) _ Z |7ﬂ(5n2|2 + |T6n1|2|ma(/\)|2 - mr&’blma(/\) - r6n2mma(/\)

A — Asn|?

2

b o b
J18@) k@) de = [ ol kde= 3| [“xoho k da
n=1

To evaluate the left-hand side of this equation we observe that

2itm A [ xl? bz = [ 0] (0) - 1)(0) = [, 0)0) = 20 T ().

To evaluate the right-hand side of the equation we note that

(= Aan) [ x0T b = (v ) = s P (0) = [ i) O
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= —[d1 + mp(N)d2, Tsn161 + T50262](0) = —T502 + Toarmp(N),
Thus the identity becomes

Im my(A) _y [7sn2|? + |Tn1 [2ms( M) |2 — Tonarsnimu(N) — renaTsnims(N)
Tm A % X — ol '

. © 0 b
/é_fl(x)fZ(x) k@) de=0=Y" [ Xahon k da /0 XoTion k da.
n=1"9%
From the computations above we thus find

(7 = Tarma(N) (~sne + o ma()
0=2 A — Asn|?

n

5 —|rsn2)® + TsnaTontma(N) + Tsn1Tonamp(N) — |7su1 [*ma(N)my(N)
A — Asn|? '

n

We can express these three identities in terms of the spectral matrix
ps = (psjk. Indeed, noting that psi2 = pso1, we can write the identities as

1.
_Imma(A) /*Oo dps22 (1) + dpsia () [ma(N)[* — dpsia(p) (ma(A) + ma(N))
Im A —o0 A — p? ’
2.
Im my(A) _ /+oo dpsaz2 (1) + dpsia (1) [ms(N)|* = dpsia (1) (ms(A) +my(N))
Im A —o0 A — pul? ’
3.

0= / 20 —dpsz (1) — dpsia (1) ma(N)mp(A) + dpsia (i) (ma(A) + my(A))
o A — pl? |
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Note that we have three linear equations for the three measures dpsi1, dpsi2, dpsos-
Straightforward elimination yields the results

toodpsiy () Im M (A) B 1
/m A—p2  ImA Msun (%) = Ma(N) — my(N)’ (4.20)
oo dpsaa (i) Im Mian(A) _mqa(A)my(A)
/_oo |)\6— e Imé)\ o Moz(V) = ma(X) — ;zb()\)’ (4:21)
oo dpsia(p) [T dpsar () Im Msip(A) _ 1ma(A) +my(A)
/m \)\6— u? /m \)\6— e Imé)\ o Maz(N) = 2ma(N) — mZ(A)‘
(4.22)

Note that a consequence of (4.20) is the inequality

Im (my = ma) - [ [mo = mol* dp(p) _
Im A —00 ‘)\ - ILL|2 -

This implies that m, () and m(A) are in opposite half planes for Im A # 0.

Just as in the limit circle - limit point case we can let 6 = [a,b] —
(—00,+00) and use the Helly selection Theorem to show that there exists a
sequence of intervals d,, = [ay,, b,] — (—00, +00), and corresponding bound-
ary conditions B,,, By, such that ps, jx(p) — pr(p) for j, k =1,2. Further
we can show that the matrix function p(p) = (pjr(p)) is

a. Hermitian (Indeed we can assume that it is real and symmetric.)
b. The symmetric spectral matrix satiesfies p(A) — p(p) > 0 if A > p.

c. Each pjj is of finite total variation on any finite p - interval.

In the limit point case at —oo and +o0, p is unique, since C,, — pt.
and C,, — pt. as n — oo. If there is a limit circle endpoint (say +o0)
then to define a unique extension we need a boundary condition By (u) =
(4, V)00, v € Dy. Now take By, (u) = [u,v](b,) and define my, (A) € Cy(N) by
By, (Xb,) = 0, X3, = ¢1 + M, Po.

We conclude that in all cases we obtain a limit spectral matrix p(u) such
that

pin(v) — pix(A) = lim [ T My (po + dc) dps (4.23)
where
_ 1 _ Mess(A)mio(A)
M) = =y Y= ey 42



Im_oo(X) + mao ()
2m_os(A) — meo(A)

Note: In the limit point - limit point case we have

. (bl(a )\)
Mo == N

The derivation and proof of the expansion therem follows by analogy with
the limit circle - limit point case, and we just present the results. Let L?2(p)
be the Hilbert space of all vectors g(u) = {g1(1), g2(pt) } such that

Mia(N) = My (N) = (4.25)

lim 01(b, )
b——+infty (bz(b, )\) '

Mioo(N) = —

ol = 3 )i o) <

5 k=1

where

/ Zgj Vhi (1) dpji(pa).

0 j k=1
Note that ||g|| > 0. Now let f € H = L(I,k). We define the transforms
9 ={9g1,92} of f by

W= lm [ f@)éye.) k) do

a——00, b=+ Jg

where the convergence is in the Hilbert space norm. The limit exists and g €
L?(p). Furthermore, for fO, f ¢ L2(1, k), we have the Parseval equality

[ 1@ k) de= [ 60900 dpa.

0 4 k=1

i.e., the map f € H — g = {g1,92} € L%(p) is unitary. The expansion
theorem is

0= 73 oyl male) dpate)

0 k=1

where the convergence is in H.

Example 20 Consider the eigenvalue problem Tu = Au where

2

1
V —
Tu=—u"+—52u, I=(0,+00), 0<wv.
T
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If we set uw = \/zv(x) then the equation Tu = Au becomes
v VR
— ==+ Sv=v
r

or
2

1 v
—;(x’u')' 5= Av,
which is Bessel’s equation.

Set A = 0 and look for solutions of Tu = 0 of the form u = x*. Such
solutions exist provided o = 1/2 £ v. From this resilt we conclude that our
problem is limit circle at 0 if 0 < v < 1 and limit point at 0 if v > 1. It is
limit point at +oo for all v > 0.

Now we compute a basis of solutions of Tu = Au near x = 0. We use the
trial solutions

u(x) =Y a2z, a=1/2+1v,1/2 -1
n=0

From this we find the two solutions
uy(z) = Vad,(Vz), uy(z) = VaJ_,(VAz),

where

=S ()

n=0
and the series converges for 0 < |z| < oo.

Note: The Gamma function is defined by
(5) :/ e't% 1 dt, Re >0,
0

and extended by analytic continuation for all complex v # 0, —1,=2,---. It
obeys the identities

™

[(@+1)=pUB), TErA-p0)=

sinmf3

In the special case B =n+ 1 where n =0,1,2,--- the first identity becomes
L(n+1) =nl. Clearly, u— 1,u — 2 are linearly independent unless v is an
integer. Then J_,(z) = (—1)"Jn(x).
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We need to find solutions that form a basis for all v. Note that

J(z) = % (1+0@E?), J(x) = % (1+0(%).

Thus the Wronskian is given by W (J,(x),J_,(x)) = C or

2sinvm C
T

W (s J_) () = — +0(x) =

)

T

or W(J,,J_,)(x) = =22 We define the Neumann function by

T

Y, (x) = J, () cosvm — J,,,(:c).

sin v

Using the L’Hopital theorem we can verify that the Y,(x) = lim,_, Y, (z)
exists and defines a solution of Bessel’s equation for v = n. Further, we
have Lommel’s formula

cos VT 1 1

W(J,(2),Y,(x)) = W ) Wy J ) = — e W (s T ) = —

sin v sin v T

sin v

so{J,,Y,} is a basis of solutions of Bessel’s equation for allv # 0,—1,---. A
second important basis is {H\Y, H®)} where the Hankel functions are defined
by
_ J_,(x) —e V™ ], ()
)2580 =J, Y, _
D) = Jula) + Y, 2) o M),
J_,(x) — et ], (x)

—sin vm

H(z) = J,(z) —iY,(z) =

14

Now fiz a finite number c, 0 < ¢ and construct the associated basis of solutions
of Tu = Au at c:

62(w, ) = =5v/ae (L(VAD)Y, (V) = Y (VAa) I, (Vo))

1 (w, A) = gm (L (VAD)Y)(VAc) = Y, (VAx) T, (VAc)) — Qic@tc, A).

Then a straightforward calculation making use of the Wronskian formulas
yields

P2(c,A) =0, ¢h(e,A) =1, (e, A) =1, ¢i(c,A) =0.
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Now assume v > 1, 1.e., 0 is limit point. Then

| IWVEL (AP da =00, [*[VEL(VAD)? do < .

We find STV
L p1(z,N) VAT (VAe) 1
R TR Y T

and, also,
D12, A) + mo(\)a(e, A) = @%

One can show that

9 12 ei(ac—mr/2—7r/4)

HP(x) ~ (=)

) Tweip) o T

Therefore
/ IVTHD (Vaz)|? dz < oo

[

if Im X > 0, and /xH)(v/\x) is the only solution that is square integrable
at +o0. Thus

d1(2,\) + Moo\ g2(z, ) = KVzHM (V). (4.26)

To evaluate the constant K we set x = ¢ and find 1 = K+\/cH" (v/Ac). Then
differentiating (4.26) with respect to x and setting x = ¢ we obtain
XHO' (VAe) 1
(V) = 2 . (VAe) 1
Hy (Ve) 2c

Now we can compute the spectral measures for this limit point - limit point
case. We have

_ 1 _ Ju(\/XC)Hz(/l)(\/XC) _ ﬂ AHW c
MllO‘) - mo()\) _moo()\) _ \/XW(H;EI)(\/X.I’),JV(\/X,I)) - 2 Jz/(\/X )Hz/ (\/X )a



Now we let X in the upper halfplane become real and positive p:
: , T
T dpii(p) = el—l>%1+ My (p+ie) = ?J,j(\/ﬁc).

If X in the upper halfplane become real and positive i, then we find dp11(p) =
0. We obtain similar results forthe other spectral measures. There is no
spactrum for p < 0, but for p > 0 we find

7 dppa(p) = lim Mo(pu+ i€) = mg (i) Im Myl (p),

T dpr2(p) =T dpn(p) = lim Mio(p +ie) = mo(p) Im M ().

These (apparantly c-dependent) results will simplify greatly once we work
out the expansion theorem. In particular the dependence on ¢ will drop out,
as it must. Let f,h € H. then

[ s ar = m = 75 [ e de [ 0ot ) d dp

0 j k=1

— /O:O /oo f(x) [p1(z, p) + mo(p)da(z, 1)) dx/ooo h(t) [1(t, i) + mo(p)da(t, )] dt dpyy ()

_ / / D)W, (/i) d:p/ hVET,(Vit) dt dp.

At this point we recognise the Hankel transform: Let f € H and define the
Hankel transform of f as

9 = [ F@VEL (i) do

The expansion formula is

-/ ~ > / T F©)65(t 1) dt b, ) dpsa()

= [T 5O+ mol)intt, ) at] (616 ) + ol )] dpu (1)
=3 U)o
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Example 21 Hermite functions. We will go into enough detail in this ex-
ample to indicate how the spectrum is calculated, but not write down the full
expansion theorem. Consider the operator

Tu = —u" 4+ 2*u, I = (—00,+00).

We are interested in the eigenvalue problem tu = Au. If we set A = 0 then
the equation is —u" +x*u = 0 This is clearly the limit point - limit point case.
Indeed, consider the solution u(x) of this equation such that u(1l) = u'(1) = 1.
Since u"(x) = z*u(x) we see that the second derivative is positive, so that
the first derivative is increasing. Thus this solution grows monotonically as
x — +o0o and is not square integrable. A similar argument works for negative
x — —o0: choose the solution such that u(—1) = 1,u/(—-1) = —1.

We choose ¢1, ¢ such that T¢; = A\¢;, j = 1,2 and such that

¢1(0a)‘) = 1a ¢,1(07 /\) = 07 ¢2(0a)‘) = Oa ¢,2(07 /\) =L

Note: If u(z) is a solution of Tu = Au then so is u(—x). Therefore ¢1(—x, \)
is a solution such that ¢1(0,\) = 1, ¢1(0,A) = 0 so ¢1(—x,\) = ¢P1(x, N).
Similarly, ¢o(—x, A) is a solution such that ¢2(0,\) =0, %qﬁg(—x, )\>‘J}*O =
—1, 50 ¢po(—x,\) = —po(x, \). Therefore, since

_ ¢1 ("L‘7 /\)
)= i S

and the numerator is even whereas the denominator is odd, we have

. ¢1 (1" )‘)
M_oo(A) = liIm ——"L = —m ().
W= G W
Now we construct a square integrable solution of our differential equation,
using a contour integral. Set

u(xz,\) = e‘x2/2/

[e.9]

(0+) e—xz—22/4z—(>\+1)/2 d>

where the coutour in the complex z-plane goes along the line z = x + i€, just
above the positive real azis from x + oo until it reaches the circle z = ee'
of radius €. Then it moves counterclockwise around the circle and goes back
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along the line z = x — 1€1 just below the positive real axis to +oo —ie. We
interpret the many-valued function z~A+1/2 in the integrand as

7~ (A2 (A+1)1Inz]

1
= el

where In z is the branch of the complex logarithm that is real for positive z.
Now differentiating under the integral sign, which is permitted due to the
rapid decay of the integrand along the contour, we find

0+)
(—2?+1—2wz— 22— A a?)e @ /1= 002 g,

(T=Nu(z,\) = e */? /<

[e.o]

— 9p-7%/2 /(0+) i(e—mz—22/4z—)\+l/2> ds — 0.
o dz

The u(x, A) is a solution of the differential equation. Furthermore, for fized
A it is straightforward analysis to get the bound

lu(z, \)| < Ce=@" /242

as x — 00. It follows that
/OO lu(z, \)|? dv < .
0

Since we are limit point at +00 it follows that, to within a constant multiple,
u(z, A) is the only solution square integrable at +00. We conclude that there
1s a nonzero constant K such that

Now, u(0,\) = K and u'(0,\) = Kms(A). Therefore,

(/\) U/(O, )\) fo(ng) e—xz—22/4z—)\+1/2 dz
Moo (A) = =— :
u(O, )\) fcf<(>)+) e—tz—22[/4 5=A=1/2 ],

Proceeding in this way it is straightforward, but tedious, to compute the com-
plete spectral resolution and expansion theorem.

Example 22 [n order to show that our spectral machinery yields correct
results in familiar cases, and to improve understanding of the method, we
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conclude with a regular self-adjoint boundary value problem where we already
know the spectral expansion. Consider the problem

Tu=—u", I=[0,7], Bolu)=u(0)=0, Br(u)=u(r)=0.

This is clearly the limit circle - limit circle case. Here we take a basis of
solutions for the differential equation as

sin(v Az
S1(2,0) = 6z, X) = cos(VAz), ol ) = (e, A) = 22D,
VA
We will adopt the method of the proof of Theorem 78 to restudy this problem.
Let xp(z, A) be the solution xp(xz,\) = ¢1(x, \) + mp(N)pa(z, N), such that
By(xp) = 0. Then

Bb(Xb) =0= (bl (b, )\) -+ mb()\)(ﬁg(b, )\)

" () = (b)) ~ VAcos(VAb)
' 9 (bA) sn(vb)
Therefore,
mﬂ(}\) = lim ¢1(b7 /\) — _M.

b= (b, \) sin(v/\r

It follows that the spectral measure is given by

1w ' 1 v Vit + i€ cos(y/p + iem)
o) = 1 —/ Im m., dy — ——/ I : : dp.
p(v)—p(7) e g 8 m M (pt-ie) dp /s m ( sin(y/p + tem) s

Note that m,(u) is real and that

ma() = — VA cos(VAT)

sin(v/Ar)

1s analytic in the A-complex plane, except for simple poles at the points \ =
1,223% -+ . n? - with residue —2n*/7. This follows from the fact that

d sin v/ A | B zcosﬁﬁ_lsinﬁw | (=)
A\ V)™M 2 2 \¥/2 ) A=t T o

From this we can see that p(p) has a jump +2n?/7 at the points u = n?,
n = 1,2,---, and is otherwise constant. Thus from the proof of Theorem
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78 we get the following expansion result. Given any f € H we define the
transform of f by

o) = [ 1@t dr= | ”f(x)% dz.

Then the expansion theorem says

0 = [ o222 iy = 5 g0y 22 2 55 s

m n n=1

where

h(n) = /O7T f(z)sin(nz) dx.

This is just the Fourier sine series for f.
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